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PREFACE 


This book is prepared wi6h a view to be used as a tex6-book 
for the B.A. and B.Sc. students of the Indian Universities. 
We have tried to make the exposition of the fundamental 
principles clear as well as concise without going into 
unnecessary details ; and at the same time an afcempt has 
been made to make the treatment as much rigorous and 
up-to-date as is possible within the scope of this elementary 
work. 

We have devoted a separate chapter for the discussion 
of infinite (or improper) integrals and the integration of 
infinite series in order to emphasise their peculiarity upon 
the students. Important formulae and results of Differential 
Calculus as also of this book are given in the beginning for 
ready reference. A good number of typical examples have 
been worked out by way of illustration. 

Examples for exercises have been selected very carefully 
and include many which have been set in the Pass and 
Honours Examinations of different Universities. University 
questions of recent years have been added at the end to give 
the students an idea of the standard of the examination. 

Our thanks are due to several friends for their helpful 
suggestions in the preparation of the work and especially 
to our pupil Prof. H. K. Ganguli, M. A. for verifying the 
answers of all the examples of the book. 

Corrections and suggestions will be thankfully received. 

Calcutta 1 B. 0. D. 

Jamiary, 1938 i B. N. M. 



PREFACE TO THE SEVENTEENTH EDITION 


We have thoroughly revised the book in this edition. For 
the sake of the convenience of the students, the chapter 
on “Integration by Successive Reduction” which was in 
the Appendix in the previous edition, has been inserted at 
the end of the chapter on “Infinite (or Improper) Integrals”. 
Our thanks are due to our pupil Prof. Tapen Maulik M. Sc. 
of the B. Fi. College, Shibpur for his help in the revision 
of the text. 

B. C. D. 

B. N. M. 

PREFACE TO THE EIGHTEENTH EDITION 

The book has been thoroughly revised in accordance with 
the revised syllabus of Mathematics for the Three-Year 
Degree Examinations in Arts and Science. In this edition 
a few examples have been inserted hero and there and 
a chapter on the integration of Irrational Functions has 
been added. We take this opportunity of thanking 
Mrs. S. Chatterjee and Prof, (louri De M. Sc. for their help 
in the revision of the text. 


B. 0. D. 
B. N. M. 



FORMULAE 


(xiy) £ (sin-M- ( -1 < X < 1 ) 


c -1 < ® < 1] 

(xvii) + 

dx (<^osec”^a?) = - ^ ^\^\ > 1 ) 

(ri:.) £ (Beo-"a,) = ^-^i=::j- ( | a; | > 1) 

(xx) (sinh x) = cosh x. 

(xxi) ^ (cosh cc) = sinh x. 

(xxii) ^ (tanh ») = sech^ic. 

(xxiii) (coth fr)= -cosech^a;. 

(xxiv) (sech a;) = - sech a; fcanh a?. 

(xxv) (cosech x)= — cosech x coth x. 

(x^yi) 

(xxvii) (aj > 1) 

(xxviii) (tanh"*^a;) = ( aj® < 1 ) 
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(zxis) ^ ( ®“ > 1 ) 


(xxz) £(ooS 60 h-^®) = ^a^-:j^)- 
(xxxi) £ (seoh-^«)= - 


• (0 < ® < 1 ) 


III. Important resnlts associated with cuttos. 

(i) Cartesian subtangent = —■ 

Vx 


(ii) 

(iii) 

(iv) 


tf 


fl 


subnormal = yyx. 
normal •= ?/ n/1 + 

tangent *= ~ + 

Vx 


(v) Polar subtangent = /** ( 

(vi) „ 


u 




subnormal 


dr 

dd 


do 




/ . dx . . dy 

(yn) tanv = ^. oosv-=^- 

(viii) tan ~ ^ ’ o°® ~ Ss ’ ~ 

(ix) <is” = <te’ + d!/* = <^r“ + rV9“. 



\dxl * W?// ” \dyl ’ 

. a/d0\^./ds\^ 2 , /dr\^ 

y w; -y +y ■ 

/ \ * • # 1 1.1 2 . 

« r sin f : -a “ (^ 9 / “ » + 


VviV a «« (r^+ri^)^ _ _dr 

' f r® + 2ri®-rr9 


a-XTi^ -1> + !?• 
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ABBREVIATIONS USED IN THE BOOK 

1. stands for “the Integral". 

2. G.P. stands for “set in the B. A. and B. Sc. Pass 

Examinations of the Calcutta University". 

3. C.H. stands for “set in the B. A. and B. Sc. Honours 
^ Examinations of the Calcutta University". 

4. P.P. stands for “set in the B. A. and B. Sc. Pass 
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IMPORTANT FORMULAS AND RESULTS 

of 

(A) TRIGONOMETRY 


I. Fundamental relations. 

0) sin®0 + co8®0 = 1 
fii) sec®0 = 1+tan®0 
(iii) cosec® 0 = 1+ cot ®0 


(iv) sin (- 0) 

(v) cos (“ 0) ‘ 

(vi) tan (— 0] 


If. Multiple angles. 

(i) sin 2A = 2 sin A cos A. 

(ii) cos 2A = cos®A - sin®A = 1-2 sin®A 
2 tan A . 


(iii) sin 2A = 


l-tanM’ (vi)oo3 2X 


(iv) 1 - cos 2A = 2 sin®A 

(v) 1 + cos 2A = 2 cos®A 


} (vii) 


tan® A = 


(viii) 1 + sin 2A = (sin A + cos A)®. 

(ix) 1 - sin 2A = (sin A - cos A)®. 

(x) sin 3A = 3 sin A - 4 sin® A. 

(xi) cos 3A = 4 cos®A — 3 cos A. 

3 tan A — tan® A 


(xii) tan 3A = — ^ 


tan® A 


/ . ey . cot®A-3cotA 

(xiii) cot3A= . 


HI. Special Angles. 

sin0® = 0 ’ 

cos 0® = 1 
tan 0** = 0 . 


cosec 0** = < 
sec 0" *= 1 
cot 0*= «> 


= - sin 0 
= cos 0 
= - tan 0^v 


2 cos® A - 1. 

1 - tan® A^ 

1 + tan®A 

1 - cos 2A^ 

1 + cos 2A 
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• • • 
Vlll 


Bin90®«l '1 

cosec 90"“I 1 

cos 90* = 0 V 

sec 90* *= o® j- 

tan 90*“= oo J 

cot 90* = 0 J 

sin 30* - i 

sin 60* = ij3 \ 

cos 30* *= i x/3 

' cos 60* = i r 

tan 30* = l/^/3 J 

tan 60*=“ s/3 J 

sin 46* “= 1 / /v/2 

I sin 180* = 0 } 

cos 46* *= 1/ ^2 

r cos 180® = — 1 h 

tan 45* = 1 

tan 180* = 0! J 

sin 120* = 4^/3 

cos 120*=“ — i 

0 

1 

X 

0 

00 

1 

, ir® x/^ + l 

2 J2 

= 2j2 


tan 15* = 2— J3. 

. n p-o n/3 + 1 

” 272 

’ = 2 


tan 75* = 2 + s^3. 

sin 18* — i( “ 

1) : cos 36° = 1( n/5 +1). 


sin 22^® *= i ^/(2 — s /2) ; cos 22|** ^ s ,/{2 + \/2). 

IV. Inverse Trigonometrie functions. 


cosec ‘a: —Sin ; cot"^a:“=tan ^ 

X X 


sec = cos*"^ ^ 

X 


(ii) sin“^fl? + cos“^flJ = in, 

(iii) tan“^a; + cot”^® = in, 

(iv) cosec” ^x + see” *“ in. 

(v) tan“^® + tan*"^V = tan”^ 
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lx 


(vi) tan ^a; - tan“^?/ = tan”^:^—' 

1 T xy 

(vii) 3 sin~^ic = sin“^(3a;-4ic‘’). 

(viii) 3 cos”^®** cos“^( 4£D® — 3a;). 

(ix) 3 tan~^a; = tan“^ ~-g^ 2 ’ 

W n . -1 . -1 2a; _il-a;® 

2 tan a; *= sm ^ ^ 1 + a;® 

V. Complex Arguments. 

0) (cos 6 + i sin 6)” = cos 7id + i sin nO. 


-:u 2gP 

‘ 'l-s'-* 


(ii) 


cos X 


= 1—^ 4-^- — + • • ■ f;n oo 


xr" 


2 ! • 4 ! ■ " (2n) ! 

.8 ™2n+l 


(iii) sin a; = a;-^ , + •••+(-!)” + 1 + **■ to «. 


.a»-i 


(iv) tan"^a; = x- +ix^ - —1-( - 1)” y 

+ *•* to °o — 1 ^ X 1. 

(v) e®* = cos x + z sin x ; e“®® = cos x - 2 sin a;. 

(vi) cos X — + e“®®) ; sin x - Ke**® - “®®). 


(vii) a;” + 2 cos n6 ; a;’® — \ sin nd. 


(viii) 2’®“^ cos’®0 = cos n6 +n cos (n-2) 6 

+ ”-^2 -j-"” cos (w “ 4 ) 0 + • * • 

(n being a positive integer) 
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(ix) (-1)"/* 2"-^ 8in"e 

■■ COS nB — n cos (« — 2)B + cos (n — 4)0 - • • • 

(w being an even positive integer) 


(x) (-l)<«-i>^2 sin”0 

= sin nO-n sin (n — 2)0 + sin (n — 4)0 — 

(n being an odd positive integer) 

VI. Hyperbolic Functions. 

(i) cosh X = + fi“*) ; sinh x = “ e~®). 

(ii) c® = cosh a; + sinh x ; e~® = cosh x - sinh cc. 

(iii) cosh®a;“-sinh®£c = 1. 

(iv) sech®a? + tanh®a; = l. 

(v) coth®£C - cosech“fl; = 1. 

(vi) sinh 2x = 2 sinh x cosh x. 

(vii) cosh 2fl; = cosh®® + sinh®® 

“ 2 cosh®® —1 = 1 + 2 sinh®®. 


(viii) tanh 2® 


2 tanh ® 


1 + tanh®® 

(ix) sinh ( - ®) = - sinh ® ; cosh ( - ®) = cosh ®. 

(x) sinh 0 = 0; cosh 0 = 1; tanh 0 = 0. 

(xi) smhir = ® + 3 j+^-j + - +(2„ + i)-, + - to “ 


(xii) cosh ® = 1+ ^-;+ ?-; + •*• +7 ^\ -7 + **• to 


X 


291 


2! 41 


( 2 »)! 
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(xiii) sinh“^fl? = log {x + +1) for all x. 

{xiv) cosh” ^aj = log (a?+ Jx^ — l) ; ( a; > 1) 

(xv) fcanh”^a; = ^ log (a;® < 1 ) 

(xvi) coseoli“^aj= log (x ^ 0) 

X 

(xvii) sech~^fl; = log ^ ( 0 < £C ^ 1)^ 



VIII. 'Logarithm. 

loga 7n = log6 w/logb a. 





(B) DIFFERENTIAL CALCULUS 


I. Fundamental Propertlea. 

(i) ^\u ± V ±io+- 


du ,dv du> , 
“rfa; dx- dx-' 

d f N dv , du 
(n) = « + 

du dv 
V r-u-r 
ax 


to n terms} 

..to n terms. 


/...\ dr \ du 


(iy) -f (“) = _ii£. 
dx\vf V 


2 




If. Standard differential coefficients. 


11 

o 

• 

(ii) = 

r...K d / 1\ n 

di U“) “ ■ 

(iv) (a®) “ a® loge a. 

(v)|(a*) = a*. 

(vi) (logs ir) “ 1 loga 

(vii) £(log.x)=^- 

(viii) 5 ' (sin .r) = cos a;. 
ax 

(ix) (cos a;) *= - sin a;. 

(x) 'j (tan a*) = sec^ic. 
ax 


(xi) ^ (cot ic) “ - cosec®®. 

(xii) ^ (cosec ar) »= - cosec a; cot x. 


(xiii) ^ (sec a?) ** sec x tan a;. 




(C) INTEGRAL CALCULUS 

I. Fandamenta] Properties. 

(i) [ {/x (®)±/2 (a) i/a (®) + — to n terms} dx 

“ f /i (a) dT ±\/a W /s'(a)ia+ - tonterms. 

(ii) J c/(a) da —cj /(a) da. 

II. Fundameatal Integrals. 

+ 1 ( “1 ). 

(iii) jda=a. 

r f f 

(v) j‘*;-logkl. . 

(vii) Je'd^-s*. (viii) j= l£-V 

} co8 mx 

(x) j sin a: da = — cos a. 

, . f _ sin mx 

(xi) I cos mx dx “= —^ 

(xii) J cos X dx^ sin x. 
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(xiii) J seo®a? 

(xiv) I cosec® 

(xv) J sec T t 

(x.i) j cosec , 
(xvii) J sinh r 
(xviii) J cosh 


dx “ tan X. 


cosec^flj rfa; =* — cot x. 


tan a; dx = sec ir. 


cosec X cot X dx^ — coseo x. 


sinh X dx^ cosh x. 


cosh X dx^ sinh x. 


(xix) J tanh x dx = log (cosh x). 

(xx) J coth X dx *= log I (sinh x)]." 

(xxi) j cosech X dx~ log | tanh hx f. 

(xxii) J seoh x dx^2 tan~^ (e®). 
(xxiii) J sech®aj dx = tanh x. 

(xxiv) ^ cosech^a; dx — “ coth x. 


cosech^a; dx — “ coth x. 


m ^ 

, 'StKndird? 

(i) e?a5-= log \f{x)\. 



METHOD OF SUBSTITUTION 


33 


«. “"v., >®’). 


_ a? dor 

C But 05* —a” = 0 ® ] 


7 

8 

9 

10 


■ojr**,*' 

[ 4 dx 


1 ix‘ 

(ii) j 


dr 

+ 4 £r + 5 
dx 

+7x + 2 


dx 

’* + 2* 


* f X d( 

J a;^ + 2 a; 

■ J 

ll- 

■ J 

«• h-- 

Ja*{l 0 + 7 log .r + (log 3 ’)“} 


12 

13 

14 


cos X dx 

sin“a* + 4 sin £P + 3 
* dx 

+ 2c-^ + 5‘ 
dx 

+(sin~V)“} 

® dx 

dx 


15 

16 


dx 
+ 2 a’ +1 


l 3 + 2a’-a;® 


•T + 1 
+ 40 * + 5 


2 .r+ 3 
4 a;® +1 




+ 3 ) da-. 
+ 3 a! +1 


»»i 


dx. 


18 


. j rjzri c 0. P. 1936 ] 


8 
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19. 

20 . 

21 . 


22 . 


23. 


24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 


r 5B^+2a/ 7 f — a; +1 , 

J a:*+2aj + 2 J x‘ +a+Y 

j 


a;® + a;^ + 2aj + 1 , 

£5 Wfl7- 


a;*-a;+l 

dx 


J Jx^ + x — 2 

( \ f <?a; 

J \JX — x — x^ 


[ G. P. 1931 ] 


J TO 


dx 

+ 3x + x^ 


+3a; + 4 
dx 


[ 
\ 
\ 
I 
J 

(i)j 

® I 
J 


Jx^ — lx + 12 

_ dx 

x/6+lla;-i0ic®* 

_ cofl X dx _ 

J6 sia^as —12 sin x + 4 

dx 

J{x-aXx-^) 
dx 


[ P. P. 1932 ] 


[ Put a’ —4 = 3 ® ] 


J2ax — x^ 


"b dx. 


\ I (hx 


(ii) j 


J2ax + x‘ 

2x+3 
js/x^ +X+1 


= dx. 


a;— 2 


N/2aD* —8a;+5 


dx. [ C. P. 1926 ] 


(® + l) 


Ja+Sx — ^^ 


dx. 


J J {2x - 1) dx 


^/4a7^^-4a^ + 2 
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35 


32 

33 

34 

35 

36. 


dx 

— _• 

x) Jl+X 


dx 

-3 , 


• 1(3 + 

• 1 

■ ® 1 (T- 
®1. 

J X /79ic“+4a.’ + l 

(v) J 


J ( 2 ® + 


dx 


1) ^/4a; + 3 


dx_ 
x) Jx 


dx _ 

Jx'^±a^ 

dx 


<“> ]+/£+» *■ 
®1 ■ 


[ Put a; = a’ ] 


,..N f dx 

J a+^7f- 


£C‘ 


dx 

(l + £r) ^/l + 2a^--^D‘'* 


(iv) j 

J {!+»:) jr+s-T^ 


/••'if _ 

J (a:- 3 ) Vi^- 6 a; + 8 

37.(01 VS,,. (“)j,-4.-77-ii 


38 


dx 


{Put l + x^ = z^} 


\xjl+x^ 

39- (i) j dx. (iO f 

40. If a <. x <. show that 

f t= 

J {x— a) ,j{x^c^—x) a—h^ x—a 


dx. 


1. tan”*(«•). 

8. (i) tan**(6*). 


ANSWERS 
2. (i) Jtan-Ha?®). 

(H) isin->(?)'. 


1 , 1 
(«) iJogj-.+i' 
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4. (i) tan a;—tan"*a?. (ii) ^ log -- ® 

'' ' ' 4 ® 2+cos X 

5. (i) ^log{x^+»Jx*+a*). (ii) log{{l+x^+ isjl+x*)lx}. 

6. 0) ^3 (ii) i tan-'(a;+i). 

-^5 t-Txll' S-+T «• ^ + 

10. ilog it®-” 11 - i tan-Mi('2* + l)V- 12. tan-Hsin-"®). 

<£ 0 + sm X 


■ 12 i°e 5^1- «• 3 IVZ I- (*+i)+5T 


12 *''® ®“-l "• 3 5 +log X *''• ‘ ■ ® + l 

(ii) — log(® —3). 16. (i) J log (»® + 4®+6) —tan'’(® + 2). 

(ii) i log (4®^ + l) + f tan"^(2®). 

17. (i) % log (3a® + 3® + l)+ tau-‘ { <s/3(2® + l)}. 

2^n *°® i 

18. ic+log®"®- 19. (i) *-2 t»n-(a!+l). 

(ii) flj—log (iB-+®+l)+‘^g tan“‘ (^^3^)’ 

1 2r —1 

20. J»® + 2®+f log (®® -»+!)+ ^g tan“* \j3 ' 

21. 2 log (i^a;+2+x'^x—l). 22. (i) sin"^--^g-* 

(ii) log (2® + 34- 2 3® +lc’). 23. ^®8 (®+1 + s/x^+Jx+2 ). 

24. 21og(V^+^/^)• 25. sin-" a/'^9 ^* 


26. 



log ( s/2 — 5 sin ® + 8^5(2 — sin ®)|. 
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37 


27. 2 log {J~x-a+ Jx-fi)- 28. (i) 

(ii) log(®+a+ 29. (i) Jx^ +a^ + b logi{x+ Jx^ + a^). 

(ii) 2^aj*+a;+i +2 log (x+J+ +x+1). 

so. ij2x‘-ax+5. SI- 0) g^g3i>i-(^^^)-iV4+ac'-6i’'. 

(ii) i \/4x“ + 4x + 2 ~ log (2a! +1 + ^4®* + 4a: + 2). 

82. (i) 2 tau-Vi+^- (ii) J log('(^'^®"^V 

2 \;^4x-+3+1/ ^ 

33. log * 34. (i) ;y/(a;-'3){a; —4) + log (A/a: —3 + Ay®—^). 

Ay2® + 1'’' N/o 

(ii) i [2v^(-ia: H-l}{3®H-'2)- log {J2x + 1+ J3x+2)l 


35. (i) log 1+ 


(ii) 2 js./® + log 


iJx — 1 


iJx + 1 

m) “^7- 

Ay®“+a‘"+a ■ « ® V i-t 

(iii) log®-log (1+2®+ Ayyi'* +4®+i). 


36. (i) g log ^ sec-" - 

mCL 


— a; 
+® 


(iv) 


1 . -i(xtj2\ 

J2 «■> ' '• 


(Vi) si.i-‘ (d+^l^/s)- (vii) SCO- (x-S). 

37. (i) .yi»-x’+olog““ 

^ ® 


(ii) log (®+ ^a:-l) - tan*" 

38. 5 log (Ayr+®“ —l)-log ®. 39. (i) a log ( s/x+ jjx+a)+ Jx[x+a). 
(ii) 2 J'x-a-^ Jo, tan'* 



CHAPTER in 


INTEGRATION BY PARTS 

3*1. Integration of a product *by parts’. 

We know from Differential Calculus that if u and Vx 
are two differentiable functions of £c, 

(In 


d 

dx 




ax 


dvx^ 

dx 


integrating both sides with respect to x, we have 



UVx=^\ 


[(“t) 

or, 

K“li 

\dx = uVi. - Jj 

ii-i 


Suppose = V, then Ui = /v dx. 


Hence, the above result can be written as 

J (uv) dx u ^ V dx - V dxj dx. 

The above formula for the integration of a product of 
two functions is referred to as integration Irg parts. 

It states that 

the integral of the product of Uoo functions 
— 1st functiofy (unchanged) x integral of 2nd 

- integral of [ diff. coeff. of 1st x integral of 2nd ]. 
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3*2. Illustrative Examples. 

Ex. 1. Integrate ^ see* dx. 

J=® j 5 ^ ^ 

‘=xe'‘ — ^ l.e* dx 
= ase* — 6*. 

Note. In tho abovo integral, instead of taking x as the first 
function and 6* as the second, if we take e® as the first function and x 
as the second, then applying the rule for integration by parts, wo get 

/(e® a:) da;=e^Ja:® — dx. 

Tho integral dx on the right side is more complicated than 

the one we started with, for it involves x^ instead of x. 

Thus, while applymg the rule for integration by parte to the product 
of two functions^ care should be taken to choose properly the first 
function i.e., the ftmetion not to be integrated. 

A little practice and experience will enable the student to make 
the right choice. 


Ex. 2, Integrate ^ log x dx. [ C. P. 1928 ] 

J= ^ log x.l dx. 

-logoj ^ dx — 

=log x.x— ^ ~ 

=x log x — idx 
-X logx-x. 
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Ex. 3. Integrate j tan~^x dx. 
tau"‘a;.l dx 


iC.P,m9,’36'i 


= tan”‘ic. ^ dx 

= tan" ^x.x — \ - ---j* X dx 
}l + x^ 

, _ I 1 f 2® j 

=x tan ® — \i-v —2 dx 

2 )l + x 

= x tan"^® —4 log (1 + ®'^). [ By Ex. 5, Art. 2'2 ] 

Note. Very often an integral inrolring a single logarithmic func¬ 
tion or a single inverse circular function can he evaluated by the applica¬ 
tion of the rule for integration by parts, by considering tlio integral as 
the product of the given function and unity, and taking the given 
function as the first function and xinity as the second. 

This principle is illustrated in Exs. 2 and 3 above and Ex. 4 below. 

Ex. 4. Integrate j log (x+ hlx'^+a"^) dx. 

J=jlog(®+ tjx'^ dx 

=log (x+ + n /®*dx 

e=log (®+ + -i J' 3* xdx 

J ^ CC “i" (Z 

= ® log (x+ /s/®’*+«"•)-( 7®vf-3* 

JV®'‘ + a‘‘ 

S m dsc 

put ®^+a^=5r®, so that ® dx = B dz, 

V® +a' 

.*, 1=® log (®+,ya;®+a*)—\/®®+a®. 
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Ex. 5. Integrate jas^ e® dx* 

7=x* e* —3/®* e® rf®, integrating by parts 
= ®* e* —3.’[®* e* —2/®c® d!®], integrating by parts again 
= e®“3 [®® e* —2 {ite* —Je* tZ®}] 

= ®“ c®-3 [®» c®-2 
= »* e®-3®= e® + 6®e®-6e® 

= (.Tj® — 3®“+ 6® —6) f*®. 


3*3. Standard Integrals. 


(A) li 


e** cos bx dx = 


e**(a cos bx + b sin bx) 
a®+ b® 


“7^^ cos(bx-tan-^l). 

f — . , ^ e®*(a sin bx —b cos bx) 

(B) \ e®* sm bx dx --- 

a)- 

( Here a=t=0. ) 

Proof. Integrating by parts, 

f e- cos bT. ,7* = j( dx 

sin hx _ ch [ ^ax „ • 7 ^ 

■= ^ & J ^ ^ 
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Now, integrating by parts the right-side of this integral 


e®® sin 


in hx a f 
’? ■ b V 


— cos hx 


( - cos bx\ j \ 

— }dx] 


sin hx , a 


b^] 


+ , 2 e'*® cos bx — r2 i cos hx dx. 


transposing, 

( t . nx 1 7 e“® (a cos bar + b sin ? 

1 + 11 c cos hx dx =- —^2 

Now, dividing both sides by 1 + ^2 -> wo get 

r oa; , , e“® (« cos b® + h sin hx) 


c cos bx dx = — 




Again, putting a = ?* cos a, b r sin a, so that r = ij(a^ + fe®) 
and a = tan~ ^ ^ ^be right side of this integral. 


wo have, the right side 

^ e®® r cos {hx ” a) ^ g®® 

a" + 6 ^ s/a^ + b 


2 cos | 6 £C - tan"^ ^ J- 


Integral (B) can be evaluated exactly in the same way. 

Note 1. The above integrals can also be obtained thus : 

Denoting the integrals (A) and (B) by Ii, and la, and integrating 
each by parts, we shall got 

al I — hl-i = COB bx 
and, 67, -I- al^ = sin bx 
from which 7, and 7a can bo easily determined. 


Note 2. Exactly in ^he same way the integrals Je“-“ cos (6a;+c) dx 
and sin (6a;+c) dx can be evaluated. 
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3*4. Standard Integrals. 


<C) ^ + ^ log|(x+ Jx“+a®)l 

<D) dx = ^^|~*‘‘ -Y log l(x+ 

(E) 5 7a» -x» dx sin-^ | • , 


M A a 


a ; 


Proof. 


{0) Integrating by parts, 

J Jx^+a^ dx 

= Jx‘ +a^.x - j 2 J-a-+--2’3’ 

Also, J Jx^ + a^ ^ J 

f x^ 7 , af dx 

Vx^-^a^ + J 

Adding (i) and (ii) and dividing by 2, 


j* Jx^ -^a 


A 


f dx 

2 J slx^^a} 


■= ® + “ 2 ° log \{x+ Jx'‘+a‘) I. 

[ By Art. 2'3 (D) ] 
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dx 


= r.—fZ 2* £c dx 

J 2 va: -a 

^xjx^ — a^~' \ !% » dx 

J \/x -a" 


•' X Jx^ 


X Jx^ 


u f fa - 7 

-a - 1 — / 3 - 3 arr 

J \x -a 

~ 2 [ x^-a^ . af dx 

-0. \ I 2 2 ttx-a / 2 ' 

j six -a J s'x - 


a 


X ijx^ ~ ” J ~ 


dx 

sjx^-a^ 


Now, transposing S Jx'^-d^ dx to the left side and 
dividing by 2, 


1 


[ By Art. S'3(D) ’] 


Note. The integral (C) can bo evaluated by the method of evaluat¬ 
ing the integral (D), and the integral (D) can also be evaluated by the 
method of ovaluatiug the integral (C). 

•f 

(E) Although this integral can be easily evaluated by 
either of the methods employed in evaluating integrals (C) 
and (D) above, yet another method, the method of substi¬ 
tution may be adopted in evaluating this integral. 
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Putting x = a sin so that dx^a cos 0 we get 




cos®0 do 

= a®.i/(l + cos 20) do 
= [/cos 20 do + JdO] 
= ia® [| sin 20 + 0] 

= ^a^.sin 0 cos 0 + ^a^O 

= f “ S ■** ^<*^ 


-3 




a 

2 


Sin ' - 
a 


2 


+ 2 sm 


-1 .r 
a 


Note. The integrals (C) and (D) can also bo evaluated by putting 
x = a sinli z and x = a cosh z respectively. 

3’5. ^ is/ax^+bx+c dx. (a^O) 

To integrate this, express ax^ + bx +c as the sum or 
difference of two squares, as the case may be; that is 
express ax"+bx + c in either of the forms fl}(a:+ /)® ±w®} 
or, a'{m^ — (x +1)^\ and then substitufe z for x + l. Now the 
integral reduces to one of the forms (C), (D) or (E) discussed 
above. This is illustrated in Ex. 3 of Art. 3’8. 


3*6. j (px+q) is/ax®+bx+c dx. (a^O) 

V 

To integrate this, put 

then the integral reduces to the sum of two integrals, the 
first of which can be immediately integrated by putting 
z — ax^+hx-^c, and the second is of the form of the previous 
Article. This is illustrated in Ex. 4 of Art. 3*8. 


(2ax + b)+(Q-^)-. 
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37. (eMfW+J'Wldx. 

Integrating by parts /e®/(£r) dx, we have 

/e*/(a?) dx = ff{x)e^dx =^f(x)e^ - 5f{x)e^ dx. 

.■. transposing, /e^f/Cr) +/(ir)} dx = e^f{x). 

Alternatively, we may integrate by parts !e^f{x) dx, and 
derive the same result. 

Note. /e*0(a;) dx, when 0(a;) can bo broken up as the sum of tico 
fiinctimisof x, such that (y»e is the differential coefficient of the other, 
can be easily integrated as above. 

3*8. Illustrative Examples. 

Ex. 1. Integrate ^ sin 3a; cos x dx. 

J=^Jc**.2 sin 3a: cos x dx 
— (sin 4a;+sia 2.c) dx 
= sin 4x dxH-Je*** sin 2x dx] 

= 2 LV 20 (4®-tan"* 2)+ sin (2x-tan-* 1)J 

=T ['s/Vo 2)+ ^8 ““ r)]’ 

[ See Art. 3'3(B) ] 

Ex. 2. Integrate j dx. 

1= Je"®* cos®» dte = ij'e"*'* (cos 3x+3 cos x) dx 
= cos 3x + 3/<j" cos « dx] 

= ^ 3 cos 3x+3 sin 3x)+3*^j^-(-3 cos »+sin 
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Ex. 3. Integrate j i^/d+Saj-Sa;’' dx. 

I—I >/5(|+|a;—a;“) dx 
= N/5;N/ii-a§-T^“H-®“) dx 
= (s/fl/ x/(Sr - (jc - dx 

— Ja'^ — z^ dz, ( putting z = x-^ and a=|-) 

= s/6 [^"^"2 a] 

on restoring the values of a and z and simplifying. 


Ex. 4. Integrate \ {^x—^Jx^~x + \.dx. 


Sinco 3£C — 2 — (2a; — 1) — i, 

.*. J=5/(2a; —1) Jx'^—'x+l dx — ^l Jx^~x + 1 dx. 

To evaluate the 1st integral, 

put « = a3“—jc+l ; .*. dz = {!lx — l)dx. 


1st integral=J ,Jz dz = %z^ = %{x^ — x +1)^. 

2nd integral=J iJ{:x—^)^^-% dx 

= f Jz'^+a^ dzy putting z=x—^ and o“=i, 
z^/^’+a‘■* , a* , / , /-.j-;— 

= -■ 2 -+ 2 \/s‘‘+a‘‘) 

— ^ {^x — l)Jx*’-x-\‘i+% log (a;— Jx'^—x+l). 

.*. I=(»»-a;+l)^-J (2a;-l)^/x“-lcTl 

-xVlog I(a5-"i+ /s/«-*-|K+l)|. 
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Bx. o. Integrate \ dx. [ C. P. 1929 ] 

!«((?" +2®+ 3)-(*+2) 

3 j^®* + 2® + 3 

_ r + 2® j+ 3,_f ® + 2 , 

J\/®“ + 2®+3 ^ 3/1^®* + ^®+^ ^ 

=5 v'®»+2«+3 '^“-5 

=5 1 5 

Denoting tlie right-side integrals by 7a, la, 

Ji. —78 = \ ijz^ + a'^ dz—\ - 1 ^ a * ( whore 2 =®+l, a® = 2 ) 

J J nj z "^a 

^^Ztjz^ + a^ + ^a* log ( 3 + \/3* + a’*) — log^(3+ 

= ^ C®+1) \/®“ + 2®*f- 3, on restoring the values of z and a’. 

Putting ®‘'* + 2®+3 = 3, so that (2®+2) dx = dz, 

I, = J ^^ = 2s/3 = 2^a:M“2®4-3. 

.*. 7= J (® + 1 ) /y^®® + 2® + 3 — »Jx^ + 2® + 3 

= J (®— 1 ) x/®® + 2®+3. 

Ex. 6. Integrate <^-=- C -P ^^^0, '33, '37, '48 ] 

_ f(® + l) #>*-3* , _f e* J [ e* 7 

■^“3 "(iVl)’* 3(.»+l)" 

Integrating by parts, the first integral 

\ i'• e* d® = ~ ve*+e* dx. 

J® + 1 x+l J(®+1) 


1 = 


®+l 
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Ex. 7. Prove that (if ajAh ), 


(i) 5 

(«) j 


e** sinh hx dx=‘ - 5 —la (<* siwTi hx—b cosh ia?). 

Of •• 0 

e"* 

e** cos7i 6® a __ jv (a cosh bx — h sinh hx). 


(i) Int^ating by parts, 

_ e** cosh bx f 

J= - j - 

cos h bx a f 

~ h &J 


coah, hx - 
oc®* —v — dx 
0 


e“* cosb hx dx. 


Again integrating by parts, 

{ax T- 7. jj sinh bx 

1 e cosh hx dx=- ^ 




e®* sinh bx dx 


e®* sinh 6® a _ 

“ ” 6 “ b 

From ( 1 ) and (2), 

T cosh bx a ax . . , , a’ r 

I~ ^ ® sinh &®+^a J. 

Transposing, 

/ p^X 

11— ^2jJ= -pf (6 cosh hx—a sinh hx). 

J=^3_^a (a sinh b® —b cosh bx). 


(ii) This integral can bo cvlauated in the same way. 

t* 

Alternatively we can use the exponontial values of sinh ® and 
cosh ® to evaluate these integrals. 

Thus, Je®* sinh hx d®='/c®*.J{e** —e"^*) dx 

~ 21a+6 a—b J, 

-2 'la+6 a-rb| ■ * 

„ l‘ a*f(a--^)e^-(a+6le’"*l 
2^ I ■ " , a“-6* • 

[a Bifih b^-6 coah 6®]- 

a —o . 
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EXAMPLES HI 

1. Integrate the following with respect to a? :— 

(i) X sin X. (ii) x^ cos x, (iii) xe^. 

(iv) x^ log X. (v) (vi) x sec®a;, 

(vii) sin'^a;. (viii) cos'^a-. (ix) cosec”^a;. 

(x) sec“^a!. (xi) cof^ar. (xii) cos~^ (l/fl?)- 

(xiii) X sin“^a:. (xiv) ar® tan“^£c. (xv) x cos nx. 

(xvi) (log ar)®. (xvii) x log x. (xviii) sin”^ »Jx, 

(xix) log (1+a;)’ ‘^'*' (xx) 

(xxi) log (l + 2a;® +x'^). (xxii) log (a?® + 5x + 6). 

(xxiii) a;® cos 2x. (xxiv) a;’* (log a;)®. 


Integrate :— 


X sin®a; dx. >) j X sin X cos X dx. 

3. (i) J log (x - mJx^ - 1) dx. (ii) J log (a;® - a; +1) dx. 

4. (i) " ^2} f^a*. (ii) (* - dx. 

J Uog X (log a;) J J 1 + cos a; 

5. (i) j* sin X log (sec x + tan a;) dx. 

(ii) j" cos X log (cosec x + cot x) dx. 

6 . (i) J cos 2a; log (1 + tan x) dx. 

(ii) J cosec®a; log sec x dx. 


cosec®a; log sec x dx. 


7. (i) J sin”^ (3a; - 4a;®) Ja;. (ii) J (sin ^a;)® dx. 
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8 . 

9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 
19. 


(i) I cos'^ dx. 

(i) J sin"^ 

/.X r COS~^!7; , 

(l) J ^3 dx. 

/.V r X sin~^a7 , 


(ii) f tan''^ dx, 

J l~~x 

(ii) J tan~^ 1-3^^ 

(ii) I dx. 

(ii) f dx. 

(l-xT 


(i) J sin x dx. 

(iii) j* 2® sin x dx. 
(v) j* e® sinh x dx. 
(i) J <?® sin®a? dx. 


cos Sir dx. 


<?® sin®a? dx. 


,m tan“i x 


(ii) J c® COS X dx. 

(iv) j* 3® cos 3a;‘ dx. 
(vi) J c® cosh X dx. 
(ii) J e® sin x sin 2a 


e sin X sin 2a; dx. 


^ " a; = 2 ] 


[ C. P. 1929 ] 


f tan-‘ dx. 

J V sm X f 

1 sin“^ a/ dx. C Pitt x<=a tailed ] 

J ▼ x + a 

J e® (cos X + sin x) dx. 

J ~ (1 + a; log x) dx. 
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Li dx. 


cos X 


1 — sin %x 
cos 2x 


(ii) 

(iv) f <fe. 

J 1 + cos 2a: 


20. (i) \ 0 ® (tan X - log cos x) dx. 

(ii) J 0 ® sec a; (l + tan x) dx. 

1 

22. (i) 

(iii) j 

23. I dx. 

24. (i) J Ajb — fix + x^ dx. 

I. (i) J Jl&x-66-x^ dx. 

>. J J5x‘^+Sx + A dx. 

«n f d,x 

J x + j^-1 

f 

. J J^ax-\ 

>. J V(aJ--a)(i5-ar) dx. C Ptd x^a. cos®0+i8 sm®0] 


4r + 4a;^ dx. 


25 

26 


(ii) J n/IO- 
(ii) J dx. 


28 

29 


® (Zaj. 
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aa. (i) j (x-1) Jx^-l dx, (ii) I (a + 6) 

31. (i) J {x—l) slx^^x+1 dx. 

(ii) J (a? + 2) + 2® +1 dx. 

on /•\ [x^+x+1 , rfl;® + 2a:+3 , 

J J -J^cT^x 

gjj fa;® + 2ic®+»“ 7 , 

J ■ v»^T^+r 


' f(»+l)\/a;+2 


[ P. P. 1P54 ] 


36. If w = J e“® cos 5aJ t^a;, i;=J e®* sin 6® J®, 
prove that 

(i) tan"^ " +tan“^ ” ^hx. 

u a 

(ii) ((Z* + 6V- + t?«) = c2a* 


ANSWERS 

f 

1 . (i) — oj cos a;+ain ic. (ii) (a* —2) sin aj+Q® cos 05. 

(iii) ^ im-l). (iv) [log 

(v) c* (a* —2a+2). (vi) a tan a+log cos a. 

(vii) a 8in“‘®+ (viii) a oos"‘a- 
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(ix) X COSCC"‘® + log ( 07 + (x) X see"'® —log (®+ >7®“ —1). 

(xi) X cot"‘«+J log (1+®-). (xii) X see"log (®+ Jx^ — lY 
(xiii) J®” sin"'®—|: sin“'®+J® ^1 —a;3. 

(xiv) 4®* tan"^®—log (l + ®“). 

(xv) J’®. (xvi) ® (log ®)® — 2® log ®+2®. 

(xvii) i®® (2 log ® -1). (xviii) (® - i) sin" ^ n/® + J ^ac(i - ®). 

(xix) J (1+®)® log (1 + ®)“J® (®+2). (xx) -(1 + ®)"^ [log (1 + ®) + !]. 
(xxi) 2 {x log (1 + ®®)—2®+2 tan"^®}-. 

(xxii) (®+2) log (® + 2 ) + (®+1-^) log (®+n) —2®. 

(xxiii) I® (2®® —.‘J) sin 2® + | (2®® —1) cos 2®. 

(xxiv) i®* -{(log ®)®-J log ®+irK 

2. (i) ^ (2®® —2® sin 2® —cos 2®). (ii) —Jr cos 2®+J sin 2®. 

3. (i) ® log (® — —i)+^®®—i. 

(ii) (.TJ —J) log (®® —® + l) — 2® + »J3 tan“^ 

N/-> 

4. (i) ® (log ®)"*. ' (ii) ® tan A®+ 2 log cos 

5. (i) ® —cos ® log (sec ®4*tan ®). (ii) sin x log (cosoc ®+coi. ®) + «. 

6. (i) sin ® cos ® log (1 + tan .t) —log (sin ®+cos ®). 

(ii) — cot ® log (see ®) + ®. 

7. (i) a (® sin""®+ Jl-®®). 

(ii) ® (sin“*®)® + 3 (sin"’®)®-G (®sin"'®+ Jl-x% 


8 , (i) 2® tan"^® —log (1 + ®®). 
(i) Same as 8 (i). 

10 f|) ^ n /( 1-~~ -'^*‘'*) QOS ^®^ 

‘' ' 2 ® ® 


(ii) Same as (i). 

(ii) a® tan"^®—I log (1+®®). 

(ii) J [® cos“^®— \/(l —®®)]. 


11 . (i) ®- Jl—x^ sin"'®. 


(ii) 


^sin"^® 


+ Jlog (1-®’). 
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12. (i) Je® (sin a;-cos x). (ii) Je* (sin ai+cos jc). 

/...X 2® sin ( g-cot-^ (log 2)}- 

>/l + (log2r 

f. » 3* -{3 sin 3® +(log 3) c os 3 fr}- 
Uv; 9+(log 3)" 

(v) i (cosh 2x+sinh 2a;)-^cc. (vi) i (cosh 2a;+sinh 2x) + ^x. 

13. (i) ^e® -{1 —i (cos 2x+2 sin 2x)y. 

(ii) ((cos a;4-sin a;)—I (cos 3a;+ 3 sin 3x)}. 

<j"*tan-ixri 1 r l-a;“ 4x 11 
2 \,m m®4-4 l + a;'^ i + aj^jJ 

15. (i) X tan ^x. (ii) 2 Aya;+1 log (a!+l)-4 tjx+h 


16. ^Tra:—:Ja;’. 

18. s* sin X. 

20. (i) e* log sec x. 


(ii) 2 *ya;+l log (a!+l)—4 v'^aj+l- 
17. (a!+rt)tan“^ (a) "" 


21. (i) 


a;-l^ 

03+1 


22. (i) e® tan |a;. 
(iv) e® tan X. 


19. c® log X. 
(ii) e® sec x. 

l+X-' 

(ii) - c® cot ia;. 


{i+xY 

(iii) — e®cota;. 


•lo ^ 17 ^^- « !i I 25 . _,.3aj 

^3. 2 \/25—9a;^+g sm 


24. (i) J (a3 —1) ,^5 — 2 a*+a;® + 2 log (a; — 1+ j5 — 2x+x^). 

(ii) i (2x - 1) ^10 - 4a; + 4a;‘-* + log {(2a;-1) + ^^10- 4 x + 


25. (i) J (a;-9) ^l8a;-65-»* + 8 sin"^ i (a;-9). 

(ii)7 J (4x+3) s/4 — 3x —2x^+ n/ 2 sin" ^ * 

26. (5®+4) /^5a; + 8a; + 4+g log {(Sa; +4)+ J5{5x “ + 8a;+4)}* 

27. ^{x{x- J^-i)+log (x+ Jx^'^i)}. 

29. j[(!!»-a-/3).y(i-e)^:::^)+(,3-.). sill-*Y^g®'^- 
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30 . (i) J (®“ — 1 )^—ifo? nAc^ — I+J log (x+ fJx^ — 1). 

(ii) i (®®+a*)^+J 6 ® (s/aj‘*+a* + ia “6 log (x+ ^/«’'+a“). 

31 . (i) i {®* —® + l)^~ J ( 2 ®— 1 ) a/®'"*—® + l— tV log (®“i+ sJx^—x + 1), 
(ii) i(2®“ + 2a;+l)^+| (2»+l) ^/2^+ 2®Tl 

+Q-^ log {( 2 ® + 1 ) + ,J^x^ + 2 ® + 1 )). 

32 . (i) t sin"'®-J (®+ 2 ) ^ 1 ^®“. 

(ii) i ( 2 ®+ 5 ) ^®=* + a;+i+-Vi log{(® + J)+ a/®*+®+iK 

33 . i (®* + 2 ® + 3)^ — J (® + 5) tjx"'* + 2 ®+3 — 0 log^(® +1 + sjx^ + 2 ®+3)* 

34 . (i) flisin-'J- (ii) (i®-a) ^/a*-®»-ia’* sin"' f • 

Of a 

35 . J (®+ 6 ) a/®* — 4 + 4 log (® + x'^ — 4 ). 



CHAPTER IV 


SPECIAL TRIGONOMETRIC FUNCTIONS 

4*1. Standard Integrals. 

(A) ^ cosec X dx«»log tan ^[* 

Proof, f cosec x clx=\ = fx—-X 

J J sin X J 2 sin ^x cos ^x 

f i sec** ia? , 

■J tani® 

( on multiplying numerator and denominator by sec® ) 

= log I tan i® I 

since, numerator is the diff. coeff. of denominator. 

(B) ^ sec X dx»log tan ("f ^ ) j 

s*log|(sec x+tan x)|. 

Proof, f sec xdx—\ = f r~\ 

_ di^ _ 

2 sin + ^®) cos (in + i®) 

^ 8ec®(i7E + hx) dx 
tan (in + ix) 

= log I tan (in + ix) | as in (A). 
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Note. Alternative Methods : 

\ cosec X dx= \ ® ® j^=]og| (cosec x—cot x)| 

J J cosec 33-coll a; 

f J { dr, { sin x , 

J J sm 33 J sin a? 

f d fcos .t) f dz , 

\ ^ — .. = — \ a’ where z — i 
J 1 —cos-'a3 J l — 


■COH X 


1, 1 — z 1 , il —CO.?® 


2 


11 + cos X 


f J f sec X (sec x + Ian ®) , , i i 

\ see 33 <ia; = \-,- ' dx=log sec x+tan x , 

J J 860 ® +tan® ® ‘ 

since the numerator is the derivative of the denominator. 


f , r ro.s X J { d (sm ®) 

1 sec X dx =\ ax—\ —— 

J J cos^® J 1 —sm-*3 




X 


dz 1 , 1 +^f , 

„ == log . »■where 3=sin x 


l-3‘" 


1-3 


1 , 1 + sin X 

= - log z - • 

2 1 —stij ® 


f 7 f _ r 

1 S€G £t/ UiC \ ' I on 

J J COSO? J cos^ja: — 

f soo'-'J.® dx dz , , , 

“ 1 -yi =2 \ -»» where 3 = tan *® 

J l-tau^3® J 1-3^“ ^ 


, 1 + 3 J 1 + tan ix I 

It should be noted that the difEeront forms in which the integrals 
of cosec ® and of sec x are obtained by different methods can be easily 
showij to be identical by elementary trigonometry. 


Thus, 


1 lo, 1^™? *1 

2 ® 'l + cos ®l 




I A o&ii n.ii 

2 I'i cos^J® 
log I tan J® I ; etc 


= - log I tan* J®| 
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i-2. { 

J a+b cos X 

The given integral 

_f _ _ _ dx _ __ 

J a( cos'"® ^x + sin^ |ir) + 6(cos^ iar-sin® itc) 

_ f _ hx_dx 

J ia + b)+{a — b) tan^ la; 

( on multiplying the numerator and denominator by sec^ la;). 


Case I. a> h. 

Pxit Ja-h tan ix = z ; i \ a-b sec ® \x dx = dz. 

The given integral now becomes 
2 f dz 


la-h] {a + b) + z^ 


Ja‘‘-b^ 

tan ^ 

r--- , [ See (A), Art. 2'3. ] 

V U + 0 

2 

tan"*^ j 


1 

J —1 j 

'^ + a cos x\ 


tan 1 

a + b cos xl 


Case II. a<b. 

Put Jb-a tvin ^x = z ; \ Jb-a hx dx™dz. 
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As before, the required integral becomes 

_2 _ r_ dz _ 

<Jb — a] (a + bj-~ 2 ^ 

_ 2 _ 1 . If \/6+a + g l 

J'b — a 2 >/ b + a 11 \/ b+a — zi 

[ See (Cl Art. 2'3 ] 




V6 + a+ Jb-a to 
Jb + a- Jb-a tan 


Note 1. Here it is assumed that a > 0, 6>0; if<i<0 , h > 0 
or, a > 0, b < 0, or, a < 0, b < 0, then the integral can be evaluated 
exactly in the same way. 


Note 2. (i) If b — a, the integrand reduces to seo®|a;, the integral 


of which is - tan ^x. 
a 


(ii) If b— —a, the I integrand reduces to ^ oosco® , the integral 


of which is-cot ^x. 


a 


dx 


a+b sin X 


Note 3. By an exactly similar process, the integral ^ 

or more generally ^ a-f ' b ' cog^T ' c T i n~ x evaluated by breaking 

sin X and cos x in terms of ^x and then multiplying the numerator 
and the denominator of the integrand by sec®|x and substituting z for 
tan ^x. This is illustrated in Examples 3 and 4 of Art. 4*8 below. 

In fact any rational function of sin x, cos x can bo easily inte¬ 
grated by expressing sin x and cos x in terms of tan ^x, i.e., by writing 


sin 


2 tan , 1 “ tan® 

.4 andcos®=; -r 

l+tan“j® l + tan®4® 


and then putting tan ^x=z. 

Similar integrals involving hyperbolic functions can be evaluated 
by an exactly similar process. 
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4*3. Positive integral powers of sine and cosine. 

(A) Odd positive index. 

Any odd positive power of a sine and cosine can be 
integrated immediately by substituting cosx = z and sin x = z 
respectively as shown below. 

Ex. (1) ^ sin^'x dx= ^ sin’*® sin x dx= — (1 —cos’*®) d (cos x) 

= — /(I — s’*) dz [ Putting z for cos x ] 

= -(<?—“(cos cos*®). 

Ex. (ii) j cos'® d® = j cos'*® cos x dx=^ (1 — sin*®)* d (sin ®) 

= J(1 — s*)* dz [ Putting z for sin ® ] 

==/(1-2;3’* + s") dz=z-%z^+lz^ 

= sin ®-§ sin*®+| sin*®. 

(B) Even positive index. 

In order to integrate any even positive power of sine and 
cosine, we should first express it in terms of multiple angles 
by means of trigonometry and then integrate it. 

Ex. (ili) Integrate ^ cos'*® dx. 

cos'*®=-{| (1 + cos 2®)}*=i{l + 2 cos 2®+oos*2®} 

[1+2 cos 2®+i (l + cos 4®)] 

— t+i cos 2®+ir cos 4®. 

.*. Jogs'*® dkc = J(§ + i cos 2®+J cos 4®) dx 
= I®+sin 2®+ -s-s sin 4®. 

Note 1. It should be noted that when the index is large, it would 
bo more convenient to express the powers of sines or cosines of angles 
in terms of multiple angles by the use of De Moivre’s Theorem, as 
«hown below. 
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Ex. (iv) Integrate ^ sin^x dx. 

Lot cos «+i sin ac= 2 /, ) 
tben, cos x—i sin aj= - j 

y * 


«+ -- =2 cos X 

y 

ty — - = 2 i sin x 

y 

2 ®i® sin"aj 


cos naj+i sin naj = jy" 

1 
y 


cos nx — i sin nx = -i,* 


l/"+ „ = 2 coswa; 

?/ 

iy"— ^i= 2 i sin nx. 

y 


= (»•+J.) - 8 (,« + A) +28 ( -50 ( v^+^.) + 10 


= 2 ros 8 a:—8.2 cos 6 a; + 28.2 cos 4a;—56.2 cos 2 a; + 70. 

sin'*' 5 = 2“'^ (cos 8®—8 cos Ga;+28 00 s 4a;—56 cos 2a: + 35). 

Jsin“a; f?a; = 2 "'^ /(cos 8 a; —8 cos 6a;4-28 cos 4a;—56 cos 2a;+35) dx 

sin 4a; 

4 


1 fsin 8.T/ 8 sin 6a; , -0 sin 4a; -/• sin 2 . 1 ; , T 

“ 2 ’ L“ 8-G 4 


= 27 [i sin 8 a;— 3 sin 6x+7 sin 4a ;—28 sin 2x+B5x]. 


Note 2. When the index is an odd positive integer, then also wo 
can first express the function in terms of multiple angles and then 
integrate it; but in this case, it is better to adopt the method shown 
above in (A). 

Thus, /sin"a; <ia; = /i(3 sin a;—sin 3a;) t?a;= — | cos »+tV cos 3a;. 


4*4. Products of positive integral powers of sine 
and cosine. 

Any product of the form sin^a; cos®a; admits of immediate 
integration as in Sec A, Art. 4*3, whenever eitlber p or q is 
a positive odd integer^ whatever the other may be. But when 
both p and q are positive e^en indices^ we may first express 
the function as the sum of a series of sines or cosines of 
multiples of x as in Sec. B, Art. 4*3, and then integrate it. 
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Ex. (I) Integrate j Hn^x cos^x dx. 

I»/sm *x cos*x cos X dx 
= Jsin*® (1 —sin®a;)'“ d (sin x) 

= (1 — 2 !*)® dzt C putting z= sin x ] 

= /(a* —2a*+a®) dz 

= Ja»~|a* + |a’ t 

sin®a; —I sin''£c + if sin^oj. 


Ex. (ii) Integrate ^ sin*x coA*a; dx. 

Let cos x+ i sin x—y\ 
tlien, cos x — i sin «= - 1 

y f 


. *. ^ + - = 2 cos .t; 

y 


y— =2isinn.'B 

y 

2®i'* sin*£c cos*® 


. cos w®+i sin n® = j/* 


cos nx'-z sin w® = - _• 

y 


1 /"+- ,, = 2 cos ?i®. 

y 


j;" — „ = 2i sin n®. 

y 




= 2 cos 6®— 2.2 cos 4® —2 cos 2® + 4. 
sin^® cos®® = 2~'’ [cos 6® —2 cos 4® —cos 2®+2]. 

/sin**® cos*® «2® = 2“® /(cos 6®—2 cos 4®—cos 2®+2) dx 
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Note. The expression x cos* x also admits of immedMde inte¬ 
gration in terms of tan x or cot x if p+g he a negative even integer^ 
T^Iiatever p and g may be. In this case, the best substitution is tan x 
or cotic^;?. For other oases of sin^ as cos* as, a reduction formula is 
generally required. See § 8*14 —8'17. 


Ex. (lii) Integrate \ dx. 

J COS CO 

Here, ^+9 = 2 — 6= —4 ; .'. put tan as = 2 , then sec®as dx=d 2 . 
Now, J= /tan ^x.seG*x dx 

s=i5r tan®a5+-5 tan®a:. ' 


Ex. (iv) Integrate J 


dx 

• i f‘ 

svn^x cos^x 


Here, p+2s= — J—1= —4 ; put tan a; = 2 , then sec*a; da;=d 2 . 


Now, 

tau®a; 


1+2’ , 

— 1 dz 
2® 


= J( 2 "^ + 2’^) ds =22^+§ 2 ^ 

X A 

= 2 tankas +1 tan^a;. 


4*5. Integral powers of tangent and cotangent. 

Any integral powers of tangent and cotangent can be 
readily integrated. Thus, 


(i) / tank's dx=f tan as.tan’a; da;= J tan x (soc^x—1) dx 

= / tan X d (tan x) —/ tan x dx^i tan*®—log sec x. 

(il) / cot*® d® = / cot*® (cosec*® -1) dx 

= / cot*® cosec*® d® — J cot*® dx 
= — / cot*® d (cot ®)=/ (coseo*®— l) dx 
= — i cot*®+cot®+®. 
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4*6. Positive integral powers of secant and cosecant. 

(A) Even positive index. 

Even positive powers of secant or cosecant admit of 
immediate integration in terms of tan x or cot x. Thus, 

(i) / sec**® <?a5=/(l+tan’a;) sec*a; dx 

= / sec*® dx + i tan“« d (tan x) 

= tan tan*®. 

(il) J co8eo®®<2®=/ cosec*®, coscc*® d® 

= /(1 + cot*®)* cosec*® dx 
= — J(l+2 cot*®+cot*®).d! (cot ®) 

=* — cot ®—I cot*® —I cot'®. 


(B) Odd positive index. 


Odd positive powers of secant and cosecant are to be 
integrated by the application of the rule of integration 
by parts. 

(iii) J seo“® dx— / sec ®.scc'^® dx = soo x tan ®—/ sec ® tan*® dx 

= sec X tan ®-/ sec ® (see*® — 1) dx 

= soc ® tan ®+J sec ® dx — i sec"® dx. 

transposing J 860 ®®af® to the left side, writing the value of 
/ SCO ® dx, and dividing by 2, we get 

/ sec"® dx- 2 ® 2 ( i ® )’ 

(iv) / sec"® dx — i sec*® sec*® J® 

= sec®® tan ® - / 3 sec*® tan*® dx 
■"sec"® tan ®—3 / sec"® (sec*® — !) dx 

= seo"® tan ®+3 / sec*® dx-3 f sec"® dx. 

Now, transposing 3 / sec*® dx and writing the value of / sec*® dx, 
we get ultimately, 


J sec"® dx"* 


tan ® sec*® , 
_ + 


3 tan X sec ® 

4 *“ 2 


3 1 

+ ^* 2 log tan 
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(▼) J cosec®a; dx^ji cosec x coseo^a? dx 

= — cosoc X cot x—ji cosec x cot “a: dx 
— cosec X cot x—f cosec x (cosec'"'a; — 1) dx 
= —cosec X cot x + f coseo x dx — f cosec “a; dx. 

trauspoaing / cosoc®a; dx and writing the value of J coseo x dx, 
J" coseo “a; dx = cosec x cob aj + ^ log tan ^x. 


4*7. Hyperbolic Functions. 

(i) ^ sinh X dx = J - 6““") dx = + e“®) = cosh x. 

(ii) ^ cosh x dx = J + <?“*) dx = - e'®) = sinh x. 

(iii) ( tanh x dx= j da; = log (cosh x). 

J J cosll X 

(iv) ^ coth X dx^\o^ I (sinh x)|. 

(v) 5c08echxdx^y*^ = 2[^,f*^.:. 


log 


le*-! 


]e* + ll 
log I tanh ^x|. 


\x-\ 


[on dividing the numerator and denominator by e® 3 


(«)( 


sech X dx 


dx 


cosh X 

(«*) 


2 


-J 

- 2 tan“ ^ (cosh x + sinh x). 


J i+7“* 

aa;-2 tan"‘'(e*) 
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Otherwise : 


( sech X dx = f“f— = f 

J J cosh X J 


dx ^ f dx 

cosh X J cosh'** \x + sinh“ ix 


_ r -J sech^ ir , 

"2jl + tanh“ 

r drZ 

=* 2 j [ on putting z = tanh ix ] 

= 2 tan“S-2 tan"^ (tanh ^x). 

(vii) ^ sech^x dx»tanh x. 

(viii) ^ cosech^x dx= -coth x. 

(ix) ^ sech X tanh x dx — sech x. 

(x) ^ cosech X coth x dx = - cosech x. 


tanh X dx — sech x. 


cosech X coth x dx = - cosech x. 


4*8. Illustrative Examples. 


[ C. P. 1928, '30 ] 


Ex. 1. Integrate \ -• [ C7. P. 1928, ' 

] a s^ll x+o cos X 

Put a=r cos d, h — r sin 0, then a sin x+b cos x = r sin (x+0). 

Here r= Ja^~+h“ and <? = tan"‘ • 

^ a 

I=\ ■jff ^ ^ coscc {x+6) Ox 

Jrsin(a:+fl} rj ' ^ 

= ^ ^ coscc z dz, where z = x+0 

= log tan n = - log tan „ 

> r 2 r “ 2 

‘““"a)!- 

Note. Since, as above, sin aj+cos x= <s/2 sin ^a+ 
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••• i- 

J SI 


_^ 1_ 

sin «+cos® ]J2 


i J coseo 


= -^log tan 


(®+ 1^ dx 

(-M)!' 


Ex. 2. Integrate ^ 


_ _ dx _ 

a® sin'^x + b^ cos^x 


Multiply tlie numerator and denominator by sec’® and put 
tan ®= 2 . 


\ where fc = 

= \ ^ tan"^ f ~ ^/ tan“^ ( f tjin 
a” k k ah \h f 

Ex. 3. Integrate \ _ - • 

J 0 — 13 sm X 

j=t ___ . 

J 5 (sin’* ^^ + ^03® j®) —13,2 sin j® 


J® cos J® 


Multiplying the numerator and denominator by sec’* J®, this 

_ f_see “ I® dx _ 

3 5 (tan® i®+1) —26 tan j® 


[ putting tan J® = a ] 


_ 2 f da 

.5 3(2—Y-r-c-vr 

= g \ -gj—where u=a—-^- and a = 
5}u —a^ 

2 1 , w—o 1 , „ 5 

’5’~2a^^^u+a 12 ^ ®—i 

1 . ! 5 tan |® — 2^ 

12 j 6 tan ^x—1 

on restoring the value o£ a. 

B*. 4 . IntegraU J ^ J+3'^^^4 


C C. P. 19SS ] 



13 (sin* J®+cos“ i®)+3 (cos* j® —sin* J®) + 4.2 sin i® cos J® 


SPECIAL TBIQONOMETBIO FUNCTIONS 


69 


Multiplying tlie numerator and denominator by sec^ Ja;, this 

_ seo^ lag dx _ 

10 tan'-* Ja5+8 tan ^a;+16 


IQs'*+8^+16 
L f dz 


[ putting «=tan J® ] 

1 f du 
“ 5 j u^+a^* 

where u = z+l, a = S 


11. 1, 5z+2 

5 a a () 6 


_ 1 . _i 5 tan ^x + 2 
6 ” 6 


K r 1 ^ f 2 Sin ®+3 cos X , 

bix. 5. Integrate \ v— -,-7— — dx. 

Jo sin ® + 4 cos X 


Let 2 sin ® + 3 cos x 

*=Z (denominator)+ 7>i (diff. of denominator) 

= Z (3 sin ® + 4 cos x) + m (3 cos ® —4 sin x) 

= (3Z —4m) sin ®4-(4Z + 3»i) cos x. 

Now comparing cocfHcients of sin x and cos x on both sides, w© 
get 3Z—4»»=2 and 4Z+3nt=3 whence Z=i2» wi~Tnr- 

2 sin x + 3 cos ® = sin ®+4 cos a::)+Vs (3 cos x—4 sin x). 


••■^"25 3 ‘**+25 3 3 Sinai 


® — 4 sin X 
®+4 cos X 


'T*®+ sV log (3 sin ® — 4 cos ®). 


Note. Generally J 


sin x4-b cos x 
sin x+d cos x 


dx can bo treated in the same 


Ex. 6. Integrate ^ 


\ don* 


^ J s%n («—a) s%n (a?—6) 

_1__ 1 fiin ■{(a;"6) —(iC —fl)> 

sin (aj—a) sin (®—b) sin (n-b) sin (®—a) sin (» — 6) 


-- 1 _ fcos (x—g) cog (®—b) ! 

sin (a - b) Lsin (® —a) sin {x— b)J 
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^_1_rC (•«“«) 

sin (a—/j) L3 sin (xi—a) 3 sin (e — b)^^J 
“sTnU-fr) (x-a)-log sin (j;-6)] 


_ , ^ sin (aj—n)^ 

sin (rt —6) sin (a*. - b) 


Ex. 7. Integrate \ - , . dr, h > a. 

J sja+b tan x 

j_ f _ sin X dr _ f si n cc d x 

j Ja coa'^x-hh ^in^x 3 sjh —Xb — ai) co'i^x 

= 1 f sin c _ ^ f 

Jb — a 3 / h 3 Jh — a 3 — 

▼ b — a 

Inputting z = co!i.v and 

1 -I a 1 -if /b—a 1 

Jh-a h Jb-a LV b J 

[ See Art. 2'3(E), Note ] 


Ex. 8. Inlcgraie j 3+ 


-s 


dx 


3 (cosh“ i-a;—sinh’' ^33) +4 (cosh* A® + sinh* Ja) 


dx 


7 cosh“^x + sinli'''J® 


_ ^ spch® 


dx. 


7 + tanh “ ^x 

( on multiplying the numerator and denominator by seoh* ^x.) 


Put tanh ^x = e', then J sech® Ja? dx — dz. 


••• 7^/»- 


tan-tanh 
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EXAMPLES IV 

Integrate with respect to x the following functions :— 


1. (i) coseo 2a;. [ C. P. 1929 ] 


(ii) cos®a;. 

(iii) sin*®. 

(iv) sin®£c. 

(v) sin®® cos®®. 

(vi) sin®a; cos®£C. 

(vii) sin*® cos*®. 

(viii) sin^a; cos®®. 

(ix) cos®® sin®®. 

(x) sin 2x cos®®. 

(xi) sin 3® cos®®. 

(xii) sec®® cosec®®. 

(xiii) sin*® sec®®. 

(i) cot®®. (ii) tan*®. 

(iii) sec®®. 

(iv) cosec*®, (v) coseo®®. 

(vi) tan®® sec*®. 


f 


Evaluate the following integrals : — 

3< 


5. (i) f >— 

J (sm X + coj 


cos x) 


a 


(i) j' 

cos 2® , 
dx. 

(ii) 

f COS 2® , 

1 dx. 

sm ® 


J cos ® 

«j 

r sin ® 

1 sin 2® 

dx. 

(iv) 

f cos X , 

1 — “■ dx. 

) COS 2® 

wjl 

^n ®\* 

dx. 

(vi) j 

X cos ® , 

2 ' 

,008 ®/ 


sm ® 

(i) 1A 

ysin ® cos®® dx. 

(ii) J 

dx 

/ ’ 6 ' 



vsm ® cos 


(ii) j 5^ 


dx 


sin 2x 
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j. f b 

J 3 sin X — 

'■ ! 


4 cos X 


dx ^ 

(3 sin £c +4 cos xY 


sm X , 

- 

cos 2x 
d x 

cos®a;— sin® a; 


8. (i) I 

«. (i) j 

4 A r cot ^x+i j 

10. I -4. a " r dx. 
J cot X — 1 

1 

12. (i) [ -™ dx. 


4 cos sc — 3 cos X 


cos a? 
dx 


• ® 1 .i 

« I .T^ 


a. 


Sin X cos X 


/..X r sin a? , 

J 8i^ 

r..x r dx 

111) I -I'Jl' '-ll- '* 
J 1 ~ sin X 


/..X r sin* X J 
\ii) i 2 dx. 
J cos a? 


sin X cos X 


sin 2x dx 

. . - — — • 

5x sin 3a; 

[ Put sin^x + cos^x in the numerator of (i) and (ii). 3 


(ii) f . 

J S] 

(iv) f -' 

J cos 3a; — cos x 


14. (i) j 


dx 


sin^a; cos®a; 


(ii) f ■. ■ 

J sm a; cos a; 


[ Put tan x—B in (i) and (ii). ] 


15. (i) \ 

J Bl 


ban X 


Bin X cos X 


dx. 


cos X — sin X 


«• \ 4-6^«i 


Sin® a; 


1 ij^in 2x 
f..\ 1 dx 

(u) J Y+ 


dx. 


cos®a; 
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17. (i) f 

j Sin x + 


2® , 

4 dx* 

COB X 


f __ _ 

J sin*® + cos*® 


18 

19 


[ (ti) Write sin*x+ cos*x^ cos'^ 2x + ^ sin^ 2x. ] 
sin ® 


^/i-l-3i 


sin ® 


sm ® 


.(i)j 

1 (1+ COS ®)® 

20. (i) f - 

J 1 + tan X 

21. (i) [ 

J sin X + 


, /--N f sin 2® dx 

dx. (ii; I '_\ 2 ' 

J Vsin X + cos X) 


dx. 


cos ® 


dx. 


22 

23 

24 

25. 


r..N r _ dx 

J 1 + cos a cos 

f coa x dx 
J 2 sin ® + 3 CO 

[ (i) Niimerator=^{[sin x + cos x) + {cos x — sin x)}. ] 

('") f __ 

' JV cosec ® +cot® Vl+2sec® 

f sec X ^ 

. I , , — dx. 

J a + b tan ® 

f 4^-. 

J a+b tj 

J a + 


tan ® 


® Is 

(iiO J 4 + 

• ® j 6 + 


dx 

b sin X 

dx _ 

+ 4 sin X 


[ G. P. 1933 ] 


t..\ f dx 

^”M4+5s 


sm ® 


3 sinh ® 


- - - - • 


4 cos ® 


27. (i) f-^ 

J cos a + c 


cos ® 


J 4+3 cosh ® 

r dx 

J 3 + 5 cos ® 

/..N f cos X di 

J 


dx 
cos ® 
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28. 


29. 


30 . 


31. 


j 

j 

1 

I 


dx 

2 7 a a ' 

a —0 cos X 


si n X dx ^ 


sin 2.r d x 
(a + b cog x)"^ 

n cos ir — 16 sin X , 

-T“k dx 

2 cos .T + 5 sin X 


32. (i) j j - 


dx 


cos X + sin X 


j 3 + 2s‘in x + 


cos X 


on i6 + 3sma- + 14cos x , 

33. 1 ^-r- -- dx. 

3 + 4 sin 57 + 0 cos x 


) 
• I 


36. (i) f - :;7 - dx. (ii) f - - 

J sec X + cosec x J sin x + t 


+ sec X dx [ Put s/2 siw lx = z. ] 


tan X 

36. (i) j( s/tan £C+ s/cot £cj dx. (ii) J Joot x dx. 

[ {i) Put sin x—cos x = z and note 2 sin x cos x=l —{sm x — cos »)’. ] 


37. 

38. 


M sin (x - a) \ 
sin {x + a)J 

r x^ dx 
J (a? sin a?'+ cos a;) 


dx. 


a 
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ANSWEBS 

1. (i) J log tan X. (ii) sin cc—J sin®*, (iii) |a;-i sin 2a:+5V sin 4a;. 

(iv) § cos *a;-cos x — l cos’a;. (v) iaj-jV 4x. 

(vi) i sin*a;—i sin®a;. (vii) [3a;— sin 4a;+ 1 sin 8ar]. 

{viii} I sm®a: —^ sin^a:. (ix) | oos^a;—J cos’a;. (x) cos^a;. 

(xi) 4 sin’a;—J sin^aj+i sin®a;. (xii) tan sc—cot x. 

(xiii) see x—% sf>c®a;+-j sec'a;. 

2. (i) —I cot®a; —log sin a;. (ii) J tan®a;—tan a;+a;. T 

(iii) tan x{l+% tan'■'a:+1 tan^a;), (iv) — cot a; — ^ cot®a;. 

(v) — J cot x coscc’a;—T cot x cosoo a;+| log tan ^x. 

(vi) tan “a; (J+i tan*a;). 3. (i) log tan J.r + 2 cos x. 

(ii) 2 sin a;—log (soc a:-f-tan a;). (iii) J log (sec a;+tan a-). 

(v) i tan “a;+ 4 ian'x. 

4. (i) iT /s/sia x ('^ sin a;-3 sin’a;). 


/.I ] , 1+ (s/2 sin X 

2‘is/2 1- n/ 2 sin x' 


(vi) log tan j^x — x coscc x. 

(ii) 2 cot'^a; (I tan''a; + 2 tan’a; —i). 




6 . I log tan Qx - J tan" ‘ §). 
«... 1 , 1+ s/2 oos X 


n ^ _ ■f . . _ , 

3(3 tan a;+4) 

,..v 1 , »73 + tan» 

2 *^3 ^ is/3 —tan x 


^2 1— s/2 cos X 

9. (i) J log tan (i^r+a;) (ii) i tan 


10 . J log tan (Jx+x). 

« i«_ 

12 . (i) — § coa^a;+x“x cos'® ®- 

18. (i) soc »+log tan \x. 

(iii) i log sin 3a;-i log sin 5x. 

14. (i) tan a; — 2 cot x — ^ cot’a*. 

15. (i) 2 s/tan X' 


11 . J log tan (iir+ §x). 

(ii) sec a;+2 cos a;—J cos “a;. 

(ii) i tan^a;+log tan x. 

(iv) I [cosec X— log (sec a; 4-tan a;)]. 

(ii) J (tan ‘x - cot®a;)+3(tan x —cot x), 

(ii) log (oos a;+sin «+ is/sin 
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^a /•\ 1 1 2+ tan X 

16. ( 1 ) V logr---— 

' 4 ®2—tanx 

(ii) 

17. (i) tan“^(tan^x). 

(ii) ^J^W- 

18. (i) 2 /s/i — sin x- n/ 2 log tan (|x +Jir). 


^ii) x + 


1 + tan X 


19. 2tanJaj —a;. 


20. (i) J {ic+log (sin 03 +cos a;)}. (ii) 2 cosec a tan"^ (tan Ja tan Ja:). 

21. (i) i {a: + log (sin ai+cos x))-. (ii) t* 5 ® + tV log (2 sin 03+3 cos 03 ). 

(iii) sin'’*(^ seo^Jx). 

23. 1 . 2 ®+ (<* cos x + b sin x). 

a +0 a +0 


24. 




25. (i) § tan-^ ^ (5 tan ix+4). (ii) g log |r + l’ 


/...V . , H-2 tanh Jtx 

(in) 

26. (i) § tan"‘ (i tan Jx). 


. 1 , /s/7 + tanh Jx 

(ii) --i.x+ f tan"‘ (2 tan \x). 


28. tan 

a - 6 * 


log 


if a < 6. 


2a n/ 6“ —a® ° a tan ®+ 
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*29. 


— log ( sla^— 6* ooa «+ tJa* cos“a;+6* 8in“a;)f 


if a > 6 ; - sin“‘^ 'JJL^.9'.. cos if <2 < 6. 

■ 30 . —26"“ log {a+h cos as) —2a6"“ (a + 6 cos a;)”^ 

31. 3 log (2 cos x+6 sin a:) —•2®. 32. (i) —log (l + pot ix). 

(ii) tan" ^(1 +tan ^x). 33. 2a; + log (3 + 4 sin a;+o cos a:). 

I* 

34. 2 sin"^( s/2 sin ^a;). 


■ 35 . (i) J [sin X - cos »--^2 (i» +W]* 


(ii) J log tan Jaj-J tan“ ^x. 36. ^/2 sin"‘ (sin cc —cos x). 

37. cos a co3~^(co3 X sec a) —sin a log (sin x+ N/sin“» —sin“a). 


sin COT 
X sin a; + cos x 


. 38 . 




OITAPTEB V 


RATIONAL FRACTIONS 
[ Method of breaking up into partial fractions ] 

5'1. Integration of Rational Fractions. 


When we have to integrate a rational fraction, say 

X f 

> if fix) be not of a lower degree than </>(£c), we shall first 
fix) 

express ordinary division in the form 


Gpx^ + Cp~±x^ ^ + Co 

where +.+ Co is the quotient, and wix) is the 

remainder and hence of lower degree tlian 4^x). 


Then 


f fix) 

J <i>ix) 


dx = Ca» +. 

p + 1 


+ Co® + 


I 


^x) 


So we shall now consider how to integrate that rational 
fraction in which the numerator is of a lower degree 


than the denominator. The best way of effecting the 
integration is first to decompose the fraction into a number 
cf partial fractions and then to integrate each term 
separately. 


*Whon /(r) and tp{x) oire algebraic expressions containing terms 
involving positive integral povrers of x only, of the form 

+ + + • ■ • + On®*. 
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We shall noi; enter here into a detailed discussion of the 
theory of partial fractions for which the student is referred 
to treatises on Higher Algebra, but we shall briefly indicate 
the different methods adopted in breaking up a fraction into 
partial fractions according to the nature of the factors of 
the denominator of the fraction. 

We know from the Theory of Equations that </>(a;) cjfcn 
always be broken up into real factors which may be linear 
or quadratic and some of w^hioh may be repeated. 

Thus the general form of ^{x) is 

A{x~- a){x~ {x-dY‘''\{x-lY + 

-{(aj-Z'r+WT. 


Case I. When the denominator contains factors, real, 
Unea/r, hut none repeated. 

To each non-repeated linear factor of the denominator, 
such as x-a, there corresponds a partial fraction of the 
A . 

form-’ where is a constant. The given fraction can 

x-a 

be expressed as a sum of fractions of this type and the 
unknown constants A's can be determined easily as shown 
by the following examples. 

Ex. 1. Integrate J C3 

x*+aj* —6 x=»b(x“ + ®—6)*=x(®+3)(a!—2). 

z^+x—1 _ ^ B , C ^ 

«(«+3)(x —2) X ®+3 x-~2 


Let 
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Multiplying both sides by x{x+B){x-2), we get 

= 4 {®+3)(®-“2)+i5® (®'”2)+C® (®+8). 

Putting » = 0, —3, 2 successively on both sides, wo get 

A = hB = hC=h 

the given integral is 

1 f dx, 1 f dx .If dx 
6 J ® 3 3 3 2 3 ® - 2 

= i log® + i log (®+3)+Jlog (®-2). 

_ _ , 

{x-a)(x — b){x-c) 

Hero numerator is of the same degree as denominator and if 
the numerator be divided by the denominator, the fraction would be 
of the form 

p 

1+ pr I whore Q = (a5-a){® —i)(®—o) and P of lower degree than Q, 


Ex. 2. Integrate 


Hence, we can write 

= 1 + A + Q. . 

{x-~a)ix-h){x — c) x—a x--h x-c ^ ’ 

®* = (®—<i)(®'-A)U~<5) + i4 {x-h)[x-c) 

+ B {x~ c)(®-a) + C {®-fl){®- h). (2) 


Putting ® = a, 6, c successively on both sides of the above 
identity (2), we got 

a® n- _ n- _ 

(a-“6)(a-c)’ (6-f){6“a)’ (c--o)(c-6) 

from (1), it follows that the given integral 


^_ c* _f dx 

ic-a){c-b) 3 a? —c 


J,x 

x—b 




(c—a)(c —5) 


log {x-c). 
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Case II. WJien the denominator contains factorst real, 
linear, hut some repeated. 


To each p-fold linear factor, such as (x - aY there will 
correspond the sum of p partial fractions of the form 

... j_ 


_ Am _ L 4. 

(x-aY {x-aY~^ 


{x — a) 


w'here the constants Aj^, Ap-i,...A]i can be evaluated easilv,. 

f 


Ex. 3. Integrate 
Lot 


J x- 
(flj+ l)^ {x+2) 


dx. 


X 


73 f? 

T" / ■ . -"v "T 


(a: + l)^ (a;+2) (^ + i)^ (aj+1) {£C+2) 


l^^ultiplyirg bofcli sidos by Cx + l)’* (a’+2), we get 
x^ = A {x+2)+B (a; + l){3: + 2)+C (a; + l)*. 
Putting x = —1, —2 succossivoly, wo get ^ = 1, C = 4. 


Again, equating cocffic.ients of x~ on both sides, 

73 + C=l; jS= — 3, since (7*=4. 

= -^^1-3 log (aj+l) + 4 log (a;+2). 


Note* Tho partial fractions in the above case can also be obtained 
in tho following way. Denote the first power of the repeated factor 

i.e., jc + l by s, then the fraction=ja* * Now, divide Num. by 

Denom. of the 2nd fraction after writing them in ascending powers 
of 2 , till highest power of tho repeated factor, viz., z^, appears in the 

remainder. Thus the fraction=^1 — Ss + ” f 1 ^-j* 

replace a by aj+l, and the reqd. fractions are obtained. 
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Case III. When the demminator contains factors, real, 
q^tadratic, hut none repeated. 

To each non-repeated quadratic factor, such as 
+ px+q, ( or, x^ +q, q 0), there corresponds a partial 

fraction of the form the method of integration 

X +px + q 

of which is explained in Art. 2*5. 


Ex. 4. Integrate \ d.v. 

T f ^ 

(a;-ij(i’‘ + 4)"®-l‘*' a;“ + 4’ 
x=A (»*4-4) + (2?a3 + C)(a: — 1). 

Patting a:=l, on both sides, we got A = l. 

Equating coofficients of and x on both sides, we get 
^ + B = 0 and C — i?= I ; hence 23= — (7 = v* 

the given integral becomes 

1 f dx If® —4-_lf d®_l f2® dx, 4 f dx 

6 3 ®-l 5 3!»’ + 4^'^ 6 J ®-l 10 3 ®“ + 4 5 3a:*4- 4 

= ^ log (®-l)- jQ log (®* + 4)+ ^ tan'» ^ • 


Ex. 5. Integrate ^ 


(«®+o*)(®® + 6’) 


dx 




[ C. P. 1928, '32, '37 3 


1 

r( 

dx f 

\dx 1 

■-6* 

L) 

»* + 6® 3 

a5’* + o*J 

-\A 

*1 

tan-"f - 

1 * -1 ® 
- tan ^ ' 

-t* 1 

.b 

b 

a a 
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Ex. 6. 


Integrate 


dx 

X +1 


Since, cc * +1 = (a;+1)(®® — a; +1), 


let us assume 


a!“ + l 


A ^ Rx + C 
x+i x^—x+i 


1 = A (x^ ’-x+l) + (Rx+C)(x+l). 


Putting jc— — 1, we get -4=^. 

Equating the coofl&cients of a;*, and the constant terms, we have 


^ + B=0and4 + C=l. 

the given integral becomes 

iCdaJ If j; — 2 , 

3j a;+l 3 3 

_ 1 r da; _ 1 r (2 £c-])-3 
"3 3a;+l 6 3 x'^-xVl^ 

3 3 cc+l 6 3®'**“®+! 2 3 ®“*”® + l 

= glog (a;+l)- |log (a;^-a:+l)+ ^ J 


=. ^-Jog(a;+l)- |-log {x^-x+l)+ ^ .A tan'^ 
=> g log (a;+l)- ^ log (a;^- a;+l)+-^^ tan"* 


dx 


(«-»•+(-#)' 


Case IV. When the denominator contains factors real^ 
quadratic^ but some repeated. 


In this case we shall require the use of Beduction 
Formula to perform the integration, for the general dis¬ 
cussion of which see Chap. VIII. 
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Ex. 7 . IntegrcLte j| aj®)^ 


Although this case comes under Case (IV), it can bo treated more 
simply as follows : Put 05 = tan 0. 




= j ^(l+cos 26) d0 = ^ {0+^ sin 26) 

= !(«+? 

2 1 2 l + tan‘-*0J 


5*2. Two Special Cases. 

(A) In many cases if tJis numerator and the denominator 
of a given fraction contain even powers of x only, we can first 
write the fraction in a simpler form by putting z for x^, and 
then break it up into partial fractions involving z, i.e., a;®, 
and then integrate it. Thus, 


Putting x^ = z, wo have 

2 __s ^ A B 

x'*+x^ — 2 s^+s —2 (3+2 )(s— i) 3+2 3 — 

3 = ^ (3— 1 ) + B (3 + 2). 

Putting 3= -2 and 1 respectively, we get A=§, B= 

_ x^ _^ 2 _ 1 1 _ 

a!'‘+V ^—2 3 x^ + 2 3 —i 


^ 3)®’*+2 Sjas^-i 


_ 2 J_ 
“ 3 * J2 


tan"‘ 


a; . 1 1, ®-l 

8 • 2i+i 
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(B) If in a fraction, the numerator contains only odd 
powers of x and the denominator only even powers^ then 
it is found more convenient to change the variable first by 
putting =z and then break it up into partial fractions as 
usual. Thus, 

Ex. 9. InlegraU J 

Put x^ = z. 2xdx = dz, x^ dx = iz dz. 

_ If z dz 
2] z^ + ^z+2 

2“ + 33 + 2“(3+1)(J+'2 )^z + l"^z+i 

Wo dctermino as usual — 1, J5 = 2. 

2 [®Si?2-J.Vi]= i b <"+«] 

=log (x® + 2)—J log (a;“ + l). 


5*3. Integral of the form 

f dx _ 

} (x - a)'"(x - b)*? 

where m and 7i are positive integers and a and b are unequal^ 
positive or negative. 

Put x-a — z{x — h). 

f dr. 

Ex. 10. InUgraU 
Put a;-l“3(aj-2) 


1-23 




X 


1 — 3 
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Hence, the integral transforms into 




dz 


--—3 log s+Ss — ia' 




EXAMPLES V 
Integrate the following : 

-1) dx 


1 

2 

3 


2)(a: - 3) 
b) 


[ C.P. 19371^ 


f (^■ 

* Jte- 

^0.P.1923^ 

•Jri+i/i-V ^O.P.1924^ 

iM- 

- f _ x^ dx _ 

j(x — iXx — 2Xx — 3) 

^ f (2x + 3) dx 

’• ffl 

Q f_ (? fl;_ 

* J (« ” “ Wfe ” 


3^ dx 
aj® “ a; — 2 


dx 


2x 

dx 
+ 12 

2 

a tZfl’. 




a:(a;* — 1) 

• 


- iXa; — 

6) 

(a; 

- 2)(a; - 

4)' 


X dx 


(3- 

“ a;)(3 + 

2a?) 


dx 



a)®(aj “ 6) 
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(iii) 

f dx 

J (ir“-2)V-l)“' 

(iv) 

r J.r 

J &+"!)“"&+ 2)®’ 

10. (i) 

f dx 

) {x + iXic + 2)® 

(ii) 


11. (i) 

f dx 

) x^ —a;® -£c +1 

(ii) 

f dx 

J x(x +1)® 

12. (i) 

• 

f dx 
] (»* -1)” 

(ii) 

•i 

f (a? +1) dx J* 
|fe-l)®& + 2)® 

13. (i) 

r dx 

1 {x - l)'*(a? +1) 

(ii) 

r (3(r + 2) dx 

1 x(x + iy‘ 

14. (i) 

r dx 
) 

(ii) 

J 

I^^Kdx. 

J 1-x 

16. (i) I 

-1 

(ii) 1 

mJ 

[ dx _ 

1 x(x* -1) 

16. (i) J 

[ x^ . 

^ 4 d(Cm 

}l-x 

(ii) ] 

• 

dx 

x^-1 

17. (i) j 

X dx 

(10 J 

ar® dx 

(®*+<i’')(®“ + 6“) 

{x^+a^lx^+b^) 

18. (i) J 

ic® dx 

(x^+a^W+b^) 

(ii) J 

r x"^ dx 

\(x^+a^){x^ + h^)' 




20. (i) J 

X d x_ 

(l + a?Xi + 

(11) J 

-s— - dx. 

X “1 

21. f - dx. 

J X +x +1 



22. (i) j 

a?® dx 

(ii) j 

X dx 

a?*-®® -12 

a;* -a?® ~! 
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|(®‘+^+6r' 

f dx 

*• J(®®+1X2®‘ + 1) 

J a{l + a;+a;® + a!“) 

26. 

J X +x +1 

[ »*+a;® + l = («*+a5+l){®®—{C+l) ] 

27 .( 0 ^ 13 - 

[ a;* + l = (£C*+a: ij2+l){x^ —x n/2+1) ] 


r dx f i 

• J 1 + 3e“ + 2e**‘ J e* - 3e 


sin 2x — sin x 


29 

30 


dx _ 

-® + 2 


2 cos ic) 
dx 


[ Put cos x=z] [ P. P. 19S2 ] 


r_ 

J sin £B (3 + 

31. Show that f where *= Ji (x + r) 

J r=o 

-~[lo!»-»|j(-l)'(;) logU + r)] 


32. Show that 


n („ \n-x 


n 


where fix) "= JJ (a; - ar), [at akii i ^ k] 
r=l 
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ANSWERS 


1. 2 Ictg (a;-3)-log (a;-2). 


2. - {a log {x—a)~'b log {x~h)}. 
a~~o 

3. |{3 log (a;+2) + 2 log (a; - 3)}. 

4. (i) i{7 log (a; - 7) - 5 log (x - 5)). 

5. i^log (a;-l)-41og (a;-2)+® log (a.'-3). 

6. (i) f log (a; -1} -rf- log a; - i log (a; + 2). 


(ii) log {(r-2)® (a!+l)}. 


(ii) log (a;'* — 1) —fog x. 


7. (i) —7x—27 log (x + 3) + 64 log (x + 4). (ii) x— | log 


8-(i) i Iog{a5 (a;*-3)'‘}. 


' 2 ®x-2 

(ii) - i log (3-x) - i log (3+2x). 


(a-iKa-c) >“8 (*-!■) 


{b-c){b-a) 




1 I 1 1 x—b 

(b-a)(x — a) {b — ay x — a 

x — 1 X —2 , o x-2 l/x-2\‘^ 

/. . x+2 x+l „x+l l/x + l\“ 

(>v) -^+i-31'>«,;+2+3 ^^ 2- aU+aj 


X + 2 


[x + l). 


r‘\ 1 ill a:+l 

aic-i)’*' 

12.0) / ,■ 

' ^ 4 “ x — 1 2 x—1 

1/1 2 1 

9\x + 2 x-i 3^°®x + 2)' 

■<« t-\ 1 f ®“2 , 1, x-l\ 

4t(x-l)“'^ 2^®®x+ir 


(ii) — . — 4 log x+4 log (x + l). 

(“>a.+i+'°ei^+r 


«C I 4^5 I' 3 

(u) Slog 


14. (i) Ijg tan 


_i2x+l 1, 1-x 

sjB 3 Jl+x+i^' 
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(ii) log (l-i)+ “g 

15. (i) i{]og [x^ -1) -log {x^ + 1)}. (ii) i log (x ‘ - log x. 

16. (i) i{log (1+25)—log (1—as))—J tan"‘». 


1 , a5® + &’‘ 1 f 

2 (a^ -b^) x^'+a^‘ - f? I 

18. (i) 2(^aV^aj log (a;’+«'*)-&* log {x^ + b'^)} 


a tan~^ ^ ~h tan 
a 


-1 ® 1, 
b J 


(ii) a:7, tan"" -+-5^-72 tan"^ ^ 
' ' h —a a a —b b 


-»« 1 f 1 x + b , b, .1 ® 1 

19. -^-TTa ilog T o-" '2 + " r 

« +?> 1 ijx^-ra^ o, ai 

20. (i) - J log (l+a5)+i log (1 + 05*) +J tan'^®. 

,..v 1, ® —1 . 1 j. _i 2®+l 

21. i [log (®® — ® +1) — log (®® + X +1)]. 


n/3 


22. (i) (7 log 71+ til n-1 (ii) h (log (.c" - 2) - log (.t + 1)). 


23 . I { tan -^ tan -' x - 

25. log ®-i log (l+®)-J log (l+®“)-i tan"^®. 


1. 1 + ®+®’. 1 -1/ \ 

\l-a5=;* 


26 -1 log i£-;T;»+2 




l-®^/2+®* 2 v/2 

■ Ja *«“ r=?- 


28. (i) log tan (isr+J®) —^"o tan’^ (J tan J®). 

(ii) i log (l+cog ®) +J ' (1-cos ®)-f log (1 — 2 cos ®). 

29. (i) ®+log (l+e*)-2 log (l+2e*). (ii) J log (e*-l)(e*+3)*. 

30. - J log (1+cos ®)+log (1 - cos ®)+1 log (3+2 cos ®). 




CHAPTER VI 


DEFINITE INTEGRALS 

6*1. Th*iis far we have defined integration as the inverse 
of differentiation. Now, we shall define integration, as a 
process of summation. In fact the integral calculus was 
invented in the attempt to calculate the area bounded by 
curves by supposing the given area to be divided into an 
infinite number of infinitesimal parts called elements, 
tlie sum of all these elements being the area required. 
Historically the integral sign is merely the long S used by 
early writers to denote the sum. 

This now definition, as explained in the next article, 
is of a fundamental importance, because it is used in most 
of the applications of the integral calculus to practical 
problems. 

6*2. Integration as the limit of a sum. 

The generalised definition is given in Note 2 below. 
We first start with a special case of that definition which is 
advantageous for application in most cases. 

Let f(x) be a hounded'^' single-valued continuous function 
defined in the interval (a, b), a and h being both finite 
quantities, and b > a \ and let the interval {a, b) be divided 
into n equal sub-intervals each of length h, by the points 

a + h, a + 2h,...a + {n— 1) k, so that nh = h — a ; 

which does not bocomo infinite at any point. See Authorsi 
Differential Calculus. 
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then Lt h[f(a)+f(a+h)+f(a+2h)+ •+f(a+n-lh)l 

h-*0 

i.e., shortly Lt h 2^ f{a + rh), ( nh^h — a) 

h-^o r=0 


or, Lt 

n-»oo 



( *.■ « when0) 


is defined as the dejiniie integral of fisc) with respect to x 
between the limits a and h, and is denoted by the symbol 



‘a’ is called the longer or mferior limits and *h' is called 
the npper or superior limit. 


Cor. Putting a —0, we get 


f{x)dx=Li h S /(r/Oi where, h7i=6. 
0 h-*0 r=0 


Note 1. \ fir) dr is also sometimes defined as 

j a 


n n 

Lt h 2: fiu+rh), or, Lt h "L f{a+rh) ; 
A->0 r=l /t-^0 r=0 


these definitions differ from one another only in the inclusion or 
exclusion of the terms hjia) and hfia + nh), i.e., hf{b) which ultimately 
vanishes. 

It should be carefully noted that whichever of these slightly 
difEeient forms of the definition we use, wc always arrive at the same 
result. Sometimes for the sake of simplicity wo use one or other of 
these definitions. 

Sopposing the interval (a, h) to be divided into n equal parts each 
of length Ax by the poinl Xo(=a}, Xi, x^, .Xn(=b), the definite 

f b w-1 

integral \ /(x) dx may also be defined as Lt 2 f{xr) Ax. 

J a n*^ao r=0 
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Note 2 . The above definition of a definite integral is a special case 
of the more generalised definition* as given below. 

Lot f{x) bo a bounded function defined in tho interval (a, h ); and 
let the interval (a, h) bo divided in any manner into n sub-intorvals 
(equal or unequal), of lengths 5,, In each sub-interval choose 

a perfectly arbitrary point (which may he within or at either end-point 
of the interval); and let these points be fa,... 

Lot 2 

r = l f 

Now, let n increase indefinitely in such a ^vay that the greatest of 
tho lengths 5^, 3n tends to zero. If in this ease, Sn tends to 

a dPiCmito limit which Vi mdcpendent of the way in which the interval 
(a, b) is snb-divuled and the intermediate joints fi, ? 2 ,... fn are chosen, 
tlion this limit, when it exists, is called tho definite integral of f{x) 
from a to b. 

It can bo shown that when /(.r) is a continuous function, the above 
limit always exists. 

In the present volume however, in Art, 0‘4, we prove that if 
in addition to f{x) being continuous in tho interval, there exists 
a function of which it is tho difierential cooffic.ient, then the abo/e 
limit exists. 

In the definition of tho Articlo above, for tho sake of simplicity, 
f{x) is taken to bo a continuous function, the intervals are taken 
to be of equal lengths, and f,, Sg,... fn arc taken as the end-points of 
the successive sub-intorvals. 

The method of unociual sub-divisions of the interval is illustrated 
in Ex. 5 below. 

Ex. 1. Evaluate from first principles ^ o’" dx. [ C. P. 1922 ] 


* For an alternative definition based on the concept of bounds, see 
Appendix. 
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3m the definition, 
h 


r b »“1 

1 e* dx = Lt h S 6“+’’'*, where nfc=6-a, 

J a r=0 

/i->0 


e"^* -1 


==L« , 

h->0 c" -1 


r. 

= e“ ( 0 *’““ —since nfe=6 —a. 
h-»-0 e'*-! 


= 0 '' —e“. 


r since, “a — !• 1 

L 7i-»0 c'*-l J 

Ex, 2. J’ind from the definition, the value of 

5 0 

From the definition, 

r 1 n 

\ ^ dx=Lt It S {.rhy, whore n/t*=l 
J 0 Ti'^O r=l 

7i-*0 

=Z,i [7i“ (!'■' +2^ + — +w“)] 

m^Lt .”.(”++1) 

7i-»0 6 

= A.L« [2n»h* + 3n“/i*.7i+n;i.fc*J 
h /i-^O 

“ 6 ’^0 ’*)» ®ii^ce =» 1 

= i. 2= - • 

6 3 


[ C. P. 1935, '37 ]; 
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Ex. 3 Drove ah initio \ — ?■ 

Ja® a h 


95 


[ C. P. m3 ] 


Here, by the definition, 

S a ^~hio + + ** (a+w-U) J’ 

where nh — b — a. 

Denoting the riglit-haud series by 8, since, obviously, 

ia+rh)‘^ ^ {a + rh){a+r + lh) * (a+r —l/i)(a+rh)k 

wo get S > h (a + h){a + 2h )^ ^(o+«—l/i)(a+«h)]’ 

’’ f(a a+/i) ^a+h a+27i) Ca+n—l/i) {a+w/?))J 


^ "a+V/;) o “ 4 [ '•■ 

also S <’ h '**(a+n— 21 t)(o+ 7 i —Ift)]' 

u...+( 1.’ll 

L\a — a/ \a a+h/ \a+w—2/j a+n—lh/J 
^ (a-fc (a+n-l/j))'^ (a-7i /> —h) 

and this being true for all values of h, proceeding to the limit when 
h-^0, clearly tends to S by definition 


, {b dx ,, {b dx 1 1 

becomes 1 -t* and hence 1 « = - •“ , 

}ax^ Jo» a & 


For an alternative mothod, see Ex. 5 ; here w = - 2. 
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Ex. 4. 


Prove hy summation, 



sin X dx—cos a—cos b. 


f 



sin X dx = 7i S sin (a + rh), whore nh^b — a, 

7 t -»-0 -,.=0 

= Lt h [sin a + sin {rt+7i)+sin (a + 2h)+ "• to « terms], 
/»->0 




sin Jjn^ 
sin 


”“o al 


= [cos la — hh) — cos {a+nJi — J/j)! since . - * = 1 
7i-v0 ^ ^ 6i-»0 sm B 


= Lt [cos {a -^h) - cos {h — J7j-)], since a + nh=b, 
= COS /I —cos l>. 


Ex. 5. Evaluate \ ^ a’*” dx, where m is any number, i^ositiiw or 
J a 

negative, integer or fraction, but ^ ~1 ( 0 < a < b ). 


Let us divide tlio interval (a, b) into n parts by points of division 

1 

a,ar,ar‘*, . ar”~', ar” where <xr’‘=»&, i,e,, r = (7j/fl)'‘i. 


Evidently as 7 i oo, r=i{bla)'‘ 1, so that each of the intervals 

a (r—1), ar (r —1), .ar""^ (r —1) 0. Now, by the generalised 

definition, as given in Note 2, Art. 6*2, 

\ ^ dx-^-^l [d^.a{r “ 1) + (ar)”'.ar(r -1)+(ar’*)*”.(ar*)(r -• 1) 

J a w-^oo 

+ ••• to w terms] 

*=Z(t (»■ —1) [l + r"'+*+r“*"*+^* +.to n terms] 

r-*l 
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^Lt 

^-►1 


a«+i(r- 


1 ) 




[ m + 1 ^ 0 ] 


=-,Lt 

r->l 




^Lt 

r^l 


r-1 

in 1* 




= i^ _I-L_.(A»n+t 


m. + l 


I m -1 ] 


I 


[ ’ r^l 0 


^Lt ,— 


r->l (m + l)r’" itL+ 


ir] 


Note 1. Since aj’" being continuous in (a, b) is intograble in (a, Z»)i 
a Unique limit of the summation Sn as given in Note 2, Art. 6‘2, 
(exists ; so it is immaterial in what motle wo calculate it. The same 
I’cmark holds for the next example. 

Note 2. In evaluating ^ ^ .t*'* das [ ??a — 1, 6 > 0 ] wo may first 

f 

evaluate \ x"* dx [ 0 < a < 6 ] as above, and then make a 0+. 

J a 

Ex. 6. Shmo from the definition 

\ ^ dx—loq ^ • ( 0 < a < 6 ) 

J o a? a, 


As in Ex. 5, divide the interval (a, h) into n parts by points of 

division, a, ar, ar'^, .ai-”, whore ar” — b i.e., r=ibja)^^'^. 

Evidently as r = (6/a)^/**-> 1, so that each of the intervals 

a (r — 1), ar (r —1).-> 0. Now, by the generalised definition. 


\ 2J (ar*—ar*"^) 

)a X n-^ooic^iar* 


= Lt 2l(r-l) = if «(r-l) 

n-^oo n-^3o 


7 
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’^Lt nUblayi”-!] 

n-^oo 



» where h= 




h 

a 


Ex. 7. 


Find ab initio the value 



sec^x dx. 


By definition, the required integral 


n 

I=Lt h S sec* r7f, whore w7i = Jir. 

7i-»0 r = 1 

Now, sec (r—1) hsecrh < sooV/t < searh sec (r+l)/i, 
since sec x increases witli a; in 0 < a; < iir. 


Also, sec rfi sec (r+1) h= 


1 sin ■{(r+1) 7 a — sin rh} 


sin h cos rh cos (r+1) h 
1 


sin h 


(tan (r+1) Ti —tan rh). 


Similarly, sec (r —1) ft sec rh 

1 


sin 


(tan r/A—tan (r—1) ft). 


T h ^ 

Thus, I lies between Lt - —- S (tan r/A —tan (r —1) 7a} 

ft ”^0 Sin /a 

T ± h ** 

fio sinl ,^1 <’•+!> 

h^O sin ft »/*-tan 0) and -r|^ {tan (»+l) ft-tan ft>. 

Since and Li (ft/sin ft) = l as ft-*-0, both the above limits 

tend to tan i.&., 1. 


Hence, I has the value 1. 
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6*3. Geometrical Interpretation of ^ f (x) dx. 

Let the function /(a;), which we suppose to be finite and 
continuous in the interval (a, 6), [ 6 > a ], be represented 
graphically and let y =f{x) be the equation of the continuous 
curve PQ, and let AG, BD be two ordinates corresponding 
to the points x = a, x = b, meeting the curve at finite points. 



We have Oil = a, OB = h and AB-b-a. 

Let AB be divided into n equal parts each of length h. 

. nh = b-a, or, a + nh = b. 

Let the ordinates be erected through the points whose 

abscissas are a + h, a+ 2h, . a+ { 71 - l)h to meet the curve 

at finite points. 

Let us complete the set of inner rectangles ACG'A\ . 

and also the set of outer rectangles. 

Let S denote the area enclosed between the curve 
two ordinates x^a, x^b, and the ®-axis. 

Let Si denote the sum of the inner rectangles. 

Si < S ; [fix) monotone increasing ] 
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Now, iSi “ hf(ci) + hfifib + 7i) + • • • + hfifl + w ~ 1/i) 

n-l 

— hS /(a + rh). 

r=0 

Lefc denote the sum of the outer rectangles ; 

/Sa > S. 

Now, S 2 — hf{a + h) + hf{a + 2//,) +.+ hf(a + nh) 

n-l 

= 2 : f(a + rh)-hf{a)+hf{b). 

r=0 

Wo have, Sj, < S < Sa. 

Now, let the number of sub-divisions increase indefi¬ 
nitely, and consequently the length of each of the sub- 
intervals diminishes indefinitely. 

Thus, as w *-> «>, 7i 0. 

both hfia) and hf{b) 0, since f(a) and f(b) are 

finite. 

n —1 f b 

Si -> Lt h S fia+rh) = I f{x) dx. 

h-*0 r=0 J a 

TO—1 r b 

82 Lt h E f(a + rh)= | f(x) dx. 

r=0 J a 

Since, we have always Si < S < Sa, 



r ** 

Thus, I fix) dx gemnetrically represents the area of the 

J a 

space enclosed by the mrve y -/(«), the ordinates a; = a, a; = &, 
and the x-axis. 
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Note. The arguments here postulate a concave curve. Similar 
arguments apply for a convex curve, or oven for a curve which alter¬ 
nately rises and falls in the interval. 


6'4. Fundamental Theorem of Integral Calculus. 

If f{x) is integrable in (a, b) [a < h], and if there exists 
a function <j)(x), such that <l>Xx) — f{x) in (a, b), then 

^ f(x) dx = •/'(b) - (iKa). 


Divide the interval {a, b) into n parts by taking inter¬ 
mediate points, 

a = Xo <■ Xx < a’2 <.< Xn — b. 


Then we have, by the Mean Value Theorem of Differen¬ 
tial Calculus, 

<f>ixr) ~~ = (xr Xr-i) <h'(^r), [ Xr--i < < Xr ] 

S <hXir) dr = ^ U>(xr) ~ </» (Xr- 1 )] 

r=0 

[ where 6 ,- = Xr *■ Xr-i 1 

= (j){b) — 

Lt S4)'iir) dr = where 3 is the greatest of 

the sub-intervals dr. Since f(x), and hence <l)'(x) is inte¬ 
grable in (a, b), therefore, 

Lt ^(f>XSr) dr = 1 <h'(x) dx=\ fix) dx. 

6->0 Jo Jo 

J fix) dx = (bib) “ 
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Note 1. Tho above theorem establishes a connecUon between the 
integration as a particular kind of summation^ and the integration as an 
operation inverse to differentiation. This also establishes the existence 
of tho limit of the sum referred to in Art. 6*2, Note 2. For an alter¬ 
native proof of tho theorem see Appendix. 

Note 2. From the above theorem it is clear that the definite 
integral is a function of its upper and lower limits and not of tho 
independent variable x. 

Note 3. It should be noted! that if the upper limit is the indepen¬ 
dent variable, the integral is not a definite integral but simply another 
form of the indefinite intqjral. Thus, suppose / f{x) dx=<l>(x) ; then 

^ ^ /(*) dx = ^x) — 0(a) = 0(ic) + a constant = ^ f(x) dx. 

6*5. Evaluation of the Definite Integral. 

By the help of the above theorem, the value of a definite 
integral can be obtained much more easily than by the 
tedious process of summation. The success in the evalua¬ 
tion of a definite integral by this method mainly depends 
upon the success in the evaluation of the corresponding 
indefinite integral, as will be seen from the following illus¬ 
trative examples. The application of the above theorem 
in the evaluation of the definite integral is very simple. 

f & 

Suppose we require to evaluate j /(a;) dx. 

J a 

First evaluate the indefinite integral / f{x) dx by the 
usual methods, and suppose the result is 

Next s^ihstitute for x in first the upper limit and then 
the lower limit, and s^ihtract the last result from the first. 

Thus, I f(x) dx = - </)(a). 

J a 
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Now, <f>(b) — (fiia) is very often shortly written as 



It should be carefully noted that in a definite integral, 
the arbitrary constant of integration does not appear. 

For if we write / /(«) dx = + c = v{x) sa3% 

then I f{x) dx = - v(a) == {<^(6) + c]- \<ij(a) + c\ 

J a }' 


= (bib) - <bia). 

Thus, while evaluating a definite integral, arbitrary cons¬ 
tant need not be added in the value of the corresponding in¬ 
definite integral. 

Illustrative Examples. 

f b 

Ex. 1. Evaluate \ ac" dx. 

J a 


5 


Ex. 2. Evaluate \ ^ cos'^x dx. 


5 


ir 

S 


[ C. U. 1936 ] 


^ cos’a; rfa;= "I J ^ cos*® (7a: = J j (1+cos 2x) dx 
= Jac+i sin 2x. 



cos^oj dx 



sin 2x 


] 


*r 

0 


1 ^ 1 . 1 

“rx+ sm irs= —w. 
4 4 4 
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Ex. 3. Evaluate 




[ C. U. 1937 ] 


= ^ (ia; = 2 log (1+ar) —£c. 

r=|^2 log (1 + a;) —ajJ ^==2 log 2 — 1—2 log 1 = 2 log 2 — 1. 


Ex. 4. 

Evaluate 

5“ 

dx 





J 0a‘ + x‘ 



il 

1 

tan' 

.1 ® . 



+ x‘ 

a 


a 


.-. 1= 

r ^ tan 

- 1 

-] 

« 1 

= tan" 1 - 

1 


L a 


aj 

0 a 

a 


1 TT 

1 

.n — 

IT 



a 4 

a 

• U 

4a 



Note. Two points should bo noted when evaluating a definite 
integral for which the indefinite integral inwilves an inverse trigono¬ 
metrical function. 


(i) The result must never be expressed in degrees ; for the ordinary 
rules for the differentiation and integration of trigonometrical functions 
hol'd only when the angles aro measured in radians. 

(ii) In substituting the limits in the inverse functions, care should 
bo taken to choose the right values of the expressions obtained. Unless 
otherwise mentioned, usually the principal values are used. 


6*6. Substitution in a Definite Integral. 

While integrating an indefinite integral by the substi¬ 
tution of a new variable, it is sometimes rather troublesome 
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to transform the result back into the original variable. In 
all such cases, while integrating the corresponding integral 
between limits (i.e., corresponding definite integral), we can 
avoid the tedious process of restoring the original variable, 
by changiibQ the limits of the definite integral to correspond 
with the change in the variable. 

Therefore in a definite integral the substitution should 

i* 

be effected in three places (i) in the integrand, (ii) in the 
differential and (hi) in the limits. 

The following illustrative examples show the procedure 
to he employed. 


Illustrative Examples. 


Ex. 1. Evaluate ^ 

J 0 Jl-x^ 


Put sin"^ x — d. d6= ■ I ^ dx. 


0 and 1 are tlio limits of x ; tlin corresponding limits of 0 where 
0 = sin“^a; are found as follows : 


When x=0, 0 = sin'‘ 0=0. 


When a: = 1, 0 = sin"* l=i’r. 


r ^ ■ 


J 0 1 

.2 J 


Note. Of course this example can lie worked out by first finding 
the indefinite integral in terms of x and then substituting the 
limits. 
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Ex. 2. Evaluate j ^ s]a^—x^ dx. 

Put x—a sin Q. dx = a cos 6 dd. 

Also, when ajs=0, 0 = 0, and when x = a, 0=^v. 
r ^TT ( Air 

• ooR^O (W = a^ \ cor^ 0 dO. 

Jo Jo 

Now, ^ 003^^0 d8= j (1 + cos 20) d0= 11^0+ ^ sin 20j* 

J=a’• - 0 +J sin 20 J =^7ra®. 

Ex. 3. Evaluate \ ^ J(a;'-a)0-i) dx. [ C. P. 1925, '32, '37 ] 

J a 

Put a; = a ros®0 + ^ sin'‘*0. rfj; = 2 (/S — a) sin 0 cos 0 fi0 ; 

also, x—a = p sin^0 — a (I —ros^0) = (/3 —a) sin’®0. 

(i—x = {i (1 —sin"0) — tt coR^0 = {^ — a) cos'^0. 

.*. when ® = o, sin‘*0 = O. 

.’. sin 0 = 0. .'. 0 = 0, since^ a. 

Similarly, when a; = /3, (jS—a) cos®0 = O. 

cos 0 = 0. 0 = i7r. 

7=2 (/9-a)M^ sin®0 cos*0 d0. 

Now, sin’0 cos’0 = it. 4 sin*0 cos*0 = .l sin®20 = i (1—cos 40). 


Also, ^ (1 — cos 40) ^0 = 0 - J sin 40. 

7=2 (l-cos40)d0= J (^-a)’>-[0-|Bin 40]^ 


= i Ci’T-i sin 2ir] = iir (/S-a)*. 
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Ex. 4. Evaluate 


dx 

a J{x-a){(i-x) 


( /5 > o ) 


As in Ex. 3, put x = a cos“0+/3 sin®0. 
f Jn 1 

I=‘\ ^ 2<20 = 2. - ir = ir. 

Jo 2 


Ex. 6. Show that ^ 


[ C. P 1933 ] 


Pnt » = sin 0, Thon flT = cnsBdd; also whon x = 0, 0 = 0, and 
'when x = i, 


• T— ^ ^ ^ 

j 0 eos 20 cos 0 3 

= ^ log tan Giv + 0) j 


sec 20 dd 


= i [ log t.an T'a’T-log tan Jtt ] = J log (2+ ^/3). 


Ex. 6. Show that 


5 ^ dn'-e 


cos^d d0~ 


63 


r a. p. ms ] 


Lot sin 0 = a;. .*. cos 6 d9 = dx; 


also when 0 = 0, x = 0 and when 0 = Jtt, cb=1. 

.*. Q 8in*’0 (l-sin^0). cos 0 (1 


dx 




6*7. Series represented by Definite Integrals. 

The definition of the definite integral as the limit of 
a sum enables us to evaluate easily the limits of the sums 
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of certain series, when the number of terms tends to infinity 
by identifying them with some definite integrals. This is 
illustrated by the following examples. 

In identifying a series with a definite integral, it should 
be noted that the definite integral 
r b 

1 fix) dx = Lt h^fia + r/i), when nh = b'- a, 

J a 


may be expressed as 

Lt ^ ^ la+ r ^=■ [ fix) dx. 

n-*oo n \ n f J a 

In the special case when « = 0, /;==!, we have li — 1/w. 
Hence, in this case, we have 

Lt fifeidx 

71 \ 7h ! Jo 

[ As if wo write x for rfn and dx for Ijn, ] 
or putting/i = 1/w, Lt h^firh)=\ fix) dx. 

J 0 

f As if wo write x for rh and dx for h. ] 


Ex. 1. 


Evaluate 


f 1 + ^ - + 

n-*oolw+l 71+2 


■ !• 
n + 7iJ 


Dividing the numerator and denominator of each term of the abovo 


series by n, the given series becomes 


n-»>oo 


1 

n 


1 

n 


1 

n 


U 


n 


1 + 


n 


1 + 


n 


1 


In 1 Tt , 

. V . — = -IjI Ji V 

n-»oo n - L r h-*0 ^ 


= Lt 


r=l : t- - 
n 




[putting 7i= 
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Ex. 2. Evaluate 




Let A denote the given expression ; then 


log A 


u 2r , ( 


r ' 

1+ 3 


Lt \r^ A = IA ^ 5 2^1og(l-h%) 
n-*oo ii-*-oo }} ^ _ n V / 

2j: log (l-i-x-) dx 

= ^“log3(i5. r patting l + :r■■* = 2 ] 
= [s log £-2 J“ = 2 log 2-l=log ^ • 


Since, log Li A = Dl i,;g J = log * 

?i.->oo n-*oo e 

4 

id A, 'i.e., the limits- 

«->3o e 


Ex. 3. Prove that • ,«i., 

7t-*-?0 11 ^ 


Left side 


7ft +1 


[i/i >" — 1], 


=Li ir(ir+(?r+.+(?)“! 

n-*oo 71 LV H / \n J \ 71 / J 

= Li ^ ^ (rY*=^Lt h V (r/iV* [where 7t= ^ ] 
n-*oo n 11 / h-*0 / L 71J 

J 0 bn +1J 0 


1 

■ - » • 

m +1 
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EXAMPLES VI(A) 

1. Find by the method of summation the values of :— 


(i)l 

6 

e * dx, 

a 

(ii) 

dx. 

a 

(iii) 

1 x^ dx. 

J 0 

(iv) 

f (ax + h) dx. 
J 0 

wj 

’irr 

\ sin X dx. 

0 

(vi) 

fb 

1 cos 0 do. 

i a 

(vii) 

f aJx dx. 

J 0 

(viii) 

li i 

(ix) 

f“ 

1 sin 9ix dx. 

J 0 

wj 

iff 

cosec dx. 

iff 
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'■ ® Ji" 

i; 


sin mx sin nx dx. [ C. P. 1937 ] 


cos TlflX COS UX dx. ( 7n, 'H heivg integers ) 


(iii) }*' si 

• Jl 


sin X sin ^x dx. [ G. P, 1940 ] 


^iu^7ix dx. 


i: 


cos®«a? dx. 


( n being an integer ) 




_x dx _ ^ 

\/l + 


<® I: 


dx 

Jax - x^ 


dx 

(wj 


{a^ + x'^f 

^ <^05 

2 J{x- l)(5 - x) 


X sin X dx. 


fij 

. (i) 

J 0 

{ Iv 

^ (sec 0 - tan 0) dO. 


fin- 

(ii) j ^ sec X 


dx. 


f iir 
o‘ 


tan X dx. 


) 0 


fin- 

•®). 

fifl- 

J 0 


cos 2x cos 3x dx. 


X cos X cos 3x dx. 


(ii) j*' si 
fin- 

(iv) J ^ sec* 


tan® 127 dx. 


sin®a7 cos®ir dx. 
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\ Tin- 

.. (i) 1 X log X dx, (ii) I a;® sin x dx. 

J 1 Jo 

rjTT 

(iii) J ^ sin </» cos 4> sin® tj>+b^ cos® 


a + h cos X 


(a > 6 > 0). 


2a cos X + a 


a ( 0 < a < 1 ). 


<‘»i: 

(iv) f - o 2 (0 < a 

Jo X — 2a cos X + a 

Show that :— 

rioi?2 g® o 

J 0 r+ 2 ■ 

14. J ^ <lx= i log I ^ I log (joh). 

fa _ 2 jf 

15. I sin ' a = 2a tan "^a- 

Jo 1 + c 

16. (i) V(a; - 1 X 2 - .r) ^?a; = 

17. 

sin 0 ? (■/«; ti , , -.1 I 

18. - -- 2~ “ +tan ^ 

J 0 1 + cos X 4 n/2 

{ 4»r _ 

^ oos®a; Vsin a? dx = %l. 


dx 

a‘(l + 2xy 


2 t r, 

^ 1 i f 2 ^ '^a - log (] + a®). 

X • C 
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f iTT 
n /r 

0 a 


dx 


n 


® 008 ^ 0 ? +fc® sin®a; 2a6 


• C o, 6 > 0 ] 


/..N f*"’ sin®iE cos®® 3 1 


00S®®)‘ 


6 


21 


■»' j: 

<»> r: 3 .?: 

Civ 

(-)Jol 

Civ 

* J 0 1 


4+6 sin X 
dx 

6 + 4 sin X 
dx 

6 + 3 cos X 
dx 


cos X 

dx ^ 31 

+ 4 cot®® 6 


= ^ log 2. 
= § tan“^ 
= i tan*"^ 
= \ log 3. 


cZ.® _ 0 
+ cos 0 cos X sin 0 


cos ® fZ® . * 

J 0 (i + sin ®)(2 + sin ®) 

r^"’ sin 2® , 31 

2o* j ‘".“"“4", ’4 rfic ~ A * 

J 0 sm rr + cos -T 4 


26 


■ in- 


rtf® 


31 a® +1® 


fi 

0 1 r t. r% 1 

I /'s 2 j .72 *a\a — ji ‘ "‘ 3 V 3 “* L a, 0 > 0 J 

J 0 Ca cos ® + o Bin .r; 4 a 6 


[ Multiply num. and dcnmn. by sec^x ; then put h tan x = a tan B ] 


/..V X sin X cos X , 

UiJ J f\li _2” _i:Y 2 ■_:_2-.\2 w®' 


n 


(a® cos®®+ 6® sin®®)® 4a6® (a+ 6) 


[ a 6, > 0 ] 


l2{log® (log®)®}^® ^ 


l og 2 
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. f®_ d x n 

^ J 2 (® -1) mJx^ - 2ic 3 

/..V dx 

J 0 (l + a^) \/l + 2aj - x^ 


29. [Elyaluate the following 




H) Lt [ 

n^oo Lw + W W + I 


2to n + 


11 . 

-wmJ 


^Joo [ - 1= - 2“ ■*■ ■■■ '^~jn‘ -(n- ip]' 


(iv) Lt 

n-*oo 


r 1 - +_+ 11 . 

3 1 n/ 2 ?i- 1 ® V 4 tc— 2 ® wj 

[ TPV4<^! n= /s/2n''* — n‘‘‘ ifce Zasit ierjji ] 


iL [»’< + «“ + 2“ ■" ■ ■ ■ "^ 2» J' 

(vii) Lt f- + -1*+...+-5Z»!^0»-1)‘1 

n-»ooLw 7 j® J 

_ 1 ^ t ! 


(viii) Zr^ S 

»<^oo r=; 


1 

■1 w ▼ \TC - r/ 
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/ •\ T* ^ + ^ 

(xi) s 

R^OO W T 


^foo r"?! (w + r) >/ir(2n + r)\ 


(xiii) Lt 

R->CX> 


(xiv) Lt 

n-»oo 



W + l'*‘ 


1 

» + 2 


+ 




JJ 


(xv) Lt 

n->oo 


(xvi) Lt 

m->oo 


■^w +1) + J{n + 2) + + ^/2ft 

L»“J ■ 


so. If j“ 


(lx 
4-a + 

find the value of a. 



sin B dB 
008^0 


31. If a be positive and the positive value of the square 
root is taken, show that 

J -1 + 2 If a < 1 ; 

2 .« - 
if a > 1. 
a 

32. If m and n are positive integers, show that 

/.\ f \i m n 

(i) I sin mx sin nx dx=\ 

J -jr IjT if m = n. 



sin mx cos nx dx = 0. 
cos mx cos nx dx = { 


° if m 
ir if m ^ 


n 

n. 
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ANSWERS 

1. (i) (e"®—e”*). (ii) (c**—(iii) i. (iv) 

(v) 1. (vi) sin 6—sin a. (vii) §. (viii) 2. 

(ix) (1—cos Wfl)/M. (x) 1. 

2. (i) tV (ii) i’ra*. (iii) %. (iv) i(?r+2). 

3. 1. 4. (i) ^TT—1. (ii) ^TT-J log 2. (iii) ir-2. (iv) | log 3. 

(v) ^TT (iir —1) + § log 2. (vi) —i (sy3. 


6.(0 


sin (m —w) v sin {m + n) v 
2 (m — n) 2 (f/t+n) 


(ii) 0. (iii) §. 


6. (i)i7r. (ii) iTT. 7. (i)^/2-l. 


(iii) ‘TT. 


(iv) Jir. 8. (i) 1. (ii) log ( \/2 + l). (iii) log 2. 9. (i) J log 2. 

(ii) 1-iir. 10. (i) 1. (ii) t* 5. (iii) ("—3). (iv) 


11 . (0 h 


(ii) TT—2. 


(iii) i 


a^ + ab + b^^ 
a+b 


12. (i)~- (ii)Ic>g !-A. 


Va*-i. 


(iv) 

129. 
1—a^ 

(i) —1<^ (1+m) 
m ° 

(ii) J*". 

(iii) Jir. 

(iv) J^r. 

(v) i log 2. (vi) 

(vii) iir. 

(viii) J^r+l. 


(ix) ife. 


(x) 

(’^i) 1 

+ 2 log 2. 

(xii) iTT. 

(xiii) log. 3. 

(xiv) 2. 

M s> 

s/2-5. 

(xvi) 

30. 


r 
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6'8. General Properties of Definite Integrals. 

(i) ^ f (x) dx - ^ f (z) dz. 

Let J fix) dx = ’ J ~ *’ 

then, I fiz) dz = 4>iz) ; .'. J fiz) dz = <^(6) - </>(a). .« 

(ii) ( f(x) dx « - ^ f(x) dx. 

J a b 

Let J fix) dx = (fiix ); . J fix) dx = <^(5) - 

and - fix) dx= - [<f>ia) - <^>(&)] - </>(6) - 

Thus, an interchange of limiU chaiujea the sign of the 
integral. 

(iii) ( fix) dx= ( f(x) dx+ ( f(x) dx. (a < c < 6). 

J a J a J e 

Let J fix)dx = 4^ix); | fix) dx=*<t>ib)- 

Bight side = {<f>ic) — 4^ia)] + \4>ih) — 4>i<^)} “ 4>ib) ~ </>(<*)• 


Generalisation. 


f fix) dx^‘\ fix) dx-^\ fix) d 
J a J a J oi 

+ f “ fix) dx+\ fix) 


when a < Cl < Ca < 


< Cn < b. 
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(iv) ^ ^ f(x) 


Proof. Put a-x = z, 


f(a-x) dx. 


dx= - dz ; 


also when a? *= 0, js *= a, and when a? = a, ^ = 0. 

. right side “ - J /W ” j q ~ 1 o 


IllustrOition i ^ sin x ^ 0 ^ 

f na fa 

(v) \ ^ f(x) dx -n \ f(x) dx, if fix) =fia + x). 


Proof, 


f na fa f 2a f na 

^ /(a?) c?aj “* J ^ /(ic) dx + j fix) tfa? + * • • + J ^ /(a;) dx 

Put z + a — x, then, dx = dz, 

also when x = a, z = 0f and when x — 2a, z = a ; 

f 2a fa r a 

fix) dx= \ fiz + a) dz^\ /(a + x) dx 

“ J dx. 

Similarly, it can be shown that 

J Sa r 2a fa 

fix) dx = I fix) dx =* 1 fix) dx ; 

2a J a Jo 

and so on. Thus, ea^h of the integrals on the right side 
can be shown to be equal J ^ /(®) Hence, the result. 
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Illustration : 

r iif c If 

Since, sin "a;=sin* (ir+as), .*. 1 ^ sin®a5ia;=4 1 ^sin"a!c2a!. 

ftl /* ft /* ft 

(vi) J ^ t(x) dx— j ^ f(x) dx+ \ f(2a-x) dx. 

I 2o fa r 2a 

^ /(a?) dx=^\ ^ fix) + j fix) dx. 

[ By (Hi) ] 

^ ** 

Put a; = 2a - in the 2nd integral ; then, *= - dz, 
also when x = a, s = a and when a? = 2a, 2 = 0. 
the second integral on the right side vis. 

f 9a f 0 fa 

I /W = *■ I /(2a - z) dz^\ ^ /(2a - z) dz 

[ By (a) ] 


■j 


/{2a - x) dx. 


[ By (i) ] 


Hence the result. 

(vii) ^ ^ f(x)dx-2 f(x) dx, if/(2a“®)=/((F), 
C 2a 

and j ^ f(x) dx ■■ 0, if /(2a - a:) = - fix). 
These two results follow immediately from (vi). 
Illustration : 

Since, sin («•—«)=sin x, and cos (r—a;)* —cos x, 

J Q ® dx'=2 j^sin® daj; and cos » dx^^O, 
f jr 

and generally \ / (sin ®) dte=2 j ^ / (sin x) <f®, 

and ^ ^ /(cos ®) d®=0, if /(cos ®) is an odd function of cos x. 
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(viii) J ^ f(x) dx - ^ ^ {f(x)+f( - x)} dx. 

f+« fo r+« 

Proof, I /(a?) dx ** I f{x) dx + I f(x) dx. 

J -a j -a Jo 

Now, putting x = - Zj 



Jq /(“«) dz 

/(-ir) dx. 


Hence, the result follows. 

Cor. If /(c) is an odd function of x i.e., /(-*)= -/(•'»’), 

f(x) dXsaO, 

and if f{x) is an even function of x i.e., f[ — .r)=f{x), 

^ f (x) clx=2 ^ * f (x) dx. 


Illustration 


sin*® d® = 0, and 


i: 

sin*® d® = 2 sin*® dx. 


, 6'9. Illustrative Examples. 

By the help of the above properties of definite integrals 
we can evaluate many definite integrals without evaluating 
the corresponding indefinite integrals, as shown in the 
following examples. 
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Ex. 1 


Ex. 2 


Ex. 3 


f "" 

SJioio that 1 * log tan ® du; = 0. 

J.W . . 

J= \ ^ log fcan \^—x\dx [By (i?')* ^'5 ] 

w n- 

*= \ ^ log cot X dx-- — \ Q ~ —1. 

21=0; .-. J=0. 


O, 1 sjsi, 7 ix , TT 

Shoiv that \ - / . - -- -”1 ' . 

J 0 ,1^.5/471 a; + vcos a; 't 


f£ 

Jo 


sin 

( 2 "*) 


i 

f Tf V 

[2-V 

+ ^ cos 

(;-) 


dx 




ir 


V^COS X 


0 ,^co3a;+ /s/.sin £c 
^/sin X 


dx» 


21 

J 0 i^ain X 


y/ain X + y/cOH X 
^ v/sin®+ v^f’os a- 


dx + 


V 

¥ 


io 


n/' 


cos X 


aJ cos X + yf sin X 


dx 


Jo A,^/3ina’+ y/coax Jo L JO 
J= Jtt. 

j-TT ^ ^ 

5/40W that log sin x <1** )“ log cos x dx- ^ 

J^ log sin X €7x = ^^ log sin ( 2 "®) 

= \ ^ log cos X dx. 


[ By Art. 6*5, (iv) ] 
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21=^^ log sin X cos x dx 

f y r ^ 

= \ (log sin a;+lc^ cos a*) <7£C = log (sin x cos x) dx 

“5o log 2x-log 2) dx 


5’logd 


sin 2a: dx— log 2. 


Put2x = ^; .*. dx = ^dz. 


••■ lo 


log sin 2® dx 


-A 


log sin 2 dz 


ir 

“ 2 JO X <^x = log sin xdx —I [ By {I'li), Art. 6*8] 


.-. 2J = J--2log2; .-. J=- 'log2- 


Ex. 4. ShowtjMt o!oy2. 

JO l + x"* 8 


Put ® = tan 0 ; .*. dr — soc’d dO ; also when x = 0, 0 = 0 ; 

and whonx = l, 0 = j7r. 

.*. Jeg (l + tiin 6) = (l + tan (i7r-0)V dO. 

[ By Art. 6‘8, (iw) ] 

XT -fix /’>■ a\ 111 " tan 6 _ 2 

Now, 1+tan ^ ^ Oj 1 + q 1+ tan 0 * 

•■■ ’o* i+-^« ■*'’=r *» 

= j log 2 <28- log (1 + tan 0) d6=iir. log 2 — 1. 

,*. 2r*iir .log 2 ; .*. 1= ^log 2. 
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f +Cl 

Ex. 5. Show that \ 

, fO flje*’ ^ . f® 


-- da5=0. 


flje j , I « ®e j T . r 

l+aTfl^Zaj+U doj-Ii + I, say. 


Putting a;= — in the first integral, 


fo ge"’ - fa gg*’ , fa , _ 


Hence the result. 


6*10. Two Important Definite Integrals. 


A. If n he a positive integer 


8in"x dx 


(*§«■ 

\ cos" 

Jo 


X dx 


n-1 n-S n-5 
n n-2 n-4 

n-1 n-3 n-6 

I ■ ■ - • iiMi II . . 

n n-2 n-4 


• «•••■ mmm • 


3 1 jr 
4*2*2 


i.2.1 

5 S ^ 


according as n is even or odd. 


Proof, /sin^ic (lx=^ /sin""’a?, sin x dx 

= sin’‘“^fl?.(- cos x) + (n - 1) /cos®® dx 

(integrating by parts) 

= “ sin”"^® cos x+in-1) /sin”“®® (l - sin®®) dx 

=* — sin**" ^® cos x + (n~ l) /sin’‘“®® dx-in- 1) /sin”® dx. 

transposing -(w-l) /sin”® d® to the left side and 
dividing by w, we have 

f Bin"® dx-- Bin"-»® dx.- (1) 

j n n j 


* For other forms of those integrals see § 8*3. 
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• • n 7 r sin ^iccosa?!*" , . n-z j 

, . \ airrcc dx = \ -I +- \ sm x ax 

Jo L w Jo « jo 

__n-l f*’" . n-2. 


n 


fin- 


Jo 


sin 


‘X dx. 


t ^ 

Hence, denoting | sin^a; dx bv In, we have 

Jo 

T T 


... ( 2 ) 


Changing n into n - 2, n~ A, etc. successively, we have 
from (2), 


T r r r <. 

-«7fc-3 “ _ () Jn-4 > -^n-4 "" _ A GCC. 

Tu ' * 'I?. <X 


?i - 4 


• • ~ 


w—1 w—3 — 5 


« — 


or, 


n — 2 7i - ‘4 

w — 1 71 — 3 n — 1} 

• — • -- — 

n n — 2 7i — 4 


3 1 

4 ’ 2 


/o 


4.3 . 
5 3 


according as n is even or odd. 

fiTT 

But Tq — 1 dx = \n 
Jo 


rjir r -jiTT 

and ^i“Jg sin £r dr = 1^ - cos a; =1. 

of J 0 si] 


Thus, we get the required value 


sin a; dx. 


fiTT 


Exactly in the same ^yvay it can be shown that I cos”® dx 

i JO 

has precisely the same value as the above integral in either 
case, n being even or odd. 
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Otherwise, it can be shown thus : 


fiff fi»r riff 

j ^ cos”£c cob”" (\n -x) dx^\ sin’^fl? dx. 

Note. Tho student can oiisily detect the law of formation of the 
factors in the above formulce, noting that when the index is even, 
an additional factor Jx is written at the end but when the index is odd, 
no factor involving v is introducodl. The formuhe (1) and (2) above are 
called Reducti on Forn mlae. [ See Chap. VITI. ] 

B. V 8 in"*x C08"x dx, m, n being positive integers.'"' 

J sin^'V; cos”'ir = J cos”~^a?.(sin’”ir cos x) dx 

„_i sin”*■‘■^T n-1 f „_2 . . 

“COR X -r^- + -I cos X sm X sin x dx 

m + 1 m + lj 

[ f 

integrating liy parts and noting j sin”V cos x dx= ^ + f J 
= f sin’”ir(l-cosV) cos’‘“V da; 

. -4 ■ ■ n 1 oii-J- tA IX (4 / UUo tA* KlJu 

m + 1 m + lj 

sin’”+^a; cos”"^{r n-l [ ^ 

= , ^ ~ ■ ri I sin X cos x ax 

m + 1 m + 1 J 

-, - I sin a; cos x dx. 

m + 1 J 




sin’”+^a; cos” ^x ,n-I [ / 7 ^ 

, J —-r - —I I Sin X cos X ax 

m + 1 m + 1 J 


m + 


cos a; dx. 


m + n 


Hence, transposing and dividing by have 

/ sin’”a; cos”® dx 

^sin”*’^^® cos”“^® , w -1 r . ,n ^„n»-2 3. 7^. , 

m + n m + n j 

* See Chap. VIII, Art. 8-16. 




120 


INTEOBAL CALCULUS 


. „i » j Fsin cos 

sin a? cos ® aaj = | -,- 

L m + n Jo 


I 1 ^ • vn j 

+ , -- 1 Sin flj cos X ax 

W + TO J 0 

= ~ f sin’"® cos“"®a? <ia?. (2) 

m + n Jo 


Again, writfcing /sin*"® cos"® dx = S sin’” (cos’‘® sin x)dx 
and integrating by parts and proceeding as above, we get 


J sin"*® 


n 7 _ ojxj 

COB X ax - - 


sjn X cos ® 


m + n 


m —1 r 

m + n J 


sin’"“®® cos’*® dx 


and hence taking it between the limits 0 and \n, we get 


f sin’"® cos"® t/® = f sin’"*^® cos’*® d®. ••• (3) 

jo m + 71 J 0 

flTT 

Thus, denoting J ^ sin’"'® cos’*® dx by J»», n, we have 


from (2) and (3), 

T T 

m+n 


m-1 


Inii-2, n 


f iff 

Again, since, J ^ sin"*® cos"® dx 
f in- 

“ J ^ sin’" - ®) cos’* {hn - x) dx 
[ht 

» 1 sin"® cos’"® d®, 

I f\ 


Inii n In, m. 
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By means of the formulae (2) and (3), either index can 
be reduced by 2, and by repetitions of this process we can, 
since m and n are positive integers, make the original 
integral viz,, Im, n depend upon one in which the indices are 
1 or 0. The result, therefore, finally involves one or other 
of the following integrals : 


sin X cos X dx 


fair 

Jo - 

f air 

1 sin X dx — 1 ; 

J 0 

Thus, finally we have, 
f air 

\ sinf"x co8"x dx 
J 0 


n 

2 


fair 

= J ; 1 dx 

J 0 

fair 

1 cos X dx = 

J 0 


sr 


cos^x sinl'x dx 



1.3.5... (m-l). 1,3.5... (n~l) » 
2.4.6.(m+n) 2 


when both m and n are even mtegers \ and 

2.4.6.(m-l) 

(n+l)(n+3).(n+m)’ 


when one of the two indices, say m, is an odd integer. 

Note. The above definite integrals are of great use in the appli¬ 
cation of Integral Calculus to practical problems ; e.g., in the determina¬ 
tion of centre of gravity, in the calculation of ai'ea, etc. ; and also 
many elemcntar)’^ definite integrals on suitable substitution reduce to 
one or other of the above forma, as shown in the following examples. 

6*11. Illustrative Examples. 

Ex. 1. Evaluate j q dx. 

Puta;s=sin 9 ; .'. dx=coa 6 dB and l-aj’=cos®fl ; 

also when x=0, 0=0, and whenx=l, 0 = Jt. 

The given integral then reduces to 

f i”’ . fl- 1. 3. 5.1 T 5r 
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Ez. 2. Evaliuite ^ ^ (l—x)^ dx. 

Put aji=8in*(9 ; (fa;<=2 sin 0 cos 9 dd 

and when a;*=0, 1, wo havo d = 0, ^ir respectively. 

7=2 5*^ sin®0 cos^tf dd = 2 

J 0 5. 7.9 315 


Ex. 3. Evaluate j ^ cos"® dx. 

Since cos"®= —cos" (ir —jr), when is odd, 
and =cos" (ir — x), when n is even, 
hy Art. 6’8 (vii), it follows tliat 7=0, when 7i is odd, 


f iTT 

and 7=2 \ ^ cos"® dr, when 
J 0 


n IS even 


: — 1 97 — 3 n — 5 3 1. 9r 

n n —2 11 — 4 4 2 2 


[ Biy Art. 6'J0(A) ] 


EXAMPLES VI(B) 


Show that :■ 


1- (i) f /(<* + ft “ .4*) fZa; “ f /(cm) dr. 

J a J a 

60 1 /fe + c) dx^\ f{x) dx. 

J a-^c J a 

(iii) 1 f(nx) dx — - \ /(x) dx. 

J a n J na 

« f sin X J n 

2. 1 .-;-aa; = 7 • 

J 0 sm X + cos X 4 

r cos X — sin t , ^ 

3. 1 T \ -- dx — 0. 

J 0 1 + Bin X cos X 


3 a; — sin t. 
sin X cos X 


dx “0. 
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4. 

5. 

e. 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 


{ iff 

{a cos®a; + h sin®®) dx = \n{a + h), 

0 

riff 

i sin 2® log tan ® dx = 0. 

J 0 

1 ®/(sin ®) dx=kn 1 /(sin ®) dx. 

Jo Jo 

J ^ ® log sin X dx = in^ log h 

f ^ ■ 2 T ^ 

I ® sin ® cos X ax = o ‘ 

Jo o 

f ® sin®® f/® = 

J 0 sm ® 
f +a 

1 xJa^-x^dx = Q. 

J -a 

J 2ff 

sin^ 3 ® COB® ix dx=^0. 

0 

J ^ log sin (hnd) d6 = log i. C iir0==x ] 

[ dx^ ^ log i ®=siw 0 ] 

J 0 vl-® 2 2 

r iff 

J ^ log (1 + tan B) do —^ log 2. 

4 . 3 a 

J ^ ® COB X a® ~ jg Ji . 
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6 , 5 

cos X ax ■= 22 


. 9 , 128 

Sin X (ix== 2]^5’ 


sin 0 cos 0 dd = 


7n 

2048' 


8 

315' 


17. (i) j ^ 

fit 
fijT 

(iii) J ^ si 

{ irr 

^ sin*£Er cos'*.T £?.T = 

(v) j" ^ (1 — cos x)^ dx = 

W) j' .i 

wi) j; 

(viii) f ^ 8i 
“it 

18. (i) j*®’ (l-.Tr ^^3^ = 14 

(ii) f^ as® (1 — a:®)^ rfa: = 

lo 

V x^ dx 5 

■|Q f ^_. _.. 

' JoM-2a; + 2) 

20. (i) = 

J 0 1 +COS aj 4 

(iO f *” da> = -4 log ( V2 +1). 

Jo sm X + COS X /s/2 ^ 


5? 

2 ‘ 

sin^o; cos^a? fZa7 = 0. 
cos'^O do = 0. 
sin'^x dx — 0. 


140 
2 

63 ‘ 

7 37 * 4 . 

2 dx a . 


_ X 

Ja^ — X 


a *= f a; = 1 + tan B } 

3 A 

2 
t 

—— • 

4 
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£17 tan X 


sec X + tan x 


dx =* (ji — 2). 


[ G. P, 1952 ] 


jo 

/• \ g; dx _ 

Jo 1 + cos'*® 2 

W irseo Mooeco:" I «! + log ( ^2-l)K 

(vi) x + x^) dx~hn — log % 

t [”^ X dx 

L, .'Ts 

j Q a sin ® + o 

flir 

(viii) J ^ ^ 

« jo 


/■' 


2 --^'{a,b > 0)-"-,• 

COS ® ' 2<*o 


_ X dx * iL 1 9 

+ cos 2® + sin 2® 16 


2'_,-2^2 

^ 2 \! 
a ) 

X dx __^ 

(a^cos®® + 6’*sin^®)“ 4a®6’* 


tliat Iji~ 1 ' ”” ./n— 2 * 
— 1 


fijr 

21. If Q tan"5 c?0, show 

{i" r 

Hence, find the value of I tan '® dx. 

J 0 

22. Show that, if m and n are positive and m is integral, 

x”-^ (1 “ jo “*)'*■'' <1® 

_ ... 1-2.3 . ■Xlll.Z l)_. 

n{n +1). (n + m-l) 


ANSWERS 






CHAPTER VII 


INFINITE (OR IMPROPER) INTEGRALS AND 
INTEGRATION OF INFINITE SERIES 

7'1. Infinite Integrals. 

In discussing definite integrals we have hitherto 
supposed that the range of integration is finite and the 
integrand is continuous in the range. If in an integral, 
either the range is infinite, or the integrand has an 
infinite discontinuity in the range (Le., the integrand tends 
to infinity at some points of the range), the integral is 
usually called an Infinite Integral^ and by some writers, 
an Imjyro'per Integral. Simple cases of infinite integrals 
occur in elementary problems ; for example, in the problem 
of finding the area between a plane curve and its asymptote. 
We give below the definitions of infinite integrals in 
different cases. 


(A) Inlinlte range. 

(i) 1 /W is defined as Lt f f{x) dx, 

J a e-*oa j a 

provided /(x) is integrable in (a, e), and this limit exists. 


(ii) ^ ^ 


' f /fe) dXf 

-oo J e 


dx is defined as Lt 


provided f{x) is integrable in (e, h\ and this limit exists. 
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r ® f“* 

(iii) If the infinite integrals J f(x) dx and J f{x) dx 


both exist, we say that 


f+oo 

/(®) 

J -OO 


dx exists, and 


f +oo fa f OO 

fix) dx = I fix) dx + I fix) dx. 

-OO J -OO J a 


Note. la tbe above cases, when tlio limit tends to a finite numbf-r, 
fho integral is said to be convergent, when it tends to infinity with 
a fixed sign, it is said to bo divergent, and when it does not tend to 
any fixed limit, finite, or infinites, it is said to bo oscillatory. When 
an integral is divergent or oscillatory, some writers say that the integral 
does not exist or the integral has no meaning. [ See Ex. § 7‘2. ] 


(B) Integrand infinitely discontinuous at a point. 

(i) If /(®) is infinitely discontinuous only at the end¬ 
point a, i.e., if fix) —> «>, as x a, then 

} b [■ ft 

fix) dx is defined as Lt | fix) dx, £ > 0, 

(I e->0 J ii+€ 

provided fix) be integral>lo in + h), and this limit 

exists. 


(ii) If fix) is infinitely discontinuous only at tJie end 
point b, i.e., if fix) « as a; -> 6, then 



dx is defined as Lt 

e-»0 



dx, £ > 0, 


provided fix) is integrable in ia, h-e), and this limit 
exists. 
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(iii) If f(x) is infinitely discontimious at an internal 

point c{a < c < h) i.e., if fix) as £c c, then 

Tft r <)•“€ r b 

I fix) dx = Lt I fix) dx + Lt I fix) dx 

J a e-»0 J a e'->0 J c+«' 

when £ -» 0 and £' -> 0 independently. 

Note. It sometimes happens that no definite limit exists when 
e and e' tend to zero independently, but that a limit exists when e=«'. 
[ See Ex. 7, Art. 7‘2 ]. When e = «', the value of the limit on the right 
side when it exists is nailed the lyrincipal value of the improper int^ral 

and is very often denoted by P \ f{x) dx. 

ia 

(iv) If a and h are both points of infinite discontimiity, 

then I fix)dx is defined as [ fic^ dx+ j fix) dx when 
J a J a J c 

these two integrals exist, as defined above, c being a point 

between a and b. 


7*2. Illustrative Examples. 

r oo 

Ex. 1. Evaluate \ e~^ dx. 

j=Lt dx=-^t (l-c-c) = l. 

c-»oo JO e-»-oo 




oo 


Ex. 2. Evaluate \ „ cos tx dx. 
jO 

1=^^ tx dx=I^t, ; but this limit does not exist, 

t-*oo J 0 e->oo { 

Hence, the integral does not exist.* 


*Although this integral does not exist in the manner defined above, 
it is expressed in terms oi Dirac's delta j unction [ d(i) ] in modern 
mathematics. Detailed discussion is outside the scope of this book. 
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Ex. 3. Evakiate 


‘+®o dx 
1—00 1+aj® 


■oo i+aj® 


dx , C°° dx 


1+®’ 


\ (tan"‘a-tan"‘e) 

J -oo 1 + ® e-^-oo Je 1 + ®^ e-»>—oo 


{”^=£4 
ja 1 + ®''* e'~*oo ) a 


= tan“^a+iir. 

= Tit (tan’ -- tan’ ^a) 


1 + ®^ e'->oo 


= Jtt— tan’^a ; 

.*. I=(tan"^a+|Tr) + (|ff —tan’^a) = 7r. 

Ex. 4. Evaluate ^ 

Ilorc, A tends to » as ® tends to +0. 

•■• su-.^s. 

JO^f e-^0 Je e-»0 

C *4*1 

Ex. 5. Evaluate \ ^ 

J -1 ®’ 

Here, ^ oo as ® 0, an Interior point of the interval ( — 1, 1). 

••• 

J -1 ®* Jo ®“ 

Now, (l-i): 

Jo e-^0 Je e-*0 \ e / 

C ^ dtjr 

this limit does not exist. So \ -a does not exist. 

Jo 

ro 

Similarly, I does not exist. 

J—1 ® 

. f +1 d® 

• • \ ^ a meaning. 

J —1 X 

Note. In examples of this type usually a mistake is committed 
in this way : 

Since \^dx=-l. j!j^‘to=[-A]^J=-2. 

which is wrong. 
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In this connection, it should bo carefully noted that the relation 

dx=^F{b) — F{a) cannot be used without special examination 
Ja 

unless F'{x)=f{x) for all values of x from a to 6, both inclusive. 

Here, since the relation — I— M = i fails to have any meaning 

dfiC \ ^ ^ 

when a;=0, and 0 is a value between —1 and +1, we cannot directly 
apply the Fundamental theorem of Integral Calculus to evaluate this 
definite Integral. 


Ex. 6. Shoio that 

'e 


r 

Jo 


e"®* cos bx dx: 


a 


a*+b* 


> a > 0. 


f* -aa j. j r®""* (—/X COS ftaj + b sin 6®)1« r a » i 

)o ® — o’+V’.Jo ^ ^’ 

\ 6“®'“ cos Z;® cZ.r =\ coH hxdx 

JO e-*-oo Jo 

~e^oo {e~“® { — a cos Z»e+Z> sin 7>e) + a} J* 

Now, Lt e ( —rt cos &e + 6 sin ?«) = 0 


e-*oo 


[ ■.• 0 and cos be and sin be are bounded ] 


^ A 

e"“* cos bx dx" a . , u' 


lo 

Ex. 7. Evaluate 


f +1 dx 

j -1 iC ’ 


The integrand here is undefined for ® = 0. 

dx 


f +1 1 
\ , dx = 
j-l x 


Lt 

€-*■0 


f u 

J+i 


X e'-*-0 


Je^ a: 


'Lt log (—a;) j ^+I/< log x J 


1 

e' 


= Lt log e-Lt log e=Lt log 
as e and e' tend to zero independently. 

But this limit is not definite, since it depends upon tlie ratio e : e', 
which may bo anything, "nee e and e' are both arbitrary positive 
numbers. 
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But if we put e = e', we get —=Lt w 1 = 0. 

J -1 a; e-*-0 ® 

Thus although the general value of the integral does not exist, 
its principal value exists. 

Note. \ —• where the range of integration is such that x is 

J “1 X 

negative throughout, may bo written, by putting z= —x, as \^ ~ 
«= Ic^ s J ^ log (—a) j ® imaginary here. 


Ex. 8. Evaluate 




Put £c = tan d ; d£C = 8Gc‘‘*0 ; as £c increases from 0 to "'j, 

0 increases from 0 to 

in’ tan®0 8oc®0 dd {hv: , 

10 sec' 


_ r4jr tan®0 8oc®0 <i0 , , 

. - = sin®0dd = l7r. 

JO seo'O JO 


Note. Thus sometimes an infinite integral can be transformed 
into an ordinary dtfinife integral by a suitable substitution. But 
whenever a substitution is used to evaluate an infinite integral, we 
must see that the transformation is legitimate. 


Ex. 9. Show that e"'" x” dx= n I, n being a positive integer. 


[ C, P. 1938 ] 


Lot In denote the given integral. 

Jn = L^ { a;" fjx 

€-*00 JO 


g -1 ^n -1 


[ integrating by parts ] 
■e — I 


Lt e'ej" = o, 

e->oo 


= Tf,Li ( 
e-*<x J 

[ See Das d Mukherjees' Differential Calculus, 
Chap, on Indeterminate Forms, sum no. 2(iii). } 
= n 7 „-1 = n {n ~ 1) In- a (as before) 

= w (n — l)(n — 2) In- a “ etc. 

f oo 

= n (w —!)(» —2)*"2.l \ e"^ dx 

= M !, since e"®<fx = l. [ See JJa:. I a&ove ] 
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7’3. The integral e~** dx. 


Since, e”*’ = is positive and < ( for a; > 0) 

fx ^ 

it follows that J ^ dx increases monotonically with X, 

find I dx <■ [ ^ f^ a «.e., < tan“^X. 

Jo jo 1 + a; 

[ See Appendix i4, §4 ] 

This being true for all positive values of X, however 
large, and as tan~^X increases with X and as 


fx 

it follows that 1 dx monotonically increases with X, 

J 0 

and is bounded above. 


: 


Thus, the infinite integral | dx is convergent. 

Denote it by 7. 

Now, a being any positive number, rei)lace x by ax. 


j 


oo 


Then, 7= 1 ae-’‘'‘’‘'dx. 

0 


7.e-“’=j 


OO 


-«*(! + *») 


Since is a continuous function for all posi- 

tive values of x and a (which are independent), assuming the 
validity of integration under an integral sign in this case, 


I j“ «-“* - J J {[7 da} dx. 


(i) 
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Also for any particular value of jt, I ae da 

Jo 

I 2 1 + ®*® Jo 2(1+®“)!^ ® J 

Hence from (i), 1 K’t ^ 2 dx 

j 0 2 1 +x 
2 • 2 ’ or, J= t \^n, 


i.e., e”*“ dx- 5 /s/:r.* 

7*4, The integral 

, sin bx . 

t = 1 -- ax 

jo X 


sin bx 


sin bx 


Let ih 


dx, a "> 0. 


Assuming the validity of differentiation under the inte¬ 
gral sign, we have 

du r —mr. 1 1 


b Jo 


e cos bx dx 


a^ + b 


2 ’ a > 0. 


[ Sec Ex. 6, Art. 7'2 ] 


Now, integrating with respect to b, 


?6 = af ^+ C = tan"’^- + 0 (l) 

J a +b a a a 

whore C is the constant of integration. 

From the given integral, we see that when 6 = 0, u~0. 

.'. from ( 1 ), we deduce C = 0. 


- f: 


e sin bx . 4.-1 ^ 

-oo; = tan - 

ox a 


* For an alternative proof see Chapter VIII, Art. 8'Stl. 
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Assuming u a continuous function of a, we deduce 
from (2) when a -> 0, 


s 


DO 


Sin bx , sr x 

-dx*= TT or - r 

0 X 2 2 


according as 6 > or < 0. 


(3> 


Cor. When b = l, wc have 


s 


oo 


sin X , X 
-dx»= o 

X 2 


Note. Tbcro aro other methods of obtaining the result, 
may consult toxt-books on Mathematical Analysis. 


... ( 4 ) 

Students 


7*5. Integration of Infinite Series. 

We have proved in Art. 1*4 that the integral of the sum 
of a finite number of terms is equal to the sum of the inte¬ 
grals of these terms. Now, the question arises whether this 
principle can be extended to the case, when the number of 
terms is not finite. In other words, is it always permissible 
to integrate an infinite series term by term ? It is beyond 
the scope of an elementary treatise like this to investigate 
the conditions under which an infinite series can properly 
be integrated term by term. We should merely state the 
theorem that applies to most of the series that are ordi¬ 
narily met with in elementary mathematics. For a fuller 
discussion students may consult any text-book on 
Mathematical Analysis. 

Theorem. A potver series can he integrated term hy 
term throughout any interval contained in the interval of 
convergence, but not necessarily extending to the end-point& 
of the interval. 
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Thus, if /(®) can be expanded in a convergent infinite 
power series for all values of a; in a certain continuous 
range, viz., 

= + + +.Ijo 

Cb fb 

then I fix) dx — I (oo +cb^x -^a^x^ H —) dx 
J a J a 

= 2 arx"*" dx, 

J a * 

r as r a; 

or, fix) dx= \ iao+axX +azx + ••’) dx 
J a J a 

J fir®’* dx, 

provided the intervals (a, b) and (a, x) lie within the interval 
of convergence of the power series. 


Ex. Find by integration the series for tan~^x. 
1 

1+x 


a =l—x* + x* —a;®H— to cxD, if as® < 1. 


. *. integrating both sides between the limits 0 and x, 

tan“^iB = a! —+ —|a;‘' +., —l<a;<l. 

EXAMPLES VII 

Evaluate when possible, the following integrals :— 


1 

2 


• (i) I 


0 1+x^ 

(ii) 

f” xdx 
Jo aj® + 4 

dx 

0 x ^-1 

(ii) 

1 

f”®* ** 

+1 dx 

1 /r®* 

-1 X 

(ii) 

m 

“d‘ 

1 ~oo X 
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4. (i) 

f "■ sin ic tZa;^ 

J 0 cos^a; 

(iO 

P dx 

J 0 1 + cos X 

5.(0 

r~ dx 

Jo a;(l + a;) 

(iO 

P dx ^ 

) 0 2- aj 

6.(0 

fVP 

J-1 ^ 1 -a? 

(«)] 

10 (1+ x^y 

7.(0 

r°° a^dx _ 

Jo (l + x^Y"^ 

(iO J 

'+" x dx ^ 

-oo X* + 1 

8.(0 

f ® dx 
Joii-xf 

(ii) J 

dx _ 
0 (x + l)(x + 2) 


vShow that :■ 


'•i: 


(flj® + +6®) ^b{a + h) 


[ a, ft > 0 3 


r®® X dx 1 , a 

J 0 (®" + a^tx^ + ft“) " a" - ft 


[ a, ft > 0 ] 


[ a, ft > 0 ] 


1 0 +f“)R + b^) ~ 2(a’+ 6)’ [ a, 6 > 0 ] 

12. (i) fi“®(cos a;-sin x) dx = 0. (ii) dx-0^ 

[ (ii) Divide the range (0, £») iwio two parts (0, 1) an(2 (1, ») ] 

tq f _=_ 

/ J -CX) fC® + ^ + 2 

f l 

^ a;” log xdx^- fr^+l)^ ^ 

I. j J «-“* sin bx ^®“-Tr^ (» > 0). [ C. P. 193S J 
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0 a;® + 2® cos 


.oj 

f..y. f°°_ dX_ _ 

Jo {®+ Vl + aj®p 


i0 + i + 


dx __ 

2® cos 6 + 1 


n 


where n is an integer greater than one. 

f” X dx n 

jo (i+®)(l+®^)” 4* 

4 _ f.s sin ax cos hx 

17.(0 


dx = |n, 0, or 


according as a >, < or =h, (a and b being supposed 
positive). 


18 

19 


r°° (sin 2® 

Jo 

, f“si 

Jo 

f“ si 

Jo 


+ cos 2®)® - (sin + cos xY 


X 


dx = 0. 


sm’® 7 7t 

dx= ■- 
X 4 


sin®® ^ 3 

dX = - A 71. 

X 16 


20. I”®’ 

according as > or < 0. 


sin w® j 71 7t 

a" -dx=-xm or, - 
® 2 2 



23. Find by integration the power series for the 
following :— 

(i) log (1 + ®). 


(ii) log (1 - x). 


(iii) sin'^a. 
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24. Show that :— 


/.% [ dx _ , -- f-i 1 1 sin°a; . 1.3 sin^a? , 

J iBinx “ ^ ® '2 —b- * 2A 9 


.V f dx 


X 


la:®, 1.3 x^ 
Jl+x^ 1 2 5 2.'4 9 


; < 


(ii)j 

/...% f® sin X ^ a:® , a:® 

(iii; 1-aa;=a; “ o I + r“ ? i- 

Jo X 3.3! 5.0! 

(iv) J^^<f» = log^+(*-»)+ 22 5 +33, + 

fiTT 

(v) J Q V^l- sin^ffi difi, where < 1, 


[iir 

J 0 


”4 

1 - i 


iV _ / 

l-3f«‘ ...V 

2 1 

1 1 

12J 

' 1 \ 

2.4/ 3 J 

dx 

-1 

• 2 

Sin X 

where 

< 1, 

n{ 
2 1 

1+1 

f-' 

l2J 

i ^ 

)“ k^ + 

ir*-- 


}• 


(yii)*j^ 

(viii) j 

P tan7^ 
* Jo X 


dx _ . 1 , 1 _ 

l + a?"* ^ 3 5 


dx 


1+ 1 + -1-?- + 


0 2 ■ 2.3.2” ' 2.4.5.2 


oo 


\n^ 


1 


-dx-si l)’( 2 „ + i)” 
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27. (i) Show that if a > 0, 


f ^ » 1 - -1_- +1_1 _ + 

Jol+o; a a+i a + 2 a + 3 


Hence, deduce the value of the series 

1“i+i“i+ . 

(ii) Show that if a > 0, 6 > 0, 


fi 11 1 1 

j oi+ a a + a+ ^ a + 36 


• ••• •• 


28. Show that 


Jo®**"' '°e(l+®)<i® = 2^l[2+3|4 + 


{2p - l)2i?J 


[ Integrate by parts ] 


ANSWERS 


1. (i) ^TT. (ii) dons not exist. 

3. (i) x)rincipal value is 0. 

4. (i) does not exist. 

5. (i) log 2. (ii) docs nob exist. 

7. (i) i. (ii) 0. 8. (i) < 

17. (i) ® —+ — I 

(m) *+2-3+n-5+" 


cist. 2. (i) J log 3. (ii) J. 

(ii) principal value is 0. 
(ii) does not exist, 
i exist. 6. (i) tt. (ii) /jtt, 

8. (i) does not exist. (ii) log 2. 

(ii) — + +.]. 
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CHAPTER VII(A) 


IRRATIONAL FUNCTIONS 

7(A)-1. In the previous chapters we have discussed 
simple cases of integrals of irrational functions. We shall 
now consider here some harder types of such integrals. 

7(A)'2. If the integrand contains only fractional powers 
of X i.e., if the integrand be of the form 

1 

F(xU 

where F{^i) is a rational function of 
the siibstitution is x ■■ z", 

where n is the least common multiple of the denominators 
of the fractional exponents of x. 

[ See Ex. 1 of Examples VII(A) ] 

7(A)*3. If the integrand contains only fractional powers 
of (a + bx) i.e.t if the integrand be of the form 

F{(a+bx)^'"K 

where F(u) is a rational function offw, 
the sfibstitution is a+bx""z", 

where n is the least common multiple of the denominators 
of the fractional exponents of (a + bx). 

[ See Ex. 2 and Ex. 3 of Examples VII(A) 1 
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7(A)*4. If the integral be of the form 

/ x"'(a+bx")'*dx, 

where w, w, p are rational numbers. 

(A) It p be a positive integer, expand (a+ 6®”)*’ by the 
Binomial Theorem and integrate term by term. 

[ See Ex, 4(i) of Examples VII(A) ] 

(B) It p be a fraction, say, equal to r/s, where ^ and 
s are integers and s is positive. 

Case I. If “ an integer or zero, 

n 

the substitution is a + bx"=z*. 

If ^ an integer or zero, we apply the following 
case II. 

Case II. If ^ =an integer or zero, 

n s 

the general substitution is a+bx"*®z*x". ••• (l) 

If however the integer is positive or zero, 
alternative substitution is a+bx"**z*. 

If the integer is negative, 

the alternative substitution in the form ax“"+b, 
which is practically the same as (l) of case II sometimes 
facilitates calculation. 

[ See Ex. 1 of Art. 7(A)’8 ] 
7(A)’5. The integral of the form 
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Here the substitution is 

cx®+d“x®z*. 

Sometimes trigonometrical substitutions like 

X B k tan d, X » k sin 6, x * k sec 0, etc. facilitate 
integration. 

[ See jEIx, 2S{ii) of Exainples 11(A) and Ex. 8(i) and 

Ex. 8(ii) of Examples VII(A) ] 

7(A)-6. The integral of the form 

( _dx_ 

3 (px® + qx + r) /s/(ax®+bx + c) 

Here we shall consider two cases only. 

Case I. If px^ +qx + r breaks up into two linear factors 
of tho forms {mx + n) and (w^£C + n), then we resolve 

/-—;— T\ into two partial fractions and tlie integral 

{mx + n}{mx + n) 

then transforms into the sum (or difference) of two integral 
of the type (B) of Art. 2*8. 

[ See Examples 13 of Ex. VII(A) ] 

Case II. If px^ + Q'jr + r is a perfect square, say {lx +m)®, 
then the substitution is lx + m = Ijz. 


In some cases trigonometrical s^ibstitutions as in 
Art. 7(A)‘6 are effective. 

'If q = 0, 5 = 0, the integral reduces to the form given in 
the Art. 7(A)‘5. 

In all these cases, the general substitution is 

/ /ax^+bx+c \. 

V \px* + qx+r/ 
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Briefly, we have considered integrals of the type 

r dx 
Jp^’ 

where P and Q are both linear functions of x, and P linear^ 
Q quadratic [ See Art. 2'8(A) and 2'8(B) ] 

and P quadratic, Q quadratic, 

[ See Art. 7(Ayb and 7(Ay6 ] 


Also, we have considered integrals of the type 


f(») 

Pn/Q 


dx. 


where f{x) is a polynomial, and P, Q being linear or 
quadratic, [ See Ex. 11 to Ex. 15 of Examples VII(A) ] 

7(A)’7. The integral of the form 

C _dx 

) Ay(ax^ + 2bx^-f cx^+2bx+a) ’ 

where f{x) is a rational function of x. 


The denominator can be written as 



^\) + 26 (a;+^) + c} 


and hence the substitution is 

1 

x+-=z or, X-*-z 

X X 

according as/(a;) is expressible in the form 


( 1 \ 


1 ^ 1 \ 

J 1 \ 

la;- - )< 

MX + -- 1 

or, {x+ - |< 

— 1 

\ X J 

\ X J 

\ X J 

\ X f 


If 6 — 0, the substitution 

0,1 2 1 
X +- 5 “Z or, X — 
X* X* 

is sometimes useful. 


[ See Ex, 19 of Examples VII(A) ] 
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7(A)*8. Illustrative Examples. 

E*.l. Jnfegroto I 

Oomparing it with the form of Art. 7(A)'4, we find here 
m= —3, n*=3, r= —1, s=3. 

Now, integer, but 

^ = — 1, (an integer) 
n s 

by Art. 7(A)’4, Case II, we put 


d onominator=a; “ ar ■ 


x- 






-5 


2 ds= - i —a-- 

3/ 


Aliei'naiively. Since (1) is a negative integer, wo can put 
a;-” + l = z*. 

Thus, J°( f ..,ii i = [x-Hx-^ + l)-'r dx. 

Since a5"® + l = ^*, /. dx=z^ dz. 

■ ■ 5 ^ dss^ etCi 

E*.a S (*._to+i) 


dx 

s/(x® —2® + 3) 


It is of the form Oase II of Art. 7(A)*6. 

dx 
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It is of the form of Art. 7(A)'5 

f ^/2 sec*6> d0 ... . . 

) 2 tan» «. 8« «’ ^*“”8 t*’" » 

cosoo 6 cot d dd 




** cosec 0 . 

Since tan 6 = -'Vn cosec $=> 

\/2 2 

. 1 ^(«*+A)= I sJ(x^-2x + S) 

’ 2 s "■ 2 ®-l 

Ex. 3. Integrate the following : 

w J I'ti 5 l*+i 5 ®*+i '**■ 


1+ \ 
I IB* + - 

J » 


Y c7a; ( dividing numerator and denominator by aj* ) 



+ 2 




1 . _i ^ 1 

^/2'*” \/2=-y2 


\Xij 2 I 


(ii) It is similat to (i). 


a;* 


a;*+ -a 

X 


dx 


2 


("ir- 

J2 ^ ® + ~ =« ) 

1 , ^ g- n/ 2 1 . ic* + l-{p»y 2 

■2n/ 2 ® g+ <»y2“2is/2 ® »“ + l+a;is/2‘ 
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(iii) 


+ l)~(a;^~l) 
x* + l 




33® + ! + ® (s/2 

iby (i) and (ii). ] 


Ex. 4. 


r 1 —®® 

Integrate K+jpU 


dx 


1^/(1+®®+®*) 


1= 


f 


j <z® 

J®l 

'*+ M 

^ a? 


»=’+i.+l) 


1 



1 dx 

\ 1® j 

Iv^i 


r-^ 


-5 


dz 


[ putting ®+ - ] 

sC 


r cosoc B cot 0 


cosoo 0 cot 0 
d0 = 0 = cosec~^3 


“3 

“J 

= eoseo-(5l±i) = sin->(j^^,). 


[ putting s = cosec 0 J 


EXAMPLES VII(A) 


Integrate the following :— 


1 . 

t 

2 . 

3 . 


J wirJ 

J 
I 


V® 


>/®) 


6?£C. 


dx _ 

n/C® + 2) + V(® + 2) 

> dx 

•J{2 + ®) + ( + ®))“ 


[ Fut x = z^ ^ 

[ Put ®+ 2 = 5* 
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4. (i) J ^/fl; (1 + X/xY dx. 

5. (i) f - dx. 

J (1+x^r 

6. (i) j dx. 


(ii) I Ji2+ Jx) dx, 

(ii) f i* 


(ii) f -■ 1 

+a;”)" 


(iii) j dx. 

, f J(x-x^) 

. W J ^3 - 

‘•® (fe'-tiWI 


■\ r dx /’■' 

J (x” + 1 ) + 4 )' 

[ Put (^) 03 = 2 <an 0 ; (ii) JC=3 sfc 0. ] 


(ii) j 


- 2ir) 


dx 

(:r'-Y)7{x*-T)‘ 


dx. 

dx. 


(ii) f f i- 

(03 - 2)^(a3 - 5)" 


n /-X f /'•‘N r 

J (*-J) V(b + 2> ' i (e-2)*(*-6)' 

A 4 f 07^+207 + 4 , 

J (aj+D VC^^ + l)^""- 

■j »> C -.- - -_. 

J (4®^ + 4® +1) V(4£C‘* + 4a7 + /)) 

-o f__ 

J ( 2 aj“ + 9 ® + 9 ) J(x^ + 3 a; + 2 ) 

1 (a;* + 6® + 7) j(x + 2) 

(2® _ f..\ f (®° + 4® + 4)<i 

15. W J (^3 + sa, + 7) ;;/(i + 2j’ i’y J (a,3 + sa; + 7) Jia 

!«• ('> 1 ®*+“®''^ Vi 1 ®-*feVi 


- dx. 


x + 3 

(x^ + bx + 7) j{x + 2) 


dx _ 

:® + 5a; + 7W0r + 2)' 


("\ f (g’^ 4- 4a; + 4^dx 
J {x^ + 5x + 7) j{x + 2) 
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1 

f 

j 1 + .'ll 

Ji- 

I 

x(x~^ - x^y 

j 


18. 

19. 

20 . 
21 . 
22 . 


23. 

24. 


x* + x^+l 

I dx 
^ J{x^+1) 

< 5 *® fix 

'Vd-Saj'+S*)’ 

X J{x^ + X ^ + l) 


(flj® - X 


dx. 


1 +3^ 


J{.X^ + X ^ ~ l) 

Integrate 


dx. 


I 


dx 

X *J{x^ +37+2) 

by the substitution z = x+ J(x^ +x + 2) 

- , ii j J. 1 , 1 'If ij(x^+x + 2) +X— J2 

and show that the value is log +^-+ 3 )+-+ 


25, Integrate 

f - 

J X j{x^ + 237 + 1) 

by the substitution z^x+ »J(x^ + 237 + 1) 

and show that the value is 2 tan”^ (a? + J{x^ + 237 +1)). 


ANSWERS 

1. 4 [tan"‘ (<s/®) + i (1+ 

2. 2 (aj+2)^-4(a;+2)^ + 4 logU+(®+2)^V. 

8. 2 tan-" (2+a?)^. 4. (i) Saj^ + lfaj^+TV®^^'- 
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4. (ii) i (2+a;)^-§ (2+ Jx)^. 


5. (i) 


f... __ 1 (2+a;*)* 1 (2 +.t’*)^ 

\/{x^ + l)' ' ^ io A «. ■ 


12 x' 


4 X 


«.{0 - 


1 (1+!C’P 
4 a;'* 


nn -1- (1+®")'"::!*'". 

l-n a;"-^ 


(Hi) -2[^log(a;®+ *^(1 + 35“*)- 


7 . (i) -: 


2 (x-a;T 


3 X- 


(ii) - 


2 (1-2a;)'^"_ 4 (lAa;)^ 


5 ^ 




S. (i) ^ ten- (ii) 2^/2 ta»- 

».(i) 4(*+#-2(x+2)^^3log 

O-’IVta)- . 

10. (i) sinh- f‘'+ 3 ^) -Binh- ( 


2J2 


(ii) ^ [®+\/(a’ + £c“)]’*. 
n 


11. s/(a;’* + l) + sinh"^®— -^2 sinh"* (i+k) 


io 1 ^J{^xl+±x+5) 
" 8 2»+l 


IS. I seo-‘(2®+3)+--^c03h-*(^'|;.^)- 

«■ Vs‘=‘“'*(to+2))- 

4ir i>.» 1 X / ® + l \ 1 1 * x+3— tJ(x+2) 

15 . (i) ^3 tan ( ^ 3 , ^(”^+ 2 )) 2 ^°?®+' 3 +^C^(aj+ 2 )‘ 

(ii) 2 sA*+ 2 )—Jj ten- 
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16. 

(1) 

-1 x^ — 1 

X (s/3 

(ii) log ? 

17. 


VajN/3j 

' 4 ® »*+aj+l 

18. 


v® ^y3 j 

{ 1 ,_ x^ — x+1 

I 4 x^ + x+1 

19. 

^ ( 

OJ n/2 Y 
l + OJ*/ 

2»- 

22. 

Uil’-x-') 

23. sinh-^ 


“£B+1 

+a;+l 


21 . + 

X 



MISCELLANEOUS EXAMPLES 


1. Integrate the following functions with respect 


to X :— 


(i) 


+ cosher 


• cosec £c. 


cos 6x— cos 7x 

I o r ■ 

1 + 2 cos ox 


(ii) 

(iv) 


sin X 


sin (x — a) 

tan a — tan 
t^an a + tan x 


(v) sec^jc cosec^a;. 

(vii) sec X log (sec x + tan x), 

(ix) sec X tan x x/(2 +tan®£c). 

(xi) (log £r)^. (xii) t^xT^ { Jx). 
(xiv) x^ sin“^a;. (xv) 2® cos x. 


Integrate the following :— 


2.0) 

. 

1 

Oi) j 

3.0) 

jiog.a+ri^^ 

Oi) j 

4.0) ! 

J 

dx 

'(e^+e-*)“ 

Oi) J 

8. 0) 

• 

{a + x) ^/a® dx. 

(«)J 


(vi) a® (log xY, 
(viii) xY cos X. 

(x) X cos^x. 

(xiii) log (1 + x^), 
(xvi) (3*®*. 


X 


(1+xV 


a dx. 


si?.(][og x) 
x^ 


dx 

(l+e*Xl+ «■*)■ 


{flY +x^) Ja+x dx. 
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6 


8 


.0) j 


.(0 j 


dx 


(l + o;®) 


dx 

4) 


dx 


x\l + x^Y 

dx _ 

xix'^ +1) 


9. (i) f 

11. (i) J 

12. (i) j dz. 


X+i 
x^ {x- i) 


-lo f ® tan'^a? , 
13. (i) I , dx. 

J {i + x^7 


■ ® 11 

.(i) j 


Ayi_+ sin 2^ 
1 + cos 2x 


dx. 


dx 

- - _ * 

cos X cos 2® 


i’- ® 1 


x’‘ dx 


l)*(a:‘'+l) 


«oJ 


® J p 

(n)j 


dx_ 

(1-0?®) ^/i+o? 


_ dx 

® + l)Vo?"+- 


dx 

0 ?® fjx‘‘^ + l 


f dx 

J 


+1 


/..X f dx 

J x(v+ir' 


Jx'‘ + i n 

' ‘ ‘ 2 Q/OC* 
X 


(II) j 


tan-lx 

3 dx. 


I 


dx 


sin a? + 6 cos a?)‘ 


(ii) Isin|2 tan dx 




1)V+1) 


fcvi 


dx 


^/£C®+a:-6 
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18. (i) f . - 

J am X + tan x 

19. (i) j dx. 


J 3 cos a; + 2 si 

f _ 

J ic J(bx^ - 4a; +1) 


'■»J s: 

!. (i) ( 

J ri J. 


- iX® - 4) 
-2X®-3) 


3®” — 2® — 3 


IX® - 2X® - 3) 


dx _^ 

+ lto“ + 8i' 


(1 +®)* + (l+®)’‘ 


liValuate the following :— 


J s- 


f‘^\ f dx 

J (p + 2xTEf' 

(ii) j* ^/a:+ \jx'^ + 2 dx. 


23. (i) j*^a;^(l-a;)^ dx. (ii) x^ si 


sin 3a; dx. 


24. (i) a; log (l + ia-) dx. (ii) log (1 +cos x) dx. 


!5.(o j;(j 


0 (I+X®)' 


dx 

x{l + x^) 


® j: 

K( 


Jx 

1 +x 


y dx. 


°° X dx 
0 (i + a;)(l+a;“) 


27.(0 

x^-l , /..X r^a;® 

J -I (®'* + i)’ ‘*®' JI ®* 


dx 

(i+®”) 
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Show that:— 




30. 


31 


i: 


dx ^ 7t 

x+ Ja^ — x^ 4 

dx 


I x/{(aj - 1)(3 - a;)} 3 


■I 

32. jo = I) «“• 


[ Put x* = a* C03 20 j 


9Q r ^ ^ 

J 0 3 + 2 sin X + cos x 4 

Jo aV + feV* o6*°'“ a' 

35. j^ log(®+ = 

f Put X = ton 0 ] 

36. If Co, Cl, C 2 . C» denote the coelBcients in the 

expansion of (1 + ir)” where n is a positive integer, show that 

. On 2"+^--l 


Co . Cl C2 . 
12 3 


n+1 n+1 


ANSWERS 

1. (i) “(cot aj+tan"’®). (ii) x cos a+sin a log sin (aj—o). 

(iii) i sin 3x—sin 2a:. (iv) sin 2a log sin (x+a)—x cos 2a. 

s 

(v) —4 cot^x. 


(vl) ix^{(log x)* -i log x+ih 
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(vii) i-{log (seo as + tan a’)}-''. 

(viii) (a® — 6a:) sin a;+3 —2) cos x. 

(ix) i sec X is/l+soc® »+J log (seo x+ is/sec'''x+l). 

(x) tV® siu 3»+gV cos 3x + §x sin x + i cos a;. 

(xi) a; (1® — 3Z® + 6Z—6), wliero Z = log r. 

(xii) (aj+1) tan"^( ^/®)— s/x. 

(xiii) X log (l + a;®) —2a:+2 tan“^a. 

(xiv) Ja® sin“^a! + J lyyi—a;'-* —J (1 —a’)". 

N/i+fiWar 2». 

(xvi) (jc'— 4aj®H-12a;" —24®+24). 


2. (i) tan“*a:+ 


(ii) 


l + 2flj- 


1 + a;® 4(Ha:-')'-‘ 

3. (i) log a; - ^ ^ log (1 + x). (ii) —- 5 a;"'*(<‘Os log a:+ 2 sin log a;). 

4. (i) -^(1 + 0'-**)-^ (ii) -(l + e*)-‘. 

5. (i) 4 (2 j 3® + 3aa; + 2a^) tJa~ + a;" + 4a® log (® + tJa^ + a;*)* 

(ii) xSr (I5x® — 12aa;+ iSa^). 


6. (i) 




, As/1+ a: ‘*+a is/2 


7. (i) 


1 , ^sjx'*-l~x 

4^/3 ® 2 Jx^-i-i x sj‘6 


(ii) 



X ^/3_\ 
kIx^ + 4/ 


o ,.v 2 + 3a;® 3 . 

'' 2®(1 + ®*) 2 


'x. 


(ii) 


s/l+x^ 

- - _ • 

X 


9. (i) log 


X 


iJx^ +1 


(ii) 10. (i) isco-‘®+ («) I'* 

11. (i) ?-+-?g^’‘+2 log (ii) log («+ ^/^• + l)- 

12. (i) a;(tan a;-seo a;)+log (1 + sin x). (ii) e* tan x. 


X X 

1+x 1+x 

> • f X . * 

X 


11 



162 


INTEGRAL CALCULUS 




(i+a’) >Ji+x’ ■ 


14. (i) i {sec aj+log (sec a;+ian a;)}. 


f -C03 a; 

' ^ a (a sin £c+ 6 cos ®) 


/., 1 , 1+ \/‘2 sin X 1 , „ l + sin a? 

15. (.) ^2 1®8 1 - .^2 sin i- 2 ’“S j 

(ii) J{a; \/l-®®-cos"^a;}. 

16. (i) 2 (s/2 tan"^^^ -2 tan"* s/x. 

(") I®e i!-i+ ^i4i+ 2-1™-*- 

17. (0 2 loR (» -1) - 2 ^1) 

18. (i) J log tan Ja;—| tan® ix. (ii) tV {2.t;-- 3 log (3 cos a;+2 sin ®)}-* 

19 . (i) log (e-' + l). (ii) sinlr’ 

20. (i) a;+2 {log (s- 2) - log (a; - 3)}. 

(ii) 9 log (a? - 8) —5 log (a: -- 2) - log (a; -1). 


21 . (i) {ten- Jx+^l+g} 


22. (i) 2 tan"*(H a;) 


i 


23. (i) j*jj7r. 
26. (i) Jir. 


(ii) 

<»> w 


/..■V 1 . -isc+l, a;^-l 
(n) j g tan 2 ' + a (g-a + 2a; -1- 5) ’ 

2 a;® + aJs/2 + a!“-2 

3 sJx + \/2 + a; ’■* 

2i. (i) 3(1-2 log ^). (ii) tt log 
26. (i) i log 2. (ii) iir. 



CHAPTER VIII 


INTEGRATION BY SUCCESSIVE REDUCTION 

AND 

BETA AND GAMMA FUNCTIONS 

8*1. Reduction Formulae. 

«? 

It has been mentioned in § 1’6, that in some casein of 
integration, we take recourse to the method of successive 
reduction of the integrand, which mostly depends on the 
repeated application of integration by parts. This is 
specially the case when the integrands are complicated in 
nature and depend on certain parameter or parameters. 
These parameters may be positive, negative or fractional 

indices, as for example, tan’V, sin’^a; cos’‘a; 

etc. To obtain a complete integral of these trigonometric 
or algebraic functions, we first of all define these integrals 
by the letters J, J, U etc. introducing the parameter or 
parameters as suflixes, and connect them with certain 
similar other integral or integrals whose suffixes are lower 
than that of the original integral. Then by repeatedly 
changing the value of the suffixes, the original integral can 
be made to rest on much simpler integrals. This last 
integral can be easily evaluated and knowing the value of 
this last integral, by the process of repeated substitution, the 
value of the original integral can be found out. The formula 
in which a certain integral involving some parameters is 
connected with some integrals of lower order is called 
a deduction Formula. In most of the cases the reduction 
formula is obtained by the process of integration hy parts. 
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Of course, in some cases the method of differentiation 
( See § 8'19 below ) or other special devices are adopted 
( See § 8'20 ). In the next few pages methods of finding the 
reduction formulae of certain integrals are discussed. 

Case I. Integrals involving on^ parameter. 


8’2. Obtain a reditciion formula for ^ x" 


e** dx. 


Let In 


Integrating by parts, 


1 = - ”f x'^-U'^dx •• 

J a a ] 


or, I, 


x"e®* n , 

-— In-1. 

a a 


( 1 ) 


( 2 ) 

(3) 


Note 1. It may ho ohservod that the integral on the right-hand 
side of (2) is of tho same form as the integral in (1) except for tbo power 
of X, Avhich is m —1, and which can bo obtained from (1) replacing n by 
n—l on both sides. If n bo a positive integer, proceeding successively 
as above, In will finally depend upon Jo=-/e®* dx = e“*/a, and is thus 
known. 

Note 2. In evaluating (3) from (1), we could integrate x" first but 
in that case J„ would have been connected with Jn+i, i.e., with an 
integral whoso suffix is greater than that of the original one, which is 
not usually desirable. A little practice will enable tho students to 
choose the right function. 


8'3. Obtain reduction formulcs for 


(i) j 8in"x dx ; 

(ii) ( cob"x dx ; 


ir 



sin^x dx. 

cos"x dx. 
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(i) As in Article 6'lOA(l) of the book, 
In — J sin"® dx 

sin"”^® cos ® , 7z. — 1 f . 

“ ■“ —..+-i sin 

n n J 


sin"”^^ cos X ^ 


*® dx. 


8iii""^jr cog X . n-1, 

• • In"" •" . "I-Jlii-2 

n n 

is the required reduction formula. 

* 

Also by (l), taking limits of integi-ation from 0 to in, 


TT 

Jo 


X dx = ~~ Jn-2 ( n > 1 ). 


Similarly, 


/..N T r w j cos" \'r sin®, 7^-1 ^ 

(ii; 7»=j coB xdx= In -2 •** Id; 

J TT 

cos"® (7®“^^ * Jn -2 ( w > 1). ••• (4) 

0 n 


* Jn -2 (n > 1). 
n 


Note. If the integrand bo sinli"a; or co3h".r, a similar process may 
be adopted. 

8*4. Obtain reduction formuim for 




tan"x dx 




tan"x dx 

{n, a positive integer ,) 


Here 




' j" tan"® fZ® = J tan"'®® . i 

' J tan"”®® . (sec®® - l) dx 
‘J tan"”®® sec®® d®-J t 


tan®® dx 


”®® sec®® dx- 1 tan"”®® dx 


tan"”^® ^ 

»— 1 
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Thus, 

11 ““ 1 

Also, taking limits from 0 to Jjt, 

_7r w 


( 1 ) 


J»i*= f tan’‘£c = 1 f tan”~^® dx by (l) 

Jo L 7Z-1 Jo jo 


1 


c7fl-2* 


( 2 ) 


n— 1 

Note 1. If n be » positive integer, 

f . „ , tau’‘~’x tan”““X tan”"'''® 

\tan"xrfx— - - a'-l -i:.. 

J n —1 n—3 n — 5 

If n be odd, the last term is (— l)i(ft-l) ; 

tan X dx 

= ( — 1)^^”“^^ log sec X. 

If n b(! oven, the last term is (— / lan“x dx 

==(-l)4CaH 2) 

Note 2. If the integrand be cot"x, tanh"x, coth”®, the same process 
may be adopted. 

8*5. Obtain a reduction formula for ^ 8ec"x dx. 

Jn = j sec’^a; J sec’^'^a? s6c®,t dx. 

Integrating by parts, 

In — sec”^~^ar. tan x 

- J (w - 2) seo^~®a;.sec x tan oj.tan x dx 
= sec““®a; tan a; - (w - 2) J (sec®® -1) dx 

= sec”"®® tan ® - (w - 2) J sec”® fZ® — J see””®® <2®j' 
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Transposing and simplifying, 

, 8ec"“*x tan x . n - 2 , 

In** “_ 4 _4 ln-2» 


n-1 


n-1 


(1) 


Note. If tho integrands are cosoc”a;, sech”®, coseoh"®, then pro¬ 
ceeding as above wo can got tho roduction formula for each of thorn. 


8*6. Obtain a reduction formula for cos"x dx. 


-J- 


Let In — cos’'a- dx. 

Integrating by parts, 


G COS flj , r (IX M-'l • 7 

+ 1 e cos x.sm x dx 

aj 


a 


?i r 

6"® 

+ 


a 1 

. a 

1 ^‘>1 

-2 

' cos 

.X 


n-1 . 1 f 

cos sc.Sin re— 1 

aj 


.ax 


|(n — l) cos’"' ~^x (“ sin x). sin x + cos'" ^x. cos a:| dicj 


e }), , 0 n-1 • 

- cos ir+ Q cos a;.sin a? 
a 


- ” 1) cos’‘"®ic (cos^flJ - l) + cos”'a;| dx 


cos” (a cos x + n sin x) 
a^ 


- w Ja"® cos”fl; dx - (n - l) j*e®® cos”~®a; dajJ- 
Transposing, 

/i . T cos”^^fl; (a cos £c + ?i sin x) , n (n-l) ^ 

II + "a I jfn*“ ~a + ~~"a In-t 

\ a / a a 


, _ e®* co8"~^x (a cos x+n sin x) , n(n -1) , 
or, In 2 • 9 I "f* ^ ^ In'*#* 

n +a* n® + a* * 
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8*7. Obtain a reduction formula for ^ (x*+a®)" dx. 
Let Jn"* J(a?® dx. 

Integrating by parts (taking 1 as second factor), 

In = 4-- j" n{x^ + a®)”“ ^.^x.x dx 

= x{x^ + a®)” - 2w J {x^ + a^Y~^(x^ + a® - a®) dx 

= x{x^ + a^T' - {x^ + a®)” dx 

+ %ia^ J (a;® + a®)” ^dx. 

Transposing, 

(l + 2w) In = x{x^ + a"Y' + 2wrt® 7»-i. 

. T x(x® + a®)" , 2na® , 

** 2n+l 


Note. It may bo noted that hero n need not ba an integer. 
Put n = J and compare with § 3‘4(C). 

8*8. Obtain a redaction formitla for ^ (ax® + bx + c)" dx. 
Let Jn = [ (ax^ + bx + cY dx. 


P., 

2a 


2 4ac'^b“, 


4a 


If a be positive, 

7»*= a** J* ( 0 ® ± A:®)” dx where z = x + ^ 

and k 

and if a be negative, say = - a', 

, b - 4a'c + fc® 

where 2 — a; - and « = 


a » 


( 1 ) 


( 2 ) 
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Let 


But (l) and (2) are similar to that ot § 8'7 above, and 
can be evaluated by the same process. 

S dx 

[ n ^ 1 ] 

+a7‘’ ^ 

Integrating by parts, 

j. _ X _ f j 

“(rc"J ' ' 

- _ 4. or ^ ^~ ; 

{x’^+a^r 

2(?l ~ l) Jn -1 ~ 2(w “1)^1 In. 

Transposing, 

2 (w “ l)(J“ Lt = ^(2^* ■“ 3) In~x 


l m&, , l|| * 7 


, 2n "“3 , 

rTrT-TT-^ *ln-l' 


‘iCn-Da'^ (x=*+a“)"“" 2(n-l)a“ 


*10. Obtain a reduction formula fcyr 

1 


dx 


(ax®+bx+c)" 


Let h 


(lx 

{ax‘^ +to + c)" 


( 1 ) 


If a be positive. 


T 1 [ dz , . b 


4a‘ 


and if a be negative, say = - a’, 
j = X-{ _i* 


.2\«’ 


1 b 1 7 2 _ 4a c + 

where z-x- tt-,* and & = — rrs— ‘ 
Mb 4.a 


( 8 ) 
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Both (2) and (3) can he integrated by the same process as 
in § 8'9 above. 

Note. In Article 5'/., Case IV of the book, wo have remarked that 
when the integrand is a rational fraction in which the denominator 
contains factors real, quadratic but some repeated, in general a 
reduction formula is required. Thus, to integrate such functions, 
separate repeated and non-repoated quadratic factors and for repeated 
quadratic factors, us(5 the result of the above Article. 

(* X** dx 

8*11. Obtain a reduction formula for \ . : —» 

J V&X "f* DX “r* C 

where n is afiy positive integer. 

^ ^ .r ” d.r 


In = 


Jax^ + bx + c 


Noting that, x 


n ‘lax + h-b L 


£c“ dx 


2aJ Jax'^-^-hx + c la] jax^-^-hx-^c 

Now, f f- - x"-\ dx 

J \'ax +bx + c 

— 2 — Jax“ +hx+c dx 

= Vax^--b6x + o-2(n-l) 

J s/ax^A-hx-^G 


— 2x^^^ sjax^ ■^hx + c 


= + bx-^c — 2(?i— 1) [ aln^hln-x +cTn~2 ]• 


• T — 
. • J-n 


V ax^ + 6a; + c aln + bin- x + cln -2 j 


- - T 
2a " 




Jax^ + 6j; + c - (w - 1) In 


(2w -1)6 , _ l)c J 

2a a 
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Transposing and simplifying, 

j r « 11 1 (2n-l)b, (n-l)c. 

Case II. Reduction formulse involving two para- 
m^rs. 

8*12. Obtain a reduction formula for ^ x™ (log x)" dx 

Oh ci> %) 0 !iitive inibOer). 

Here, since two ])arameters m, n are involved, wo shall 
idofine the integral by the symbol ». 


-;h, h 


=J (log sr)” dx. 


Integrating by parts, 


-,711+1 1 f 1 

= (log .r-- J ndog ■ I 

„m+i „ r 

= —-• (log jJ ®“.aog 


/»•’“+ ^ ni 


^ rn^r I H 

i.G.^ Im, n "" ^ ^ (log x)” “ ^ Im, n -1. 


Note 1. Hero wo have connoctod, J«„ n with Jw, n-i and by 
•succosaive change, tho power of log x can be reduced to zero after 
n operations we shall get a term /«, o, i*c., / a;"* dx, which is easily 
integrablo. Thus, step by step substitution, n can be evaluated. 
It may bo noted that when two parameters are involved, this is the 
usual practice. 

Note 2. Students must be cautious in defining these integrals. 
Here as for illustration Imt n ^ Im wi* 
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8'13. Obtain reduction forniuloi for 

(i) J <5:^ dx. ‘‘ 


dx. 


^ x"'(a+bx)" 

[ W 7^ 1 ] 


(i) Let I™, H = 

Integrating by parts, 

{a + hx)'^ . mh^ f (rt + bx)^-^ . 

- (w - - 1 J '“ a;”- ^ 

Ii 


- m» 


• • *ni, n 


(a 4- bx)" ■ mb , 
(n-l)x"-’ n-1 


(ii) Let - j 

Integrating by parts, 

\ nh { dx 

” ” -(- 7 .^- + m-lj + 


(1) 


6®) 


71+1 


1 

{m - i ^ (rt. + te)’‘ 
Gt + hr) - a 


_ n _ r {u 


(a + 


L dx. 


( 2 ) 


(m - 1)®’" ^(a + ft®)” 


n 

w — 1 




an 

m — 1 


-m. 


n+t- 


an j 1 , w + w — 1 

w-1 ”^'^"(772-l)®’”-"(a+ft®)”'^ m-1 ■ 


Changing ?i to w -1 on both sides, 


I_1_ m-bii-2 , 

*"•" a(n-l)x"’-’(a+bx)"-’'*' (n-lM W 


Note. Formula (2) or (3) can be taken as the reduction formula 
for (ii). (3) is more rapidly converging. The other ways in which these 
integrals can be expressed are left to the students. [ See also § 2'2* Ex, 9.] 
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8*14. Obtain reduction formulae for 

(i) ^ x^d - x)" dx. (ii) ^ ^ x^d - x)" dx. 

(i) Let Jm, 71 = J ’• a’)’* dx 

„7w+i „ r 

m + I w + 1J 

_ 1 

-TO + 1 

Transposing and simplifying, 

inhn n,+„ + i "^m+n+l 

(ii) II /m, « = f ®”(1" x)" rf.T, by above, this 

L W + ?l4-l Jo 7W + TO + 1 ^ 

• T s=_ Vl _ T 

m + « + l 

Note. In Integrrtl Cfilciilus „ is usually douofcod as m the 
first Eul erian int egral. Ib is also referred to as the Beta-fun ct ion. 

t See § 8'2l below ] 

It is interesting to note that m, i.e., 0m,n‘=Pn,m, 

although Ifnj II ^ Int 

8*15. Obtain reduction formula for 

(i) Im,n*^ sin^x co8"x dx ; 

S is- 

^ sin"*x C08"x dx ( w, n being positive 

integers }. 
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In Article 6*10, Case B of the book, we have discussecT 
it fully and obtained 

T _sin’'*'’'^a; cos^'^ar , n-1 t- 

-im, n“ ' „ +_1 „ Jm, n-z 


or, 


m+n m+n 

• wi—1 mH-1 ^ 

Sin X cos X ^ m — 1 
m + n m^n 


Im-2. n in a similar 


way, and, when m and n are positive integers, 

T u — It VI — 1 t 

'Jm, h“'" , ~ *'Wf n ~2 , ,, t/w- 2 f «• 

m + n Vi + 71 

Using § 6’B(iv), we also see that fTmt n ~~ tTfif m- 

—dx. 

cos X 

Let Jm, «“ J sin’".r cos””® t?£C. ••• •••(!) 

Consider I'j,, q = | sin*’® cos*^® dx 

sin*’’^^® cos®“^® , (? “ i. 7/ 
p + q 7> + <2 

[ by § 8’15 abo ve ] 

Changing q to q + %, 

j, _sin*''^^® cos®’’, <7 “hi p 

^v>n +2 p + q + 2 % + r7 + 2®‘ 


Transposing, 

p „ _ + f ,, ... fQV 

■'Ptfl Q’hl ^^ + 1 0+2* v^/ 

[g + l?^0] 

Now, replace p by m and g by -n in (2) and use the 

definition (l). 
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Then, (2) becomes 

, 1 sin^+’x m-n+2, 

"" jri*co8"-ix 


8’17. Obtain a reduction formula for \ 

j Bin 


X cos"x 


Let rft 


“"Isi 


* 7H tip 

Sin a; cos a? 


Consider as before, 




.r cos^a; dx 


cos^'^'^rr , p-^q + 2 ,f 
. q + 1 "(7+1^^ 

[ as in § 8’1G(2) above 1 
Eeplacing 2> by - m and q by — 7i and using the def. /«», «, 


I _i_+_ 

*"* " n-l sin*""cos” ’x n-1 


m+n -2 


Im, n-2» 


8'18. Obtain a reductioji formula for 


Im. n ® ^ cos^x COS nx dx. 


connecting with (i) n-i, (H) Tm-st «• { m /A ±7i) 


(i) Let 


-j 


cos’”® cos nx dx 


cos*”® 


• sm nx m f „i_i / . x . , 

■ - I cos ®- sin ®; sin nx ax. 
71 nj 

••• ( 1 ) 
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cos X sm nx , m 


Since, sin nx sin x = cos (n — l)a; - cos nx cos x, 

. , cos’”® sin wflj , m f ? f 

. . Iintn= -- + 1 COS ®.1COS {n - 1)X 

n n j 

- - cos nx cos x] dx 

cos”*® sin Ij-x , m \ j 1 

“ n wL » J- 

Simplifying, 

T _ cos^x sin nx , m , 

Im, n** ^ ,'' " ' „ im-l, n-1» 

m+n m+n 

(ii) From (l), 

r cos’”® sin nx . m [ f ,n--i • s • j 

itn, n — --«■ 1 (cos ® sin ®).sin nx ax. 

n n J 


sin nx dx. 


Again integrating by parts, 

T __ cos’”® sin n,x , m 

-- -t- 

n n 




jos”* ^,r sin .r cos nx 


+ ^ [ \{m - 1) cos”* ®® (- sin ®). sin ® 
nj 

+ cos’”“^®.cos x\ cos «® c?® J 

III • t 'in— 1 • \ 

COS ® Sin ji® __ ?wv. cos X co s nx sin x) 
n 

+ f K'Wi " 1) cos”*' °® (cos®® - l) 
n J 

+ cos’”®} cos nx dx 

cos’”"^® (71 sin nx cos x — m cos nx sin ®) 


+ J {(w -1 + 1 ) cos’”® cos 71X 

— (m — 1 ) cos’”"®® cos w®} dx 
cos’”“^® {n sin nx cos x — m cos nx sin ®) 


+ ^9 1^ m Imt n ”■ (.7)1 — 1 ) Im-2f n j|* 
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Transposing and dividing, 

, n sin nx cos x - m cos nx sin x 

^ -cos" ’x 

m (m -1) , 

There are three other integrals of a similar type. 

(i) J cos’”ic sin dx, (ii) 

and (iii) J sin”‘fl; sin nx dx, 

which can be treated in a similar manner, and connected by 
a reduction formula eitlier with n-x or with I,, 1 - 2 , n 

in each case. 


I sin”*£c cos nx dx, 

j* 

f 


.For instance, 


(m + ?i)Jcos”*fl; sin nx dx — - cos^V cos nx + m Im- 1, n-j ; 

(w® — m®) Jsin”*.^ cos nx dx 

— {n sin nx sin x + m cos nx cos x) sin^“^flj 

- Im~a, n ; etc. 


Case III. Special devices. 

8*19. Obtain a reduction formula for 

fjet In~ I / ~ 

j \a + b cos x) 
sin X 


Si 


dx 


(a + b cos x)" 


{a + h cos x)*^~^ 


( 1 ) 


Consider P = 

dP 
’ ' dx 

cos x(a + b cos - (n-lXa + b cos x)”~^( - h sin ft).sin x 

{{a + b cos 


12 
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COS a; (g + & cos a;) + (» -1) 6 (1 - cos®®) 
(a + b cos x)”' 

(to -1)6 + a cos X - (to - 2)6 cos®® 

{a + b cos ®)” 


A + B{a + 6 cos x) + C{a + 6 cos ®)® 
{a + h cos fl’)"' 


(say) 



Then comparing the coefficients, 

A + B.a + Ca® = (to — 1)6, B.h + %Qab = a, Cb^ = - (to — 2)6. 


Solving, 

.4=i3--(2«-3) C=(3) 


substituting these values of /I, 5, C in (2), we get 

_(TO-l)(a®^-6®)^ 1_ 

dx h {a + 6 cos ®)’‘ 

, (2to— 3)a 1 2 _1 

6 (a+ 6 cos 6 (a + 6 cos .t)”*® 


Integrating both sides with respect to ®, and using the 
definition of In, 


n _(w - l)(a® “ 6®) (2w-3)« J. 

Jr — ^ ln—1. 


TO — 2 , 
b 


• • 




Bin X 


(n-l)(a*-b®) (a+b cos x)"'^ 


(2ii - 3)a 


(n-2) 


\was V w 


Alternative method. 

sin X 


Let P 


{a + b cos x) 




and F = a + 6 cos x. 
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V-a 

. . cos a? = T-- » 
h 

dP _ d I sin fr\ _ cos x _/ ^ \ sin x{-~b sin aj) 

dx dx\r*-^} y« 

^ V-a ^in-l)br IV-ay] 

6F”"i F’‘ L \ 6 / J 

__(n- l){a“ -h^) a (2n - 3) _ (w 7 2) 

6 F" b F’*""- 6 F”"^’ 

Integrating both sides r, t. x and using the definition 
/w = | the result follows. 

Note. Wlion n is a positive intogrr, by a ropoated application of 
tlie above reduction formula, In will ultimately depend on r,, which is 
easily integrable ( See § ). 

8’20. Obtain reduction formnhe for ^ x'"(a + bx")'? dx. 

In this integral, usually denoted as binomial differentiaUt 
three parameters are involved and this integral, written as 

/mi n, j) = J + fffl? can be connected with any 
one of the integrals below : 

(i) /m+n, «, {a + bx'y^ dx. 

(ii) «, 2,-1 = ix^ {a + hx”T~'^ dx. 

(hi) Imt n, = (a + bx^)^^^ dx. 

(iv) Jm-n, n, 3 J +1 “ {a + dx. 

(v) Im-n, n, p = {a + bx”Y dx. 

(vi) 7m+n, n> p‘= (a + bx^Y dx. 
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(i) iw, », D “ /flj”* {a + dx. Integrating by parts. 


W+l 


Im, n, 

- bx^^Y~^ .nhx^' 


»l+l 




.■ni+l 


^ (ft + hx^Y ^ ^ I/n+n, n, jj-i. (l) 


Again, as above, 


, W+l 


-r 

jfm, n, 2) = . i (® fca?")** 

+ J 

- f (a + - o)(o + rfc. 

j^writing = ~ x^ (ft + hx^ - ft) J 

Transposing and simplifying, 

T _ ^ (ft + At")® . T /O^ 

im. n, B ” ; „ , ___ , 1 A ” I ‘ i"-i n, jj-i- v^y 


ap H- m + I 7ip + 7/6 + 1 


Changing p to p +1 in (2) and transposing, wo get a 
connection with the integral (iii), viz.^ 

an (p + 1) 


im, n, p 


, 7l(p +1) + 7 to4-1 
■* “ ’ ^ \ ■ Jt i 


mi ni p+i« 


(3) 


ft7l (p + l) 

Also changing m to (w-7i) and p to p + 1 in (l) and 
transposing, we get 

_ (ft + hx^^Y^^ 

Jm, n,p nb(p^i) 


m-n + 1 . /.V 

7i6(p+l) **' 
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To get a connection with Ln-ji, w, j> and Im+n, «, p write 

• Im, n> + dx. 

Integrating by parts and simplifying, 


Xrt, n> p ~ 


_ (a + 


b{np + ?7i + l) 

_ ai^n - ?i + l) 
b(np + m + I) 


Ttn-tii 9ii iJ. 


(5) 


Changing m to m +7i in (5) and transposing, 


■ /Ilf rii p 


_ (a + hx^^Y'^ 
a{m +1) 

__ h {np + 9rt + 72 + ]) 
a(m +1) 


■T?n~! 


m+nt «» p* 


( 6 ) 


These six formnlio of hn, n, p can bo obtained by another 
method. 

Write + 

where A and ft are tlie smaller indices of x and (a+ 637”) 
respectively in the two expressions whose integrals are to 
he connected. 

dP 

Find and express it as linear combination of the 
two integrands. On integration the result can be obtained. 

To illustrate the above statements we shall find a con¬ 
nection of Xm« ni p with Im+Ht n> P‘ 
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Here evidently A = m, /« = j). . ‘. P = a:”*’*' ^ (a + fer")®'*' ^. 

. ‘^ + hx^Y^ ^ + (p +1 ^ .nbx”'~‘ ^(a + fca;”)® 

= (m + l)a:”*(a + hx^Y.{a + hx^) + nh{p + + 6®”)® 

= (m + l)aic’^^(a H- hx^^Y + h{np + n + 7?i + l)a;^"'*'”(a + 5aj”)®. 

Integrating with respect to aj, 

P = {m + l)a Iflij ni p + + 71 + 7/t + 1) Im+rit n» ji 

f. x”‘'^^{a + hx‘*‘'Y^^ + n + m +1) j. 

• • “ -a(tn + 1) - ■ "aim + 1) '' 

which is the same as (6). 

Similarly the other five results can be obtained. 

For another illustration see sum no. 7, § 8'22. 

8*21. Beta and Gamma Functions. 

In many problems in the applications of Integral 
Calculus, the use of the Beta and Gamma functions often 
facilitates calculations. So we give below an account of 
those functions—their definitions and important properties, 
some of which are however mentioned without any proof.* 

Definitions : 

(A) x*" (1 - x)"”^ dx denoted hy B (m, n) 

[m>0, n > 0] 

is called the First Eulerian integral or Beta function. 

*Be8uIts (v), (vi) and (viii) are given without any proof here, as the 
proofs are basfsd on “doubw integration” which is beyond the scope of 
the present book. Nevertheless, the results are extremely important in 
applications and are to be carefully remembered. 




INTEGRATION BY SUCCESSIVE REDUCTION 


183 


(B) e"* x"”^ dx denoted by Ffn) [ > 0 ] 

is called the Second HJuleriati integral or Gamma function. 
Here m and n are positive but they need not be integers. 


Properties : 

(i) By property (iv) of Art. 0'8, we get 

(1 - dx = x^-\l - dx. 

•*. B(m, n)» B(n, m). 

(ii) r(l)*= re'* * = 1. 

[ See Ex, J, Illustrative Examples Art. T2 ] 


(iii) As in Ex. 9, Illustrative Examples Art. 7’2, it 
can be shown that even wben n is not a positive integer, 

e~^ £r;” dx-n^^ dx. 

r(n+l)-nr(n). 


When w is a positive integer, 

r(n+l)-n! 


(iv) Writing hx for x in (B), we easily get 

^ > 0 ,> 0 ] 


(v) B(m, n) 


r(m) r(n) 
r(m+n) 
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(vi) nm) r(l -m)-( 0 < w < 1). 

sin m.n 

(vii) Putting m *= i in (vi), we get 

=7c 

sin 

r(^)" tjxm 

Alternatively^ we can deduce the value of V(\) in the 
following way. 

Putting m — n — \ in (v), 

[hit 

= 2 dS \_ on putting x = sin®d 1 
J 0 

= ji. 

Hence the result. 

J oo f°° x"”' 

0 (l + x)'"+"”J»(l + x)"’+" 

[ > 0, W > 0 1 

8*21 (A). Standard Integrals. 

^ 3i_.. rp >- n 


(1) I ain^G cos'*© d© 


p+q+2 j 


GJ:!] 


Left side = [*J (sin“e)*'’ (1 - dfl 

( 1 5+1 . Q+1 . 

X 2 (l-ic) 2 “ S,X 

[ on putting x = sin®8 ] 
= ^ 2 “Bight side by (v). 


[ Compare § 6'IOB ] 
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sivPS AO 


f4>r 

I cos*'a d0 

J 0 



The proof is similar to (l) [ Compare § 6 ‘10A 1 

(3) e“*“ dx -3 Jn. 

^ clz [ on putting = z] 

== h r(|) by {B) = h Jn ])y (vii). 

[ Gmnpare Art. 7'3 ] 


8*22. Illustrative Examples. 

Ex. 1. Obtain a reduction formula for jj tan^x dx and hence or 
otherwise find (i) ^ tan^x dx (i?) j tan^x dx. 

tskn”x dx= ■ - In- 2 ' 

71“ X 

{i) la = Jtan°a: tan^*® —Ja 

= i tan*® — where 7i = ^tan x tZ.c = log sec x. 


tan'*® —ir tan®a3 + Iog S03 a;. 

{ii) ^ 'tn>D ’^^C”X4 f -^4. “ J tfliH *“ 

® —Jo whore lo — ^ dx=^x 

. _ tan"® tan*® , tan ® 

• • 5 ■“ "3 ■** i' 

[ Gampare § 8'4, Note 1 in these two cases. ] 
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Ex. 2. 

Obtain a 

reduction formula , 

for j 

sec”x dx. 

Hence 

find 

(i) j 

• 

j 50C*35 dx 


(w) 

^ sec'^x dx. 

From 

§8-6, 

I«=( 

i 8ec"35 dx 

sec""’*35 tan 35 , « — 2 ^ 

==-=-+ - ^ in- 




) 

w —1 


n—i 

(i) 

Ic = 

^ 8CC®i 

, sec 

35 035 =- 

♦35 tan 35 

"5 

1^* 




sec-35 tan x, 2 
~3 "^3 

^2 j 

sec *35 Jo: = tan 



sec *35 

tan 35 , 4 

aec ’35 tan 

35 ,2 

•4 ^ 

• • 

la ~ 

f: 

+ e 

» 5 

3 

“+3 

tan X. 

•0 

(ii) Also J- = 

f 7 , sec®a5 tan x , 

= \ SCC^X d35= ' g — 4 

I 

6 

S 9 


T _8ec“aj tan ip , 3 ^ ^ see x tan a; , 1 ^ 

J.5 4 +^^3; is»= 2 ^2 ^ 

/"i = ^ sec X dx = log (sec 05+ tan x). 

_ BCf"’.T tan .r , 5 sec*05 tan x , 3.5 see a5 tan x 
«-+6-4“ -+4.6'“ 2'. 

+ log (son ar+tan jr). 


Ex. 


c. 3. Obtain a reduction formula for ^ ^ cos"a5 dx{ a > 0 ) 

Too 

and hence find the value of \ e~*^ cos^'x dx. 

From § 8’6, replacing o by —a, 

i oo 

^ e"®* costas dx 

[ 0 "®* co8""^a; (—a cna fl!+w sin 35)1'* , «(n-l) ^ 

S:*+a® Jo n*+a’*^"-“ 

= -f5-ni+55fe~-y2..,r‘-‘ w e-"-» 01 oto > o] 

n +a n +a L *-^oo J 

is the reqd. reduction formula. 
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Ex 


. j =A.20 , 

* 5*4-4’' 5*+ 4’* “ 41 41 ® ’ 

4 3.2 , 4 6 , 

^ ® “ 3* + 4* 3* 4 4* 25 25 ^ ^ ' 

/=--i-^=4 . . 2 =L08. 

' l *-f 4* 17 ' ■ “ 3485 

. 4. Obtain a redaction formula for ^ 


dv 


d.K 

(a*4-aT 


Hence find the value of I 

J(a;*4-<i*F 

S cl'X 

„• Integrating by pari 

(a;*4-rt*)^ 

r “C .Wf X 07 

„ '^xac 


8» 


(fc*4-a*) 

X , fa;* 4-a*—a* 
— u+n\ 


(x*4a*r V + 


"■+1 


dx 


X 


^~hnln na^ 

(x*4-a*f 

Changing nton—2 on both sides, 

J,i -2 =-^V-a + “2) In --2 -(»- 2) ft* in 

(x*■^ft*) a" 

1 


• 7 — 

• • -^n 


X n—3 , . 




This result ean bo obtained from § 8*7, by sul)stituting — ~ 
of It and changing the definition of J„. 

. T ® 4. 4 T . 


t 1 ® , 27-^1 X 

Oflt /_ii , aiJT ucb u 


(x*4-ft*) 

. 7 - _ JL g . _4 2.4 _ ® 

®®’(x*4-ft*)^ 8.5.a® f^,4.^fl)S S-Sa** 


in place 
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Ex. 5. With the help of a reduction formula, find the value of 

r ®'j; _ 

\ -5“ “S’* 

J COS® 35 

From § 8*16, we get the general form of the reduction formula as 

^^~n -1 co 3 "-’a: n-1 iny^l] 

• T — ^ 3in®a; ^ 1 - , 3 j 

• • 5 ‘cos'® 35 5 ‘ ’ -tr., 4 “ 3ebs>a5 3 ’ ’ 


Al=oJ..o = 5si 


sin®3; flte 


Sin^35 cos 35 £8m®35COS 35 4 2 

5 "“5 3 ^ 5 * 3 


— • cos 35 

0 Q 


[ From § 8'3{i) ] 


• T — 1 .sm®3* l.sin®'® 

* 5cOS®J!5 15 cos*35 5 cos 35 


. 1 . . ,4 9m®35 cos 35, 4 2 

+ g • Sin^35 cos 35+ g •--g- h 5 * 3 * «03 35. 


Ex. 6. From the reduction formula for J cos”*x cos nx dx ohtai 
j cos*a5 cos 535 dx. 

From § 8*18 (i), 1,„, J cos™x cos n35 dx 


co8™35 sin nx , m ^ 

, 'Jfn-ilt n—i« 

71 771 +n 


Hero, m = 3, n=5; 

- fa - a C09®3; Sin 535 , 3 - 

. . I,, o = \ cos®a: cos 535 d.x= g + g iai t ; 

X •! _cos®35 sin 435 2 y _ j. cos 35 sin 835 1 - 

-*2«4^ 0 " '■*^0-^l»3i-^l>3 4 "' ”*4 ® * 


COS 235 dx' 


sin 2a: 


. y. _cos*a: sin 6a: j cos®« sin 4a5 , cos as sin 8a; , sin 2a; 

■ 8 ' .16 “ " 32 ’64 ' 
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Ez. 7. With the help of the different reduction formulce for 


j oj’* {a+hx”)^ dXf find the value of 

(i) J aj»(a+6®’)* dx. {U) 

(i) IToro, wi = 3, »i = 2, p = 4, and sinoe 7 ) = 4 is positive, 
(i) can be connected with § 8‘20 (l) or (2). 

Using (1), 


_ _{r* {n + bx^)* _2.bA - 

J at 31 4' A 4 


_y° + 2.6.3 _ 

*a» 3» ■ Q g ■‘T* Si 

iaAhx^y_2.b.2 
® 8 ' “8 


7>2»3“” Cl ~ ” Q ^9* S» I 

j. (a+bx^)_2.b j. 

4oi SI 1"“ JQ IQ *111 21 O 

■* 111 SI O I " «* 12 

• •■* 312,4 — 


V ' - • » t 

10 5 12 

Using § 8*20(2) the result can b) obtained in a different form. 

(ii) For this, the suitable formulas are § 8‘20 (3) or (4). 

Using (3), replacing p by —4, 

^ _ 1 X* 2{-3) + 3+l 

^^*^'*~2a{-3}ia+bxT 2a(-3) 


x'' 


6a {a + bx^y‘^3a ^ 


31 31 n I 


7 4.2(-2) + 3 + 1 ^ 

>• »“-2a(-2) (a+bx^)*'^ 2a(-2) ■*“’ * 

^ _x* _^ 

ia{a+bx^y' 

X 1 

»• ^“6a (a+6iT'^i^^ (a+bx^y' 
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Ex. 8. Find the reduction formula for j (^"+26{B + ca“)" 


and hence obtain 


in J; 


aj* dx 


lo (as’ —4a; + 5)-^ 
Lot 


Gonaidor J, 


Ini~ a) n’ 


™-9 

ate+«c»)“- integrating by parts. 


“””"S (a/a 

(/w-*l)(a + 26a3 + ca3''‘)" w —1 J 


_®”l-‘(2r!C + 2A) 
(a+ 2te+ca3 ")'*■'■ 


i dx 


x”‘ dx 

(« + 26» + cx’)"^ ‘ 


ajwt-i f f 

(?ji —l)(a + 26x-f-cx‘'')""*'wt—1 I ^ J 

. o? [ _1 

J (rt + 2/jx + fx")''+M 


Changing n to {n — 1) on both sides, 

x'"-^ . n-1 


I«-3. «-i “(„4_lj(«^.-26x+cx“)'‘-‘‘*■77/:-i* ^ 


Dividing and transposing, 

Imi n “ 


X 


2c(n - l){n + 26x+' 


_w — 1 
2c(»-l) 


o 

c 


tfn- ii n« 


(i> 


^ f a-™-*dx f T’'*-’(a+27iX+cx’') ^ 

Also, I = J (a + 2hx+cx^y- ^ “ 3 (a + 26® + c®T 

<!l Tn,- 2 » n d* 2/i T,,,- |, 71 "^ 0 Ini »• 

Substituting and simplifying, 

_ _ __ _, Qb(m—v) _ 

r^(2w- m- l)(a+ 2bx+ ex®)*"" ^271 -w-1) " 

. a{m-l)_ 

c{2n-m-l) "• 

Either of (1) or (2), may be regarded as a reduction formula. 


• • • ( 2 )' 
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®_:_ -4.(-l) 5.2, 

4a;+6)»Jo 4 ■'a* 4-^ 3 ♦ 


Henco, using ( 2 ), ( a=5, 6 = - 2 , c = l, bere ), 

j __12 

L 4.(a:*-4a;+6)»Jo 

j .r_ 5 _V.-M-a), 5 

L 5.(a;’*-4a! + 6 )“Jo 5 4+5 ^o. 4 

r _12.^4.(-3) 

L 6.(£B®-4®+5)”Jo^ 6 * 


u*-\ 


2 


dx 


r= 5 : 


dx 


* Jo(»*-4a! + 5)^~JO{(®-2)’* + l}‘* 

loU«+V’ 


4,00 K 

tan"^2 [ Using § 8'9 successively ] = X (say). 

ijUUU J.0 


Then, Ji, * = 

I’H 4 “ 

1 I “ 


2 124x4,21- 

“5 '3.5-^ *^5^ 

_3896 4G 
‘6.5* 5 ^ 


3.5-*.8 16 


8 ...23^ 

“■"T+'b tan ' 2 . 
4 o 


Ex. 9 . If ( w- > 0 ), prore that 

Un + n(n — 1 ) i/n- a “ *. 

Integrating by parts, 

-X".C03 

“TClfa;"** sin a:J^-“(w —1) sc""* sin x <Za:j 

e* n(J»r)"" ‘ — n(n — 1 ) w«- 9 * 

M«+n(n-l) Wn-a^wW’*"^ 
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« o r i’*'sin (2»—l) * , _ f i®"/sin naj\* , , . 

Ex. 10. If Sn=\^ J ~-dx,Vn-\. [ dx,n being 

•' Jo stn X J0 \ &in X / 

an integer^ show that 

5n+I “ T^n+1. T'I* ™ Sn-J-i* 

Obtain the value of F«. 

TT 

o f isr sin (2n + l) ar —sin (2 m — 1) as 
lj[6r0| On+1 “ \ 


= 1^ 2. 
JO 


sm X 

.fos 2nT.R in x 
sin X 

W 


dx 


s 


TT 

s 


da; = 2 \ „ cos 2n® da; 
0 


— 2 . ^® integral values of n. 

• ■ Sn-^i~Sn~ Sn-i .= 5i. 

Now, »Si = ^ dx—\^ dx — ^ ’ 

^ Jo sm X Jo 2 


iSn-f 1 “ <5» —Jit. 


Also, 




■ff sin’(M + 1)a; —sin*wa; 


sin*® 


dx 


_f 'i sin f2iT + l)®.8in x 

"Jo 


bill’*® 


dx 


TT 

I ^ sin (*2 ti + 1)® , „ 

“ 1 „ . - dx^On+i* 

Jo sill® 

■" Fn-i =5n = Jw, T'n-i — F’n- 2 '=iir,***, \ ^ — 


adding, P"n-=(n-l) ^ ■ 
f 

Since, Fi = \ dx^iir, Frt«=Jnir. 

Ex. 11. S7i.07s 

(i) r(2)=>v-N/’r; 

(») r(i)r(5)=-?3r: 

(i«) sin*0 cos*0 sin*0 cos*0 d0 = ^Tr. 
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(i) r(|)=r(f+i)=fr(f) [ r(n+i)=nr(n) ah. a-BKiu) ] 

= «r(|+1)=f .#.r(|)=f r(j+1)= 

“-V" 's/’T. [ By Art, 8'2l(vii) ] 

<ii) Left slae=r(4)r(l-4) = ^. [ By Art asi(H) ] - 


(iii) By Art. 8-21(A){l), 


First Integral= 


1 s/Tr.I.f.J tj-x 

2 r(r>) 5 1 


3 

512’^' 


By Art. 6‘8(iv), Second In tegral = First Integral. 


Ex. 12. Show that 


+ 2 *-'"r(n+l) 

r(,7+= r = r ^+ 1 ) 

[ By Art. 8'2l(iii) ] 


2n — 
2 

2-71 — 




f2j? — 3 


2«. — 1 ‘2n — 3 

• - I 

2 2 


) 


2«-l 27t-3 2«-5 
'2 “■ 2 ■ 2 


2 2 2 V 2 / 


(2^1 — ]){2i} 


r Jiy rejteatrd application of the result 
of the above Article. ] 


-3)(2«-5) ••• 5.3.1 
2^.' 


Jtt. 


( 1 ) 


Now, multijily numerator and denominator of (l) by 

2n(2M —2)(2»r —4) ••• 4.2. 


f ,. _ 2?i(2n -l )(2?t- 2)( 2n-3 ) ■ • -jj • 5.4.3.2.1 

I + 2".2.K.2(«“l);2(n-2j.•2.2.2.1 

r(2w+l) f 

"2".2«.n(n-l){n-2).2.1 


Jtt 


r(2n + l) n/w 

2*".r(w+i)'‘ 


13 
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Note 1. The above result can be written in the form 
r(i)r( 2 n)« 2®""*r(ii)r (n+i). 

It is an importcint result often used in Higher Mathematics. 

Note 2. The right aide of (l) can be written as (i)fir(J) whore the 
notation (a)„ denotes a(^ + .l)(a+2)”'(a + rt — 1). 

r(n+^)-(i)«r(.§). 


Ex. 13. Show that 

B{m, n) l) — B(r?, 1) B(n + Z, m). 


T ..fi ^ = r(/)r(;;z) r(u). 

l'(/u + n) r(l + }/i-i-n) V(l + m-hn) 


Similarly, right side- 


r(0r(7»)r(u)^ 
r(l + m+v) 


Hence the result. 


Ex. 14. Evahiaio 

and find ^t<} value when 

Put x — lif, dx-tdy ; wliena; = 0, y = 0 ; v-t, y~l. 

_ f^0i+P+2h-l r(a + fe)r(3 + X) 

V{a+fi+2k) 

When a = /? = J, 

r(;c+i)r(fc+i) 

^ * r( 2 /i+l) 

r 

[ By Ex. 12 and the Note (2) of Art. 8 22 ] 
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EXAMPLES VIII 


1 . Obtain a reduction formula for fx”'e~^^da:, — l) 

and hence find [x^e~°^dx. 


ax 


2. Show that / dx = - 4 (a^x'^ - + 6 a.r - 6 ). 

a 

3. Find the reduction formula for 

(i) fcot*‘x dx. (ii) /cosec”® dx. 

4. If 7n = /sinh”0 dO, then show that 

nin — sinh”’"^© cosh Q-{n- .1)/«_ «. 

5. Obtain the reduction formula for 

(i) /tanh”0 dB. (ii) /sech’*’d dB. 

6 . Show that if In ~ sin^Z^iP dx, then 


r rt sin hx — nh cos hx ax • « - 1 
7« = ii. 2 ia G sin‘ 
a 6 


n' 


{n 1 )/) 


, , _ • T 

OX T 2 - 2,-2 lu~ 2 ‘ 

a + n 0 


7. If ]n=" Jx^*'cos bx dx and = sin Z;a; da% then 
sliow that 

(i) hln-x''^ sin hx-nJn~x. 

(ii) hJn = ~ X*'' cos hx + llln - 1 - 

(iii) h^In-x‘*‘'~^(bx sin bx + 7i cos hx)-7i{n-l)ln-2’ 

(iv) Jn = a;” ' ^ (?i sin hx — bx cos 6a;) - 7i(?i -1) 2 . 

8 . Find the values of the integrals : 

(i) J (a;®- 6 a;+ 7)® dx. (ii) 

f dx /• \ f 

J (x^+^+if J 


fjx^ — 2x + 2 


9. Show that 


In 

find also /g. 


f/- sj. 7 xW-^x^Y , fia^ , 
•=](“+® ) „+i = 
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10. If In =* /(l + dxt ( » > 1 ), deduce that 

j Qn(2n “ 1) 7 . , 4m (n -1) ^ 

In -'-a 2 i»-2 

a a 

= - e-^d + iET- «“*(! 

a 'a 

11. Show that if Un = Jx”" Ja^ —x^ dXj then 

x^^-^{a^-x^f ^n -1 2 

»+2 -+«V2“ 


dx 

” VrE** - 1 ' 


12. Find the reduction formula for 

1 jraV-*-*- J® 

13. If /» = Ja-x dx, prove that 

(2?i + 3)/ro — 2anln- % ~ 2x%a — x)^. 

Hence, evaluate 1 x^ Jax-x^ dx. 

j 0 


14. If Un 


_ r dx 
J Jax"^ -^-bx -^c 


show that 


(m + l)aMM-j-i + \{^n + + ncun~ i “ .r” + hx +c. 

15. If In “= /(sin X + cos x)^ dx, then 

Mln= - (sin X + cos a;)*“®.cos 2a; + 2(71 - l)Jn-a- 

16. Show that 

/•\ T _ f __ 2m - 3 J 

"“Jo (l+icT 271-2 

,..v dx 1.3.5.7 « 

jo (i+a;T“2.4.6.8'2’ 

17. Show that if I*» == J 
(i) In^In^ 


4 


Goa^x 


Cs 

dx and Jn I sin**aj dx, 
Jo 

(ii) I«-!«-. ( » > 2 ). 
n 
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18. With a suitable substitution, using the previous 
example, find the values of 


( n being a positive integer. ) 


19. Prove that Un 


= Jo®”^ tan ^ 


X dxy then 


(n + 1)mh + {n - l)un-^ ^ * 

A n 

r+i 

20. If 71 > 2 and /«= 1 ^ (l -x^T cos mx dx, 
then m“Tn = 2ni^n - i - 47i(w - l)/n_ 2 . 

21. If = 0 sin”0 do and 7i>l, prove that 


Un^ C/jt_o T a' 

n n 


22. (i) Obtain a reduction formula for J 

Jo (l + a:TVl+;?' 

23. If <^(7i) = log x dx, show thi 


dx 

a;T^/l+^c® 


[ Put X — tan 0 


e *aj”~ ^ log X dx, show that 


+ 2) - (27t + l)<^(7i +1) + n^<l>{n) *= 0. 


t. if/„=J; 


tan”0 do, prove tliat 


^n~i) !• 


25. Show that f a;“ ^(log xT dflJ* - '■ 

Jo a 
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26. Show that 


if Pm, ^”1*0 


gjw- 1 (| _ xY^’^dcc, then 


a =fl ' _(w-l)! Gi-1)! 
Pm,n Pn,m-~ 

( m and n being integers, each > 1 ). 

27. If m, n are positive integers, then 


Jm. « = r (O! - dr\h - xT dx =■ »-l. 

J a, 7 n ~r 71 ~r L 

Hence, prove Im. „ = - 

28. Find the values of 

I* S' 3 . 

(i) 1 sin®a; cos^a; dx. (ii) 1 sin^ir cos'*a- dx. 

Jo Jo 

/...V f 008*3* , /• \ f dx 

J sin X J • ir w 

sm fljcos .T 


29. If Im, n = /cos’'‘flJ sin“£C dx, show that 
(m + n)(rft + n- 2)lm, » 

= - 1) sin^ir - (m -1 ) cos°ir( cos^^'^a; sin^ '^a; 

+ G» -- l)(n “ l)lm_2. 2. 


30. Obtain a reduction formula for 

Im, n~/cos’"a; sin ?tx dx, and deduce the value of 

f§»r 

I cos 'x sin 3® dx. 

Jo 

■ 31. If Im, n = f sin"*£c COS 7tx dx, show that 

T m COS X cos nxH-n sin x sin nx . ni~i 

Im, n= - - -2 '2-Sin"* ^X 

n ~-m 

m{inj-\) J. 
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32. If L 


m, 


COS nx dx and 


n = sin”^£r 

•Tin, n= I sin”*® sin nx dx, show that 
Jo 

(m + n)Im, n“sin hi>n- mJm-x, n-x (m > 1 ). 


33. If 


IT 

fs 

fim, n) = I cos”*® cos nx dx, show that 
Jo 

fim, n) = fim - 1, - 1) = fim ~ 2, n) 

m+n m -n 


m 


fim - 1, 7i +1), 


and hence show that fim, w) = „,”+i 


34. Obtain a reduction formula for 


35. Find the values of 


} 


dx 

ia + b sin ®) 




lo (i + oos a 00s 0!)°' \ 

36. Using the integral /®”*(a + 6®®)** dx, find the values of 


dx 

(1 + e sin x) 


(0 j®'(i 


+ x^'f dx. 


[ Use 8 8‘20(ti) ] 
d x 

®* 


(ii) j - --71 
^ (i + 2®®r 

[ Use § S’20(4) ] 


dx. 


(uaj; 


[ Use %8'20(G) ] 


37. Find the reduction formula for /®”* ^/2^^® - ®® dx. 

„ , .n , 1 ^ -^ a”*+® (2m+ 1)! 

Hence, show that J ^ ® V2a® - ® dx — n - ^wt" 2 ) f ^ j’ 
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38. If 


au”*e”® cos x dx and 




e sin X dx. 


then prove that (m being an integer >1) 

(i) 7m *** 'Tfn-i)* (ii) Tw®* + 7»n-i)» 

(iii) Im - mim -1 + hm{m - 1)7 ,2 = 0. 


39. Show that 


sin 2 »i£C cot x dx — In. 


40. (i) If %in~ /cos nd cosec B dO, then show that 

_ 2 cos (n — 1)0 


lln Wfi—2 


W - 1 


f"\ Ti n f 8113 (2?i- l)x y ^ f Bin^nx , 

( 11 ) If Pn = dx, Qn= \ . 2 dx, 

J sin X J sin X 

show that «(P»-M - Pn) = sin 2fix 

and Qn+i ■” Qn ~ Prt+i- 

41. Prove that if 

T f"" 1 - cos nx T , . 

7»= I dx, where n is a positive integer 

Jo X cos X 

or zero, then Jn +2 + 7ti = 27n+i. 


Hence, prove that 


.TT 

sin^ nO ,. nn 

\ ' 3 /\ rfc * 

'0 sm 0 2 


42. (i) Prove that 1 d0 = O, or, n according as 

J 0 sm 0 

w is an even or odd positive integer. 

(ii) By means of a reduction formula or otherwise, 
prove that 


f’^sk 
Jo si 


dS nn, n being a positive integer. 

sm 0 
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43. Show that if w is a positive integer, then 

cos fa ~ l)a? ~ cos nx 
10 1 - cos X 


j; 


dx = 2 n 


and deduce that 


45. 


P”" / sin ' 
Jo \ sin ia; / 


dx *= 'Inn. 


44. If ij», n ~ I cos'^-r sin nx dx, show that 
Jo 

/-».m = 2„.+i[2+ 2 + ., + - +„-J- 


j: 


Show that 1 sin^'a? dx 


n{n ~ 1)(h “ y)• • • 3.2 1 

(a^ + n^)WHn- 2)"j •••(a® + 3‘-)V^ + 1 

if n is odd ; 

n{nj- iXn — • 2.1 1 

{a‘" + n"Ha^ +'(w- 2)“T-(a“ + 2")’ a 

if n is even. 


46. If /,i= {a, cos 0 -¥1) sin oy^ dO, then 

nfn - ah {fd^- ® '") + (w - l)(a® + h^) J„- 2 . 

47. If In = J(a cos^a? + 2// sin .r cos a* + 6 sin®^*)”’^ dx, 

prove that 

4 (n + 

In+2 — 2(2>t + l){cb + b) /«+i + 47l/n 

_ ^ hicoa^jR - sin^aO + (6_“ a) sin ?._cos rr ^ 

^{a cos®a; + 2/i sin a; cos x + b sin^rr)"’*'’^ 

[ Apply the altervative method of § fl*J9 } 
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48. Show that 


(i) (1 + ®)®(1 - xY dx = 2’’+''+" 


[p>-l, (Z>-1] 


[ Put l+x = 2y ] 


(ii) £ (x - a)”>(b - xY dx = (h- • 


[W >-l, 71 >-l] 


r Put 'x — a = (b ~a)y ] 


49. Show that 




ra>-n 


[ Put x^ = y. ] 


50. Show that 


1 a?® c/iT X I G''X'dx~ci^/ 

Jo jo S J 


[ Put a: ' = 2 f ] 


51. Show that 


B{m, n) J5(7/i + 7i, L) = B{n, 1) B{n+l, m) 

— B{l, 7 n) B{1 + VI, 7 i). 

52. Show that 

r(i) r(j).r®= 

[ Combine 1st and last factors, 2nd and last but one, ele. and apidy 
formula (vi), § 8'21. ] 


53. Show that 


Jori- 




[ Put X® = « ] 
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54, Show that the sum of the series 




m(m+ 1) 1 
‘2! '»V+3 


, + 2) 1 . 

-- - - . 

3! 74 + 4 


r(74 + I)r(i - m) 


’ where ?4 


iX»4 -774 + 2) 

[ n. s.=r.(n+i, <ix 


... to oo 

1 and 774 < 1. 


55. Show that 


I 


5” sin="*-'0 cos“’‘‘'0 r(m)rW 

0 (a sin'-'fl + 6 cos“e)’"+“ ' “'a’"//' r(m + »)' 

[ A/I/Ilr/ Art. 8:21 (VIII) ] 


ANSWXnS 


-OJf 

1. i.= -~~ + ! 

a a 


J., = - [a: ’ + 24.'C<1 + 24]. 


3 .( 1 ) In= A-?. 


oot.r coseo” ■.r , m~2 _ 

(U)- - 1 + . In-2- 

n—1 n—1 


_ ... T _ /..XT s<'c1C~‘^0 tanTi 6 , n~ 2 , 

5 .( 1 ) I„=- -^_1 (il)J„= 

8. (i) (*-3) -ii°9 + 


20^.12 , ^ 20,^.12^ -Gx + D- 20-16-12.8.41 

11.9.7.5 ^11.9.7.5.3 11.9.7.5,3 J 


(ii) 


® ... >_. 

13 ~OA/«,a J. i»a^- 


Sac 


6(iB''* + l)’ 24(®® + l)'-‘ 16(aj“ + l) 16 




/...» 2®+l , 2aj + l 4 2® + l 

(ill/ ■ V-*\a ■“rt/ <l' . . "i.tTrt In tftH ■ 


(iy) 


efac^ + sc+l)’ 3(a;’+a;+l) 3 n/ 3 
2»*+5a;+7 


^/3 


6 


—2a;+ 2 —I sinb'^fa; —1). 
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9. ia; (a“+a;®)‘^ + §a'ic{a* + a;“)^ + ia‘ log(a;+ ija^+x^). 
12. (i) nin— —x^~^ v^aj — a:’*+(2rt — 1) aJn-i« 




18. (i) 


oi — ln — S 


a’^ 
236 ' 


It n — 2 
71 — 1 w — 3 


2 

g if 11 is odd. 


1 TT 

n if w IS even. 

71 71 — 2 2 2 


p.. 277—3 271 — 5 
271 — 2 2»t —'t 


and 2 » if 71 —1. 


1 TT 

2 ■ 2 


* if jt > 1 1 


An /"\ T_ 1 ^ I ^ T 

22. (ij ^«-2H-i\T+;^^)»-v 


.... 2rt —2 271 —4 
27i-l’27t-3 


2 

3 


28- (i) 


Stt 

4096* 


Oi) 


S 

45* 


..... cos'a; , 4 cos®-c . 8 sin x 


(iv) 2[ ■} tan" a’+ 2 x— i cofc‘ x ]. 
j. _ — cofl^a; cos nx , m ^ 1 

84. (»v-l)(a’-6=)i'»=(“:p|-g^®ji-> + {2«-3)« A->-(«-2) T,., 


35. (i) 2 • (2 + coa’’a) cosoc'’a. 


(ii) 


e cos X 


-11 + 

1 ji-e^ j‘ 


1 —e'^ 1 + e sin a? (i-_g 2 )T 

(ii) Ml + 2x“)^ (x" -1). (iii) 2 s/3, 

nn X x"*"*(2aa: —x*)"^ . (2w+l)a t 

Ot. i«i=* — _. _ H _Lo .tfli-i* 


7>t + 2 


m+2 





CHAPTER IX 


AREAS OF PLANE CURVES 

[ Quadrature^'' ] 

9*1. Areas in Cartesian Co-ordinates. 

Suppose we want to determine the area Aj. bounded by 
the curve 2 /=/Cr), the .r-axis, and two fixed ordinates x = a 
and x = h. The function /(rr), is supposed to be single-valued, 
finite and continuous in the interval (a, h). 


F 



Consider the variable area QTjNP = A say, bounded by 
tlie curve y =f{x), the fc-axis, the fixed ordinate QL where 
OL^a^ and a variable ordinate PN where ON — x. Clearly, 

*The process of finding the area, bounded by any defined contour 
Hue is called Quadrature, the term moaning 'the investigation of the 
size of a square which shall have the same area as that of the region 
under consideration’. 
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A has a definite value for each value of x and is thus 
a function of x. When x is increased by an amount Ax 
i — NN'), A assumes an increment AA = the area PNN'P\ 
Now, if f{xx) and fix 2 ) be the greatest and the least ordi¬ 
nates in the interval Ax, 

such that, ® < fTi < a; + Ax, x <0*2 < •'C + Ax, 

clearly the area A A lies between the inscribed and circum¬ 
scribed rectangles IIN' and FN', 


i.e., fix 2) Ax < A A < fix l) Ax. 


fix 3 ) < 


AA 

^\x 


< fixil 



Now, as /l;r approaches 7 .eio, by the continuity of the 
function fix) at x, fixx) and /Cr 2 ) botli approach fix), and 

also tends to Hence, as the relation (i) is always 

true, we get in the limit 


dA 

dx 



. ■. by definition, A — f fix) dx + Fix) + C where C 
is an arbitrary constant, and Fix) an indefinite integral of 
fix). Now, when 5C = a, PN coincides with QL, and the 
area becomes zero. Also, when x = b, the area A becomes 
the required area A^. 

0 = FW + Cand A^ = Fib) + C. 

At - Fib) - Fia) *= ^ f(x) dx. 
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The definite integral 

I f{x) dx, i.e., [ y dx 

J a J a 

therefore represents the area hounded by the curve l/*=/W, 
the x-axis, and the two fixed ordinates x = a and x = h. 

Note. An alternativo motliod of proof of llio alx>vo reault, depend¬ 
ing on the definition of a definite integral as a summation, has been 
given in Art. 6'3. 


Cor, 1. In the same way, it can be shown that the area Imcnded 
by any curve, two given abscir,scp. {y = c, y = (l), and the y-axis is 

I “ X dy. 


Cor. 2. If the axes he, oblique, w bfnng the angle between them, 
the corresponding formuhn for the areas would ho 

sin w y dx and sin w ^ x dy respectively. 


Illustrative Examples. 

«c^ y^ 

Ex. 1. Find the area of the. quadrant of the ellipse ^2 
between the major and minor axes. 


Y 
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Clearly the area being bounded by the eurve, the a;*axis and the 
ordinates x=0 and x — a, the required area = y dx 

“J* rt [ ' ^a+^a = l for the curve j 

6 f 

= - \ a cos 0 . a cos 6 d9 {putting x = a sin 6) 


ah V ] . 

Cor. 1. The area of the whole ellipse is clearly four times the 
above, i,€., =Trab. 

Cor. 2. Putting and proceeding exactly as before, the area 
of a quadrant of the eirclc, + is irra^, and the area of the 

whole circle=7ra®. 

Ex. 2. DtH^T'inine the area hounded by the. parabola y~~4.ax and 
any double ordinate of if, say x = x,. 



The area OPN is bounded by the curve * iax, the x-axis, and 
the two ordinates x=®0 and x^Xi. 
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f»l f*l r- 

area OPN^y^ ^^~\q 

C The positive value of y is taken since we are considering the 
positive side of the f/-axis ] 

* j4:a.%Xi^-%Xxy^ 

( where yi^PN= J^ax^). 

The parabola being symmetrical about the a--axis, the required 
area POQ, 

= ^ the area of the rectangle contained by PQ and ON, 

i.e., =t| the area of the circumscribed rectangle. 

Cor. The area bounded by the parabola and its latus rectum = %a^. 

Ex. 3. Find the whole area of the cycloid x = a{6 + sin 0), 
y — a (1 — ms 0), homvded by its base. 



The area of half the cycloid, viz,t area AOG, is evidently bounded 
by the curve, the j/-axis and the abscissas jy=0 and y = 2a. Hence, 
this area is given by 



X dy 



a (0+sin 0).a sin 0 dd 


r *.* j/ssoCl-ooB 0) 1 

L a;'=a(0+sm 0) J 


14 
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=a* 1^—0 coi 5+sin i sin 20)J^ = |Ta*. 

Hence, the whole area of the cycloid is Sira^. 

Note. It should be noted here that if AM be drawn perpendicular 

COM 

from A on OX, the expression \ y dx represents the area 0 AM, and 
not the area OAC. 

Ex. 4. Find the area of the loop of the curve 
xy^+ix+ay {x+2a)=0. 



Here let us first of all trace the curve. The equation can be put 
in the form y^= _ notice that |/ = 0 at the points 

SC 

B and A where *= —a and x= —2a, and y~^±oo when as-^-O. For 
positive values of x, as also for negative values of x less than —2a, 
is negative and so y is imaginary. There is thus no part of the 
curve beyond 0 to the right, or beyond A {x= —2a) to the left. From 
A to B, for each value of x, y has two equal and opposite finite values 
and a loop is thus formed within this range, symmetrical about the 
fl;-axis. From B to O, eac\ value of x gives two equal and opposite 
values of y which gradually increase in magnitude to oo as a; appro- 
aches 0. The curve therefore is as shown in the figure. 
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The required area of the loop now 
= 2 .area APB 

- 2 . 5 -, ^=2 5 - 

and substituting z for a;+2a, this reduces to 

-sin . . 0 0 

= 2 a cos 0 - I’ 2a sin „ cos d0 

Jo cos 

putting z=2a sin® J 

- 2a® J J cos 0 (1 - cos 0) do = 2a® (l “ ) 

= .Ja® (4-7r). 

9’2. Area between two given curves and two given 
ordinates. 


Y 


O 



Let the area required be bounded by two given curves 
2/“/i(®) and ?/=/ 3 (ip) and two given ordinates and 

x — b, indicated by QxQzP^PxQx in the above figure, where 
OM^^a and ON’^b. 
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Clearly, 

area QiQ2P2^^xQi“area P3_MNP^—at:qb> Qt^MNQ^ 

“ 1 /xfr) dx-\ fzix) dx 

Ja J a 

“ \ {/xW -f2(^)1 dx 

Ja 

= 1 iyi-y2)dx 

Ja 

where and denote the ordinates of the two curves 
P1P2 and QxQ2 corresponding to the same abscissa x. 


Illustrative Examples. 

Ex. 1. Find the area above the x-axis, included between the para¬ 
bola y* = ax and the circle +v^ = ^x. 



The abscissas of tbe comiuon points of the curves y^ — ax and 
x^ + y*=2ax are given by aj*+aa; = 2ax, i.e., x=0 and x=a. 

We are thus to find out ^be area between tbe curves and tbe ordi¬ 
nates and x=a above tbe x-axis («.e., for positive values only of 
tbe ordinates). 
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The required area is therefore 

iUi-Vt) ^ [ where yx“ = 2«a;-a;* and y^^ = ax ] 

~5o ( sjax) dx. 

Now, putting aj = 2a sin®^, 

fa — — 

I* J^x-x'* da;= l^'2a sin 9 cns 9Aa siu 6 cos 9 d9 
= a^\l (1-oos 

Also, V'»[|='>^]q= §“'• 

Hence, 11 le required area is 


TT 

4 


2 2., a/w 2\ 

^ 3^ U‘3)- 


Ex. 2. Find by integration^ the area of the ellipse 

ax^ + 2hxy + hy^ = 1. [ C- P. 1926 ] 



The equation can be put in the form 
6^® + +(a®* -1) =* 0. 
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If l/if Vt bo tho values of y corresponding to any values of a;, 
we have 

Vi - Vz “ I -b{ax'* - 1 ) = Jb- (ab — h^)x^i 

ab — h^ being positive hero, since the conic is an ellipse. 

The extreme values of x, where the ordinates touch the ellipse, are 
given by 


».-», = 0, i.,.. 

The required area can be treated as bounded by two curves, MP^L, 

LP^M respectively, both satisfying the given equation, but one having 
a single value y^ for y corresponding to any value of x, and the other 
also having a single value for the same value of x. 


Hence, the area required 


•r 

] 


^ ab- 




iVi-Vz) dx 


-:S 


•Ji* 


^ ab~h^ 
^ ab-h‘^ 


J i b 

“ ^ ab- 

and putting Jah — li^ x= s/b sin 6, this becomes 

= _.-2 ( 

Jab-h'"J_ 


ijb-{ah-lh^)x^ dx 




Note. The area of tho above ellipse can also be obtained as 
follows : 

Assuming the equation of the ellipse referred to its major and 

f/* 

minor axes as axes of CO ordinates to be a + aa —1> by the theory of 

op “ 


invariants as given in Conic Sections, we know that -^-^.i=db — h^. 


1 JL 


Now (from Ex. 1, Cor.. Art. 9'1) the area of the ellipse is 
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Ex. 3. 

asymptote. 



To trace the curve, wo notice that j/’is imaginary for values of 
a; greater than a or less than —a. At x=a, y=0, and for a to —a, 
for each value of x, y has two equal and opposite values, tending 
to ±oo as JC approaches —a. At a; = a, the a;-axis touches both the 
branches. The figure is therefore as shown above, symmetrical about 
the ic-axis.! 

The [required area between the curve and its asymptote is therefore 

J-a J-a V a+x 

and substituting z ior a+x this reduces to 

= 2\*'^ 2a cos*d sin 0 cos d dd 

JO sin $ 

[ where z=‘2asm^0 ] 
= 16a> jJ*" coa*e dd = 16a* Sra*. 
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9*3. Areas in Polar co-ordinates. 



Let r =f(0) be a curve APB, where f(6) is supposed to he 
a finite, continuous and single-valued function in the mterval 
a <. B <. g. The area hounded by the curve, and the radii 
vectors 0 = a and 0 — fi is given by the definite integral 

Y^^r®d0, i.e., 2 

Let A denote the area POA, bounded by the curve, the 
given radius vector OA, i.e., 6 = a, and the variable radius 
vector OP at vectorial angle B, a < 0 < ^. Then for each 
value of B, A has a definite value and so A is a function of B. 
If Q be the neighbouring point r + Ar, B+AB on the curve, 
we have 

AA = the infinitesimal change in A due to a change Ad in B 
= the elementary area POQ 

and this clearly lies between the circular sectorial areas 
OPN and OQM, where PN and QM are arcs of circles 
with centre 0. 
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Thus, hr^AB < AA < ^(r + Ar)^ AB, 




Now, proceeding to the limit, and remomhering that 
/(b) being continuous, f(B + AB) -> f{B) as AB 0, we get 


dA 

dB 




Thus, id = Hr® + C = F{b) + C say. 


Now, taking P coincident with A and B respectively and 
denoting the required area AOB by Ax, we get 

0 = F{a) + G and Ax^ Fi^) + G, 


whence Ai = 




dB. 


Note 1. The curve APB is here assumeil as concave towards 0. , 
A similar proof with corresponding modifications holds even if the 
ourvo be convex, or partly concave and partly convex or wavy, in fact 
of any form. 


Note 2. As in the case of area in Cartesian co-ordinates, the above 
result can also be deduced directly from the definition of a definite 
integral as a summation. [ Sec Appendix ] 

Cor. The area hounded by the two curves ri=fi(d) and 
and wo given radii vectors d = a and 0 = fi in 


Illugtrative Examples. 

Ex. 1. Fmd.the area bounded by the cardioide r=a (I'-cos $), 

The curve is symmetrical about the initial line, since replacing 
d by -9, r does not alter. Beginning from 0=0 and gradually 
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incroasing 6 to ir, the corresponding values of r are noticed, and the 
curve is easily traced as below. 



Now, the required area is evidently, from the above article, 

2-i Jo Jo d0 = a*.fir=47ra«. 

Note. It should bo noted that the area bounded by the cardioide 
whose equation is r = a (1 + cos 0) is also |7ra’. 

Ex. 2. Find the area of a loop of the curve r = a cos 29. 
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In tracing the curve, we notice that as 6 increases from 0 to ir, 
r diminishes from a to 0, the portion AP^O being thus traced. As 
€ increases from ^tt to ^ir, r is negative'throughout, and the correspond¬ 
ing portion of the curve which is traced is OP-iB'PnO. Then as B 
increases from fir to fr, r remains positive and the portion OP^A^Pj^O 
•of the curve is traced. As B increases from to -Jtt, r is again negative 
and wo get the portion OP^BP-jO of the curve. Finally, when B 
increases from to 27r, r is positive, and the portion OP«i4PiO of 
the curve is described. The curve thus consists of four equal loops as 
shown in the figure. 

It is now clear from the figure that area of one loop 
= 2. area APiO 

= dd = a^^ cos’20 d0 = ^rra’*. 

Cor. Ifcncn, the entire area of the curve i.e., the sum of the areas 
of the 4 loops = . 


Note. All curves of the typo r=a sin n0, or r=sa cos n0 may be 
similarly traced, by dividing each quadrant into n equal parts, and 
increasing 8 successively through each division. If r be found positive, 
the traced portion of the curve will be in the same division; if r bo 
negative, the teaced part will be in the diametrically opposite division. 
Any way, when the curve is completely traced, it will be found to 
consist of n equal loops if n be odd, and 2n equal loops if n be even. 


Ex. 3. (i) Find the area of the loop of the foUitiii.pf Descartes 
x^ + y^-Saxy. 

(a) Find also the area included between the folium and its 
asymptote and show that it is equal to the area of the loop. 

(i) Transforming to corresponding polar co-ordinates by putting 
x—r QOS 6, y=r e\ri B, the polar equation to the curve becomes 


_8fljDOS 6 sin B 
cos®0-f-sin*0 


( 1 ) 


As 6 increases from 0 to ivt r at first increases from 0 to 

n/2 
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reaching the maximum at 0 = iir, and then diminishes to 0 again, thus 
forming a loop in the hrst quadrant. 


E 



The req aired area of the loop is 


=15 

iff 

0 ^ 

2 7a sin“0 cos®^ 

^ 2 Jo (sin*0 + cos“0)® 


If oo 

dt r . . 

2 

)o 

(i 4- ^ putting ^ = tan 0 ] 

9a 

Lt 

r i... 

2 

e-^oo Jo (l + rj'-* 2 e-»oo L l + e“ 


[ 

• 



(ii) The equation of the asymptote of the folium is 
x + y+a=0. ••• (2) 

Its polar equation is 


r = 


■a 


sin 0 + cos d 


(3) 


Now, r-» if (sin 6 +cos d)->0 i.e., if tan 1 
i.e., if 0 ffl-. 

the direction of the asymptote is 0-* 
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Tlio asymptote iutorsects the two axes at A and B, where 
OA=a and OB=a, i.e., OA=OB. 

Hence, the area of AOu4B==ia®. ••• (4) 

Area between the folium and its asymptote = triangular area 
OAB-h the limiting value of twice the area between the curve and 
the asymptote in the second quadrant (from symmetry) 

= +limiting value of twice the curvilinear area OKPQAO 

= Ja^ + 2<7 (say). (5) 

•Draw a radius vector OPQ making an angle 6 with the a’-axis, 
.such that |ir < 0 <7r. Suppose it cuts the curve and the asymptote at 
P and Q respectively. 

Let UR denote the (iurvilincar area OKPQAO by S, 
the triangular area OQAO by S,, 
and the curvilinear area OKPO by S-j. 

.'. S — Si~Sz’ 

.-. C=--Lt S = Lt (S,-(So). 

Now, applying the formula for area in polar co-ordinates i.c., dd 
ind using equations (1) and (3), wo get 

1 fC a'** _ f Oa'^ “0 cos’0 , "j 

~"2l 3^ (sin 0 + cos 0)^* ]o (sin“0 + cos“0)“ J 

= (fi-Jz) say. 

XT . t — soo’0d0 

' j (sin 0 + cos 0) “ J (1 + tan 0) ’ 

[ on multiplying numerator and denominator by soc’0 ] 

' ^ ^4 [ putting ^ = 1 + tan 0 ] 

1 ^_ 1 _ 

t 1+tan 0 


Ix 


- 1 . 

Ll + tan 0 J 0 1 + tan 0 
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. f 8m*0 cos®0 dd seo’fl 

)(si5:">4^s‘‘>r=)(i+w«)* 


(on multiplying numerator and denominator by seo®0> 


di 


s=\g^a* putting l4-tan“0 = i 


11^1 1 
3’i " :-i’(l + tan-'0)' 


• ^ r= 

■* - 3 Li + tan’^Jtf 


i+tan^e 


3. 


c-i .r 2 +-^-_ 1 

O - ^ 1 + tan e l + tan-'pj 


= •>’[2+ 


tan'''fl —ta-n ^ — 2 
14-tan "6 


] 


^ 1 . 4 -_^ - 2 ) 1 

2^ L (i-l-tan 0)(1 —tan 0 + tan’'O)J 

^1 ,r tanfl-2 1 

2® L l“tan d +tank'dJ 


Now, (r = X(f S = ^a‘‘*. 

Q_^nir 

A 


. ■. required area = Ja’* + 2<r = *a^ 

= area of the loop. 


Ex. 4. 


Find the area bciiceen 


the 


cisso ^ _ 


a sin^ 6 
cos 0 


and its? 


asymptote. 


The curve may be traced either from its polar equation, or by 
converting it to Cartesian form, and the figure will be as shown 
below. The asymptote is easily found to be the line x = a, or in polar 
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co-ordinates r cos 0 = Now, let OPQ be any radius vector at an angle 
0 to the a;-axis, intersecting tbe curve and its asymptote at P and Q 
respectively. 



Q 


A 


Area OAQPO= ^ \ dO 

* 2 j 0 

^ 1 f <? / 

2 J 0 Vcos''^ ^ COS-0/ 

Sin 20 

2 1 2 ^ 4 


dd 


[ where i\ = OQ 
r, = OP] 


Now, tho required area between the curve and the asymptote is 
clearly (there being symmetry about the x-axis, and since the direction 
of the asymptote is given by 0 = Jir), 


Lt 

6’*in 
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Ex, 6. Find the area common to the Cardioide r=a(l+cos 8) and 
the circle r=§a, and also the area of the remainder of the Cardioide, 



At tlie oommon point P of the two curves, wo have 
f = l + cos0. CO3 0 —or, 0 = j7r. 

The rcMid. area is easily seen to be 
2 {arejt OCP+area PQO) 

“^{15 o" ^ Si, ‘*^1 

= .fa’*.i7r+n’* Jt) + 2 (sin tt— sin J7r) + ^(sin Stt— sin f,?r)}- 

/ 7 9 J3\ ^ 

8 

Again, the area of the remainder of the Cardioide, i.e., APCR 
= 2. area .4PC = 2- -r^*) dd 

{a* (1 + cos B) “ — dB 


“S 

= a*‘“ (2 cos 0 +J cos 20 — 3) d& 


v/3^ In/3 3 1 


2 4 2 


3 11 

"■4*3’"} 


r9N/3 

-a ^ -g -- 




Note. The whole area of the Cardioide is evidently the sum of 
these two, Le., =iira^. [ See Ex. 1 above. ] 
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9*4. The Sign of an area. 

fb 

In the expression | y dx for an area, we tacitly assume 

J a 

that the ordinate y is positive throughout the range (a, 6), 
and that x increases from a to b, i.e., h > a. In this case 
the area calculated by the above formula will be positive. 
If however ?/ be negative, or M h <. a while y is positive, 
«.c., in moving along the curve from x^a to x = h, we are 
moving parallel to the negative direction of the .7'-axis, the 
calculated area will be negative. 



Fig. (i) 

If therefore we proceed to calculate the total area 
where, in the range (a, h), y is positive for some portion and 

negative for the rest, as in the above figure (i), by using the 
fb 

formula j y dx, the calculated result will give us the 

difference of the magnitudes of the two areas AGP and 
CQB, which may be positive or negative or even zero if the 
magnitudes of the two areas are equal. 

Hence, if our object be to get the sum-total of the 
magnitudes of the two areas, we should calculate the part 


15 
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fo Cb 

separately by formulie of the type J y dx^ J y dx, the 

results being found to be associated with their proper signs. 
We shall now discard the signs and consider the sum of the 
magnitudes. 



In each individual case therefore we should first of all 

have a clear idea of the figure and the area to be calculated, 

and then we should proceed. For instance, notice that in 

fig. (ii) area PAGE is + , area CBSD - , and area SDBQ + , 

and that for the range DC of the a-axis, y is three-valued 

and in calculating the area PAGE we are to use one value 

fo 

of y for the portion in the formula \ y dx, for calculating 

J a 

the area GBSD we are to use a second value of y in the 

formula J y dx, the upper limit d being less than c for this 

part, and lastly for the area SDBQ we are to use the third 

f6 

value of y for this part in the formula I y dx. If we take 

J d 

the algebraic sum of the three areas, with their proper 
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signs, we gefc the area bounded by the curve, the aj-axis and 
the ordinates AP and BQ. 


Similarly, in the formula - 


2 



(Id in polar co-ordinateS 


if /? < a, i.e., if d diminishes in moving along the curve from 
d — a to d = the calculated area will be negative. Then 



area OPE is +, area OES is —, area OSQ +, the area 
bounded by PESQ and the radii vectors OP, OQ, being 
their algebraic sum. Also for the range SOE, for each 
value of 0, r has three values, and we must use the right 
value in each case for that part when moving along PE or 
along ES or along SQ in the expression r^dd. 


9*5. Area of closed curves. 



Pig. (i) 


FIG. (ii) 


Pig. (iii) 
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In a closed curve given by Cartesian equation, clearly for 

each value of x there will be two values of say yx and 

(See Fig, 1 ). The extreme values of i/, say a and 6, are 

Cb 

obtained by imtting Vx^^Vs' Now, J (yx-ya)clx will give 

the positive value of the required area provided b "> a and 
y^ > i/a- This amounts as it were, to the determination 
of the area between two curves having the same equation 
as the given one, but y being single-valued in each, the 
proper value being chosen for each part. The method has 
been illustrated in Ex. 2, Art. 9*2. 


In i^olar curves, if the origin be within the curve, 
1 

( See Fig. y J gives the desired area. 


If the origin be outside, corresponding to each value of 0 
there are two values of r, say rj. and ra ( See Fig. 3). The 
extreme values of 6, namely a and fi, are obtained by putting 
Tx — r.^. Now, if ri > ra and (i > a, the i)ositivc value of 


the area will be given by the expression 

A 

In fact the area OAPB is given by 



® -rg*) do. 

ri® dd and 


is positive, while 



dB gives the area OBQA, with 


negative sign, the algebraic sum of the two giving the 
desired area. 


In the case of closed curves there is another method of 
calculating the area. Let x, y be the cartesian co-ordinates 
of a point on the curve whose polar co-ordinates are r, B. 


Then »=* r cos 0, y-r sin B. 
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If now i be a single variable parameter in terms of 
which X, y and therefore r, 0 of any point on the curve can 
be expressed, we have, 


dx 

dt 

(h/ 

di 


dr 

dt 

dr 

dt 


cos B-r sin B 
sin 0 + r cos B 


dB 

dt 

dB 

dt 


• • 


dy dx 2 dB 
^ dt ^ dt ’■ dt 


Hence, the area which is expressed hy the integral i fr^ dB, 
can as well he expressed hy the line integral 


1 

2 




dt 


along the curve, the limits of t for the closed curve being 
such that the point (x, y) returns to its initial position. 
The rule of signs for the area is that the above expression 
is positive when the area lies to the left of a point describ¬ 
ing the curve in the direction in which t increases. 


9*6. Approximate evaluation of a definite integral: 
Simpson’s rule. 

In many cases, a definite integral cannot be obtained 
either because the quantity to be integrated cannot be ex¬ 
pressed as a mathematical function, or because the indefinite 
integral of the function itself cannot be determined directly. 
In such cases formula of approximation are used. One 
such important formula is Simpson’s rule. By this rule 
the definite integral of any functiom (or the area bounded by 
a curve, the a;-axis and two extreme ordinates) is expressed 
in terms of the individual values of any number of ordinates 
within the interval, by assuming that the function within 
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each of fche small ranges into which the whole interval 
may be divided can be represented to a sufficient degree of 
approximation by a parabolic function. 


Simpson's Rule : An approximate value of the definite 
integral 


y dx where y “/(a?) 

“xh +y2n+i)+2(ya+y5+ 

+4(y2+y4 + - •+y2ii)] 


where= and Vz, Vsr-- 
x=^a, a + h, a + 2h, . 


are the values of y when 


In words, the above rule can be written as 

[sum of the extreme ordinates + 2.sum of the 
remaining odd ordinates +4.sum of the even ordinates]. 

Let PQ be the curve y—f{x) and PL, QM be the 
ordinates x^a, x^b. Divide the interval LM into 
2w equal intervals each of length h by the points N^... 



so that ^ and let P 2 N 2 , PsNq... be the ordinates 

An 

at Nit . Then PL^Vxy PiNi^yat PiNi^yi*^* 
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Through PP 2 P 3 draw a parabola having its axis parallel 
to y-axis, and let its equation referred to parallel axes 
through N 2 (a + h, 0 ) be 

y = a + bx + cx^. ••• (l) 


Then the area bounded by the parabolic arc PPaPa, 
the ordinates of P, P 3 and the a;-axis (such to be called 
hereafter shortly as area under the parabola) 


i 




(a + biv + caj®) (h — 2 h (a + ich^). 



Pi-h, Vx), Pa ( 0 , 7 /a), P3 ih, 7/3) are points on the 
parabola (l), 


from 


Vi-a-bh + ch^, 7/3 = a, y^-a + hh + ch^ 

, . , j. 7 /i - 27/2 +?!/8 

which we get a-y^t c— ^,2 


.■. from ( 21 , area under the parabola = ( 2 / 1 + 47/2 + ya)- 

Now, area of the 1st strip (ordinates y±, 2 /a, 2 /a) under 
the curve y=f(x) is approximately * area under the 
parabola 

= H ( 2 / 1 + 47 / 2 + 7 / 3 ). 

Similarly, area of the 2nd strip (ordinates 2 / 3 , y*, y^) 
under the curve is approximately =‘ih{y 3 +47/4 + 2 / 6 ); 

area of the 3rd strip (ordinates y^, ye, 2 / 7 ) under the 
curve is approximately = (y^ + 42/6 + 2 / 7 ); 

and area of the wth strip under the curve is approximately 
= lh{y 2 »-l + 42 / 2 « + 2 /a«+i). 

f b 

summing all these, area under the curve i.e., | y dx 

J a 

is approximately 

= [(7/i+2/2n+i) + 2(t/8 + 2/6 +••• +y2n-i) 

+ 4 ( 2/2 +2/4 + *'* +2/2»)]- 
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Note. It should b3 noted that the closer the ordinates, the more 
approximate is the value. 


Simpson’s rule is sometimes called ‘ParahoUcrule'. 

Ex. Given c® = l, e^=2-72, e’*=7*39, e’ = 20*09, e*=54'60; verify 


f 4 

Simpson's rule by finding an approximate value of \ ^ luking 


4 equal intervals, and compare it ivith its exact value. 
Here, a = 0, 6 = 4, n=2, 7i=l, y~f{x) = e‘. 

. ■. by Simpsou’s rule wo got the approximate value 
[(?/l + 1t/s) + 2l/3+4(V9 + t/4)] 

[(^® + e‘*) + 2c‘^ + 4{<?^ + e®)J 
= i/i [1 + 64*60 + 2 X 7*39 + 4(2*72 + 20*09)] 
= 53*87. 


Exact value = = e* — 1 = 54*60 — 1 = 53*60. 

.*. «r»07 =53'87 — 53*60= *27 approx. 


EXAMPLES IX 

1. Find the area of a hyperbola xy — c^ hounded by 
the a;*axis, and the ordinates x=^a, x = b. 

2. Find the area of the segment of the parabola 
y^{x- l)(4 - x) cut off by the rc-axis. 

3. Find the area bounded by the £C-axis and one are 
of the sine curve y = sin x. 

4. In the logarithmic curve y = ae®, show that the area 
between the jc-axis and any two ordinates is proportional 
to the difference between the ordinates. 

5. Find by integration the area of the triangle bounded 
by the line V^Zx, the oj-axis and the ordinates £C*=2. Verify 
your result by finding the area as half the product of the 
base and the altitude. 
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6. Show that the area bounded by tlie parabola 
JxA- ^/a, and the co-ordinate axes, is 

7. Show that the area bounded by the semi-cubical 
parabola —ax^, and a double ordinate, is f of the area of 
the rectangle formed by this ordinate and the abscissa. 


8. Show that the area of 


4 4 

(i) the astroid x^ + y^ = a^ is ; 

(ii) the hypo-cycloid ‘*‘(^1 =lifi^nah; 

(iii) the evolute {ax)^ + {hy)^ = (a® - is ■ 


9. Find the area enclosed by the curves ; (a > 0) 

(i) x{l +1^) — 1 — y{l + t^) = 2i. 

(ii) £C = 3 cos t] ?/ = 2 sin t. 

(iii) x = a cos i (1 - cos t)] y = a sin t {l- cos 0- 

(iv) a? = a (2 cos t + cos 2t)\ y = a (sin t + sin 2t). 


10. Find the area of the segment cut off from y^ = 4jr 
by the line y = 2x. 

11. Find the area bounded by the curve ?/” == a;® and the 
line y = x. 

\ 

12. Find the area of the portion of the circle +y^ — i, 
which lies inside the parabola = 1 - x. 


13. (i) Show that the area bounded by the parabolas 
y® and aj® ^Aay, is [ C, P. 1928 ] 

(ii) Find the area bounded by the curves 
y® “ 4® - 4 *= 0, and ?/® + 4® - 4 = 0, 
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14. Prove that the curves — Ax and = Ay divide the 
square bounded Iw x — 0, ic = 4, ?/ = 0, 7 / = 4 into three equal 
areas. 


15. The curves y — Ax^ and y^ = 2x meet at the origin 0 
and at the point P, forming a loop. Show that the straight 
line OP divides the loop into two parts of equal area. 


16. (i) Find the area included between the ellipses 
x^ + 2y^ and 2x^ + y^ =< 2 ®. 


(ii) Show that the area common to the two ellipses 

2 2 2 .2 

^2 + 72 === li and f 2 +’^ = l,(a> 6 ) 
a 0 b a 


is 


2ah tan 



2 ' 


17. Find the area of the following curves : ( a > 0 ) 

(i) — a“x'^ -x^. [ P. P. 1935 ] 

(ii) {y-xY 

[ See Ex. 2, Art. 9'2 ] 

(hi) (aj®+7/®)®=a®(aJ®-?/®). 

(iv) (a;®+j/®)® “a®£c® 

[ Transform (Hi) and (iv) to Polar ] 

(v) x = a cos B+b sin 0, y == a' cos B + b' sin B. 

(vi) a? = a sin 2^, y — a sin t. 

18. Find the area of the loop of each of the following 
cu-s^ves : {a> 0) 

(i) 2 /® =ir(aj-1)®. 

(ii) ay^ =x^{a-x). 

(hi) y^=x^{xAra). 


[ 0. P. 1935 ] 
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(iv) ® = { -1 < t < l) 

(v) = ( - I < i < 1 ). 

19. Find the area of the loop or one of the two loops 

(where such exist) of the following curves : ( a > 0 ) 

(i) aix^ + ?/®) = - ?/®), 

(ii) i/{a^-\rx^) = x\i^-x^), 

(iii) y^{a -x) = x\a + x). 

(iv) y^=x^{A-x^). 

(v) a*^=?/^(2-?y). 

20. Find the whole area included between each of the 
following curves and its asymptote : (a > 0) 

(i) x^v^-a^(y^-x^). 

(ii) y^{a- x) = x^. 

(iii) y^(a- x) = x^(a + x). 

(iv) x^y^ + =a^y^. 

(v) xy^ = 4a“(2a - x). 

21. Find the area of the following curves : { a > O) 

(i) r = a sin 6. 

(ii) r“ = a“ sin 26 ; cos 26. 

(iii) r“(a“ sin“6 + 6“ cos“0) = a“^>“. 

(iv) r ~ a sin 30. 

(v) r — a (sin 20 + cos 20). 

(vi) cos“0 + 6“ sin“0. 

(vii) r •= 3 + 2 cos 0. 
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22. Show that 

(i) the area included between the hyperbolic spiral 
r0*=a and any two radii vectores, is proportional to the 
difference between the lengths of those radii vectores. 

(ii) the area included between the logarithmic spiral 
and any two radii vectores, is proportional to the 

difference between the squares of those radii vectores. 

23. Find the area of a loop of the curves : { a > O) 

(i) +y^ — 2a^xi/. [ C. P. 1932 ], 

f Transform to Polar ] 

(ii) cos 26. [ C. P. 1932, '38 ]' 

(hi) r® =a® cos 46. [ C. P. 1924 } 

24. Find the area of the ellipse 

+ 4?/"* - 18ir -162/-11 = 0. 

25. If for the curve x{x^ +y^) = a{x^ ( a > 0 ) A be 
the area between the curve and its asymptote and L be the 
area of its loop, show that A+L^4a^. 

26. Show that for the curve 

y^(a + x) = x^(3a - x), ( a > 0 ) 

the area of its loop and the area between the curve and its 
asymptote are both equal to (3 J3)a^. 

27. Show that the area included between one of the 

branches of the curve x^y^ =a^(flj® + 2/^) ( a > 0 ) and its 
asymptote is equal to the total area of the curve (a;*^ + 2/^)‘* 
= - 2 /®), ( a > 0 ). 

■ 28. If p =f(r) be the equation of a curve, show that its. 
taken between the proper limits. 
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29. If 2?=/W be the equation of a curve, show that its 


taken between the proper limits. 

30. (i) Show tliat tlie sectorial area of the equi-anpjular 
spiral = r sin a included between the two radii vectores 
rt and is “ tan a. 

(ii) Show that the area of the lemniscate 

• c 

iS a . 

[ For half a loop r rnric<i from 0 to 



area 




31. Find an approximate value of 


ro -2 1 

J ^ (l - 2®®)’’ dx, taking 2 equal intervals. 


Given /(O’J) = 0'99334. /(0-2) = 0‘9725 where 
/(®) = (1-2®T. 


32, Find the approximate value of 


-dx 

- - I 

1 a" 

the error. 


taking 10 equal intervals, and calculate 


Given /(l‘l) = '90909 
/(1'2) = '83333 
/(1'3) - '76923 
/(1'4) ='71429 
/(1'6) = '66667 

where /W = 1 ■ 


/(1'6) = '62500 
/(1'7) = '68824 
/(1'8)=-'55566 
/(r9) ='52632 
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33. Evaluate 

^/(2 + sin x) dx^ using 4 equal intervals, 

given when O', 22*’ 30', 45° O', 67° 30', 90° O', 

V(2 + sin sc) = 1*414, 1*544, 1*645, 1*710, 1*732. 

34. Obtain an approximate value of 

dx 

-T-r—^ taking 4 equal intervals, and hence 
L "t* sc 

obtain an approximate value of n correct to four places of 
decimals. 

35. A river is 80 ft. wide. The depth d in feet at a 
distance x ft. from one bank is given by the following table. 

x = 0 10 20 30 40 50 60 70 80 

d = 0 4 7 9 12 15 14 8 3 

Find approximately the area of the cross-section. 

36. Use Simpson’s rule, taking five ordinates, to find 
approximately to two places of decimals the value of 

2 

^ J{x - 1/x) dx. 
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1. cMog^- 
® a 

2. 4^. 3. 

2. 

9. (i) T. 

(ii) Ctt. 

(iii) |?ra“. 

« 

(iv) &7ra^. 10. 

fl 

S’ 

11. 3‘2. 

12. Jir + 4 

18. (ii) -V-. 

16. (i) 2 ^/2rt* sin-" 

1 

17. (i) 

(ii) 7rn“. 

(iii) a®. 

(iv) ^ir(fl® + 6*). 

(v) 

v{ab'—ab). 

(vi) §a®. 


18. (i) A- («) -tV*'. (Hi) (iv) a-i'. (t) Ah’. 
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19. (i) 2a’'(l-iT). (ii) a®(|7r-l). 3.(ui) 2a®(l-j7r). (iv) -V-- (v) 2xV' 

20. (i) 4o’, (ii) lira’. (iii) 2a’(l+Jir). (iv) 2ira&. (v) 47ra®. 

21. (i) lira’. (ii) a’; a’. (iii) irab. (iv) |ira’. 

(v) ira*. (vi) ^rr{a^ + h'^). (vii) llir. 

23. (i) lira’. (ii) Ja’. (iii) la-. 24. Gir. 31. 0-1982. 

,32. -09315 ; error*-00001. 33. 2-540. 34. 3-1410. 

35. 710 sq.ft. 36. 0*84. 



OHAPTER X 


LENGTHS OF PLANE CURVES 
[ Rectification ]* 


10*1. Lengths determined from Cartesian Equations. 

We know from Differential Calculus that if s be the 
length of the arc of a curve measured from a fixed point A 
on it to any point P, whose Cartesian co-ordinates are (a, b) 
and (j, y) respectively, then 

^ = sec V =■ n'I + tan^V = yy/l + ’ 

y denoting the angle made by the tangent at P to the ar-axis. 


Thus, we can write 




1 + 


idyV 

\dxf 


dx + C, 


dy . 


where is expressed in terms of x from the equation to 
the curve, and C is. the integration constant. If the indefi¬ 


nite integral 




dx bo denoted by Fix), then 


since s*0 when P coincides with A, i.e,, when x^a, 
we get 

0 *= F{a) + C, whence C = - P(a). 


Thus, 

s = P(ar)-PW=»^^ dx. 

*The process of finding the length of an arc of a curve, ‘of 
finding a straight lino whose length is the same as that of a specified 
arc*, is called Bectificaiim. For the definition of the length of an arc 
of a curve, see Authors’ BiSereutial Oalculns, Appendix. 
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Hence, between two points having Xx and a :2 as abscissaj, 
the length of the curve is given by 

“ "I'-V* * (srr.V'+(S) 

;y 


c 


1 + 



dxj 


dx. 


(1) 


If it be convenient to get and accordingly in 

terms of y, instead of x, from the equation to the curve, we 
can use the result 


■'•.-VHSF 


dy 


whence the length AP is given by 

I. 




dx . 


where , is expressed in terms of y. 

(iy 

Also the length of the curve between the two points 

( 

whose ordinates are Vx and y^ respectively will be 




( 2 ) 


If both X and y are expressed in terms of a common 
variable parameter tt and so s is also a function of t, we can 
write 


ds 

dt 


ds dx 
dx dt 


Vi+( 


dyVdx 
dx) dt 

'■ [ 


dy ^ 1 

dt dx dt J 


16 
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Thus as before, the length of the curve between two 
points on it for which t — and t ’=^2 respectively will be 
given by 

All the above cases can be included in a single result in 
the differential form 

ds" ^/dx“ + dy®, •*• (4) 

where the right-hand side is expressed in the differential 
form in terms of a single variable, from the given equation 
to the curve. This, when integrated between proper limits, 
gives the desired length of the curve. 

Note. In the above formulro (1), (2) and (3), it is assumed that 

dv, dx^ are all continuous in the range of integration. 

dx dy dt dt 


Illustrative Examples. 

Ex. 1. Find the length of the arc of the parabola j/’* = 4aa: measured 
from the vertex to one extremity of the latus rectum. 


„ „ dy . dy 2a 


2 ^ _ / a ^ 

~^iax \/ X 


The abscisses of the vertex and one extremity of the latus rectum 
are 0 and a respectively. Hence, the required length 

^(<1 x+a 

■"Jo + 


^ijx{x+a)+a log ( hjx+ sl{x+a) 


a 

0 


a-{s/2+log (1+ s/2)}. 
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Ex. 2. Determine Die length of an arc of the cycloid x = a{9+sin B), 
y = a{l — cos 9), measured from the vertex (i.e., the origin). 

Here, 

ds_ 

d9 VW/‘^W/ 

= a/v/(l+cos fl)’‘* + 3in®fl = 2a cos \9. 

Also at the origin, 9 = Q. Hence, the required length, from 0 = 0 to 
any point 0, is 

f 9 

s = \ 2a cos ^0 d9 = 4:a sin 50. 

Cor. 1. Since at the extremity of the cycloid (i.e., at the ousp) 
y=2a, we have 0=?r there. Thus, the length of a complete cycloid 
being double the length from the vertex to the extremity, is. 
2.4a sin = 

Cor. 2. s* = 16a® sin*5<^ *= 8a.a(l ~ cos 0) = Say. 

Ex. 3. Find the tohole length of the looii of the curve 

3ai/® = a:(a:—a)®. 



We notice here that, for negative values of a, y is imaginary, and 
so there is no part of the curve on the negative side of the aj-axis. 
Again, at the points where *=0 and a;=a, we have s/=0. Between 
these two points, for every value of x there are two equal and opposite 
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values of y, a loop being thereby formed. For each value of x greater 
than a, y has two equal and opposite values, and with x increasing, 
y continually increases in magnitude. The curve is thus traced as in 
the adjoining figure. The extremities of the loop are given by a;=0 
and x = a. 

Now from the equation to the curve, 

Say (.r — a) ’ + 2x{x—d) = {x — a)i5x - a) ; 


ds 

dx 


V 


{x—ay{3x — a)‘ 


36a* ty'* 


“a/ 1 + 


(3x—a)* ._ 3x + a 


12tt.r 2 ijdax 

the half length of the loop is 

[a. 3£c+a T _ 1 fn 2 5 

J 0 2 * 2 ^/3o r■ 3 + „ 

1 To n _ - 2 a 

“ V;/3aL ‘‘J -ja 


The whole length of the loop therefore, from the symmetry of the 
curve hj3a. 


10'2. Lengths determined from polar equations. 

From the formulae 


tan <f)-r 


dd 

dr 


, dr , , dd 

cos <p = 7 ’ sm 0 = r 7 

ds dr, 


in Differential Calculus, where s represents the length of 
the arc of a curve from any fixed point A of it to a variable 
point P whose polar co-ordinates are r, 6 and <i) denotes 
the angle between the radius vector to the point and the 
tangent at the point, we can write 

i I* - eosec ^/iTcot^+ ^(1)’. 


V +U) 


whence 


de 


- (i) 
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Again, 

ds 




+ - (ii) 


From (i) and (ii), the length of an arc of the ciirve can 
be expressed in either of the forms 


S' 


r, s 


i'! vi+'-isr 


where ri, 6i and ^3, d.^ are the polar co-ordinates of the 
extremities of the required arc. In the first form, r as also 
dr 


de 


are expressed in terms of d from the given polar equa- 

dQ 

tion to the curve. In tlie second form, is expressed in 
terms of r. 

Both (i) and (ii) can be combined in a single differential 
form, 

ds* \/dr*+r* 


Note. It is assumed in the alwvo formnlai that are conti- 

do dr 

nuous in the range of integration. 

Ex. Find the perimeter of the Cardioide r=a{X~‘eos 0), and show 
that the arc of the upper half of the curve is bisected by d = hr. 


Here, since r=a (1 — cos 6), 


dr 

dd 


= a sin 0. 
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Hence, the length of any arc of the curve measured from the origin 
where 0 = 0, to any point, is given by 

= ^0 \/<i’(l"-cos 0)’ + a“ sin’'0 dO 
= 2a sin ^ d6 = ^a |^-cos-| j^“=4n ^1-cos ^ ^ 


Thus, the length of the upper half of the curve, which clearly extends 
from 0 = 0 to 0 = 9r, is 4a (1-cog J7r) = 4a. 

[ See Fig., Ex, 1, Art. 9'3 ] 

The whole perimeter is clearly double of this, and thus = 8a. 

Again, the length of the curve from 0 = 0 to O — ^tt is 4a (1 —cos 
= 2a, and so the line 0 = STr bisects the arc of the upper half of the 
curve. 


10*3. Lengths determined from pedal equations. 

dr 

From the formulas *= cos </* and p = r sin </> in Differen¬ 
tial Calculus, we can write 

dx ^ 1 ^ 1 ^ 1 _ ;• ^ 

dr cos (f) A/l-sin^^ p® Jr^ — p‘^ 

whence the length of an arc of the curve extending from 
r^ritor^ra will be given by 



where p is to be replaced in terms of r from the given 
pedal equation to the curve. 

Ex. Find the length of the arc of the parabola jp’ = ar from r = a 
to r=2a. 
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The required length is given by 

_f 2tt r dr r dr 

Ja — p* Jo jjr^^ar 

= ar+a log ( tjr,+ 

-a \/§+a log CN/2 + l) = a [ N,/3+log (1+ 


10*4. Length of an Arc of an Evolute. 

We know from Differential Calculus that the difference 
between the radii of curvature at two points of a given curve 
is equal to the length of the corresponding arc of its evolute. 



Thus, if />! and Pz be the radii of curvature at P and Q 
of a given curve PQ, p and q being the corresponding points 
on the evolute, the length of the arc pq of the evolute 
~P±“~ Pa¬ 
in fact p, q are the centres of curvature and so Pp and 
Qq are the radii of curvature at P and Q of the curve PQ, 
and if the evolute be regarded as a rigid curve, and a string 
be unwound from it, being kept tight, then the points of the 
unwinding string describe a system of parallel curves, one 
of which is the given curve PQ, of which pq is the evolute. 
PQ is called the involute of pq. 
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Ex. Calculate the entire length of the evolute of the ellij}se 

= IC.P.1918^ 

b‘ 



b 


a^ by a, h' being the centres o£ curvature of the ellipse at A, fi, 
A', B respectively, the evolute, as shown in the figure, consists of 
four similar portions, the portion aph corresponding to tlie part APB 
of the given ellipse. 

Now, from Differential Calculus, it is known that at any point on 
the ellipse, the radius of curvature 


ft®!)’* 

I 



where p is the perpendicular from the centre on the tangent at the 
point. 

Thus, the length of the arc apb of the evolute 

a’6“ a^b^ a® b^ 

Hence, the entire length of th . evolute of the ellipse 
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10*5. Intrinsic Equation to a Curve. 

If s denotes the length of an arc of a plane curve 
measured from some fixed point A on it, up to an arbitrary 
point P, and if y) be the inclination of the tangent to the 
curve at P to any fixed line on the plane (c.g., the a;-axis), 

the relation between ,s and v» is called the Intrinsic Equation 
of the curve. 

It should be noted that the intrinsic equation of a curve 

determines only the form of the curve, and not its position 
on the plane. 


(A) Intrinsic Equation derived from Cartesian Equation. 



Let the Cartesian equation to the curve be y=f{x). 
Then V denoting the angle between the tangent at any 
point P and the aj-axis, 

tan V =£=/'(*), ... ... (i) 

Also, s = arc AP 1 + dx 

” J ^ dm = F{.x), say • • • (ij) 

‘a’ denoting the abscissa A, and ‘a;’ that of P. 
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Now, the aj-eliminant between (i) and (ii), (which will be 
a relation between s and y) will be the required intrinsic 
equation of the curve. 


If the equation to the curve be given in the para7netric 
form 

we can write 


, dy dy Idx <^'(«) 

^ dx dt I dt f'{t) 


Also, 




-f: 


yi/w 


=‘F(t) say, 


0 ) 


(ii) 


where i t is the value of the parameter t at A. 


The i-eliminant between (i) and (ii) will be the required 
intrinsic equation to the curve. 


(B) Intrinsic Equation derived from Pol,^ Equation. 



Let r —fi&) be the ,..olar equation to a curve. 

Let 4> denote the angle between the tangent and the 
radius vector at any point P (r, O), y> the angle made by the 
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tangenfc with the initial line, and s the length of the arc AP 
where A {a, a) is a fixed point on the curve. 


Then, tan <f> = r 


dr f(B) 


(i) 


and 


+{/'{9)}“ rf9 = 7'’(6) say. (iii) 


Now, eliminating and Q between (i), (ii) and (iii), we 
get a relation between s and y, which is the required 
intrinsic equation of the curve. 


(C) Intrinsic Equation derived from Pedal Equation. 
Let p ^f{r) be the pedal equation to the curve. 


Then, as in Art. 10'3, 

r dr _[»■ r dr . /.>, 

Also, from Differential Calculus, p denoting radius of 

, d!i dr r /..s 

curvature, , == p = r , - * >-»/v ••• (ii) 

dyf dp f {r) 


Eliminating r between (i) and (ii), we get a relation of 
the form 


as 

dy> 


= <Ks), or, 


ds 



ds 

4>{s) 


which, when the right side is integrated, will give the 
required intrinsic equation. 
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Illustrative Examples. 

Ex. 1. Obtain Jthe intrinsic equation of the Catenary y = c cosh 
in the form s = c tan 'p. 


Here, tan ^=^’^-sinh * • 


Also measuring s from the vertex, where a: = 0, 


\ * cosh * rfj; = fc sinh ® 1 * = e sinh ® • 

JO c L cjo c 

Hence, from (i), s=c tan ip. 

Ex. 2. Obtain the intrinsic equation of the cycloid 
x=a (0 + .sin 0), y = a (1 —cos O) 

taking the vertex as the fixed point and the tangent at that point as the 
fixed line. [ O. P. 1928, *32 ] 

As shown in Ex. 2, Art. 10" I, the length of the arc of the above 
cycloid measured from the vortex is given by 


s= .sin , 


^ ._, dy dy fdx a sin B 

Also, tan^= flf - ---,= tan 

da: dBf dB n{l+co.s0) 


2 ’ s=ia sin \p 

which is the required intrinsic equation. 
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Ex. 3. Find the intrinsic equation of the Cardioide 
r=a {1-cos 6), 

the arc being measured from the cusp (i.e., where 6=^0). 

[ C. P. 2937, ’49 ] 


Here, ^=0 + 0 

- (1) 

, , , . d0 1 — cos 6 0 

and tan 0, i.e., r j-= -v „ = uin _ • 
dr sin 0 2 


0 = J0. 

... (2) 

Also by the Ex., Art. 10'2, we have. 



... (3) 


Since, from (1) and (2), ^=9 + |fl = |0, i.e,, 
from (?), s=4:'i (1-cos i^), 
the required intrinsic equation. 


Ex. 4. Find the Cartesian equation of the cw^ve for which the 
intrinsic equation is s=a^. 

dx dx ds 


Hero, ■!,= -, • cos ip.a. 

d^ ds d<P 

.'. dx = a cos rp d4'. £c = fl sin ^^4-c. 


( 1 ) 


. . dy dy d% . , 

dy = a sin ^ d\p. y= -a co^i'-hd. ••• (2) 

From (1) and (2), eliminating \p, we got 

{x — cy + {y — d)^ = a^, the required Cartesian equation. 


EXAMPLES X 

1. Find the lengths of the following : 

(i) the perimeter of the circle + y^ —a^ ; 

(ii) the arc of the catenary | 
the vertex to the point (aJi, Vx) ; 
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(iii) the perimeter of the astroid 



[ C. P. 1941, '44 ] 


(iv) the perimeter of the hypocycloid ( ^ f ) 


(v) the perimeter of the evolute 

(vi) the arc of the semi-cubical parabola ay^ ~x^ from 

the cusp to any point (x, y). [ C. P. 1924 ] 


2. If s be the length of an arc of 3ay® =a;(£C —a)® 
measured from the origin to the point (x, y), show that 
3 ?/. 


3. Show that the length of the arc of the parabola 
y'^"4tax which is intercepted between the points of inter¬ 
section of the i)araboIa and the straight line Zy = Sx is 
a(log 2 + i-ff)* 

4. Show that the complete perimeter of the curve 

5. If for a curve 

X sin 0 + 2/ cos 0 *=/' (0), 

and X cos 0-1/ sin 0 - f (0), 

show that s —fifi) +/'' (0) + c, 
where c is a constant. 

6 . Find the length of the arcs of the following 


curves 


(0 ® = l fromfl = Oto9-4„. 

y == cos 0 J 

(iO x-a (cos 0+" sin 0) 1 ^ 

y^a (sin 0- 0 cos 0} J 
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(iii) flr = c sin 26 (l + cos 26) 1 
y = c cos 26 (l - cos 26) J 

from the origin to any point. 


y 


7. Show that the perimeter of the ellipse x-a cos 6, 
h sin 6, is given by 




8 . Compare the perimeters of the two conics 


.2 




.2 


[ G. IL 1925 ] 


9, Find the lengths of the loop of each of the following 
curves; 

(i) 9//" = (a; + 7)(a; + 4)= ; [ P. P. 1931 J 

(ii) x = t^, 

10. Find the lengths of the following : 

(i) a quadrant of the circle r = 2 « sin 6 ; 

(ii) the arc of the parabola y(l + cos 6) = 2 from 0 = 0 

to 0 = ; 

(iii) the arc of the equi-angular spiral r = 
between the radii vectores and 

11. If s be the length of the curve r-a tanh \6 between 

the origin and 0 = 2;*, and A the area between the same 
points, show that J = a (s - an). [ G. P. 1931 ] 

12. Show that the area between the curve 



the flj-axis, and the ordinates at two points on the curve, 
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is equal to a times the length of the arc terminated by 
those points. [ Nagpur, 1936 ] 

2 2 2 

13. Show that in the astroid sc^ + y^-a , 

0 ) 

(ii) p®+4s® = 6 flts, 

s being measured from the point for which x = 0. 

14. Show that 

(i) in the cycloid aj = a(6 + sin 0 ), y — a{l- cos 0 ), 

P® + s® « 16a“, 

the arc being measured from the vertex (where 0 == 0 ); 

[ C. E. 1933 ] 

(ii) in the catenary y — c cosh - * 

0 

= cp = c^ "h s®, 

the arc being measured from the vertex ; [ C. P. 1930 ] 

(iii) in the cardioide r = a (1 + cos 0), + 9p® = 16^®, 

the arc being measured from the vertex { i.e., 6 = 0). 

15. Show that the length of the arc of the hyperbola 
xy = a^ between the points x = h and fl? = c is equal to the 
arc of the curve p® (a* +r^)=‘a'^r^ between the limits r = b 
and y *= c. 

16. Show that the length of the arc of the ovolute 
27ay® ■“ 4(® - 2a)® of the parabola ?/® = 4 aa 7 , from the cusp 
to one of the points v/here the evolute meets the parabola, 
is 2 a (3 v'S “ 1). 
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17. Find the intrinsic equation of each of the following 
curves, the fixed point from which the arc is measured 
being indicated in each case : 

(i) the parabola ^4acc .(vortex), 

i a i 

(ii) the astroid = a® .(one of cusps), 

(hi) the semi'Cubical parabola ay^ =rr® .(cusp), 

(iv) the curve y—a log sec ' . (origin), 

Cb 

(v) the equi-angular spiral ?* = “ ••• (point a, 0), 

(vi) the involute of the circle, viz., 

Q ^ •Jr a _ jjQQ-i ^ ... (point a, 0). 

18. Find the intrinsic equation of each of the following 
curves : 

(i) p = r sin a, 

(ii) 

19. Find the intrinsic equation of the curve for which 

tlie length of the arc measured from the origin varies as the 
square root of the ordinate. Also obtain the Cartesian 
co-ordinates of any point on the curve in terms of any 
parameter. [ C. P. 1931 ] 

20. If s = c tan v is the intrinsic equation of a curve, 

show that the Cartesian equation is 2/ ■= c cosh » given 

c 

that when y “ 0, a? ** 0 and y=^c. [ C. P. 1926 ] 


17 
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ANSWERS 


1. (i) 27a. 

{ S’-! 

(ii)Ja\e“-e “ 

(iii) 6a. 

(iv) 4 

+ab + h^ 
a+ h 





6. (i) ^/2(ci"-l). (ii) ^a0,^ 

(iii) %c sin 30. 

8. 1:2. 

9. (i) 4 s/». 

(ii) 4 >s/3. 

10. (i) 

(ii) (v/2 + log ( «^/2 + l). 

(iii) (ra — Ti) sec 


17. (i) s = rt cosoc vJ' cot log (coseo ^ + cot \p). (ii) s=aa sin'-'vJ'. 

(iii) 27,s>==8rt(soc®-^ —1). (iv) .9 = rt log tan (iV'+i'^)- 

(v) ? —<7. sec 1}. (vi) = 

18. (i) (ii) s = 

19. a=4asin^, jc = n(fl + ain 0), iy = a(l—cos 0). 



CI£APTEE XI 


VOLUMES AND SURFACE-AREAS OF 
SOLIDS OF REVOLUTION 

ll’l. Solids of revolution, the axis of revolution 
being the x-axis. 



Let a curve LM, whose Cartesian equation is given, 
U^fix) say, be rotated about the flj-axis, so as to form a 
solid of revolution, and let us consider the portion LIJM'M 
of this solid bounded by x = Xx and x = respectively. 
We can imagine this solid to be divided into an infinite 
number of infinitely thin circular slices by planes perpendi¬ 
cular to the axis of revolution OX. If PJV and P'W' be 
two adjacent ordinates of the curve, where the co-ordinates 
of P and P' are (aj, y) and {x + Ja;, y + Ay) respectively, the 
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volume of the corresponding slice, which has thickness 

is ultimately equal to ny^ Ax* 

Hence, the total volume of the solid considered (bounded 
by a; = a?i and x — x^) is given by 

\=*Lt 2^7iy^ Ax "• 71 \ y* dx. 

Ac-^O Jxi 

Again, if As he the element of length PP\ s being the 
arc length measured up to P from any fixed point on the 
curve LM, the surface-area of the ring-shaped element 
generated by rotating PP' is ultimately 2ny.As. 

Hence, the required surface-area is given by 

f Sa 

S *= Td s{2nyAs) “ 23t \ y ds. 

As-*0 ./8i 

[ Si, S 2 being the values of s for the points L, M ] 

Cor. 1. Whon the axis of revolution is the y-axis, and wo consider 
the portion of the solid bounded hy y = Vi and y — y .2 respectively, 

V— T X* dy, 

Jyi 

and S=2;r 51” * d.=2T xy' i+{^)’ dy. 

Cop. 2. Even if the curve revolved bo givon by Us polar equeition 
(the axis of revolution being the initial line), and the portion of the 

*Strictly, tho volume of the slice lies between A» and vy^*Ax 
where yi and are the greatest and the least values of y Avithin the 
range PP', and thus equals vy'^Ax, whore y lies between y^ and y^ and 
is thus the ordinate for soiuo point within the range PP' (not neces¬ 
sarily of P). Thus, Lt 2y^ Ax^^y^ dx. [ See Art. 6‘2, Note 2. ] 
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volume considered be bounded by two parallel planes perpendicular 
to the initial line, we may change to corresponding Cartesian co¬ 
ordinates, with the initial line as tlie a;-axis, by writing x=roo9 0, 
y = r sin 9. 

Thus, 

V=ir \ dx-TT \ r® 8in®0.d (r cos 0) 

Jxi Jffi 

8 = 2 * \ y ds = 2ir ^ ^ r sin $. *ydp®+r®d0“, 

J»i j9i 

where r is expressed in .terms of 9 from the given equation of the curve, 
or, if convenient, we may use r as the independent variable, and express 
9 in terms ot r from the equation, the limits being the corresponding 
values of r. 

Note. For an alternative method of pi'oof see Appendix. 

Illustrative Examples. 

Ex. 1. Find tlie volume and area of the curved swface of 
a paraboloid of revolution formed by revolving the parabola y^—^ax 
about the x-axis, and hounded by the .•ieclion £c = a:,. 



Here, y=2jax- 


* * dx \l X 
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Now^the required volume 

r®i 

P ?/’da; = ’r \ 4a® <Za: = 27ra4 i'* = i'jrj;ij/i“ 

( where j/i is the extreme ordinate, so that ^i“ = 4a®i ) 

= = volume of the correspomling cylinder, 

with the extreme circular section as the base and height 
equal to the abscissa). 


Also, the required surface-area 

S = 2t 5*' ;//y/ l + = V4«^l+“ * 


= iv v'< 


'“So* 


0 » S 

+ ®d®= 2 »■ \/a{(a+.r,)^— 


Ex. 2. 2V/e part of the parabola ?/^ = 4a® homided by fhe latus rectum 
revolves ai)out the tangent at the vertex. Find the rditme and the 
area of the curved surface of the reel thus geneiated. 



Here the axis of revolution being the i/-axis, and the extreme values 
of y being evidently ±2a, 
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the required volume 


Also, the required surface-area 

f 4i»r 

= 4ira* \ tan'^O seu“0 dO [ putting y — 2a tan 0 ] 

J -iJT 

= 4'jra“ ^ (soc®/> — soc/'W)) 

J - iff 

= 4ffa.^^.i tan 6 soc®0 —i tan 0 sec 0 —J log tan {^ff+ 

== 4ffa ■ \/2 — i log (. ot iff] = ffrt’ [.‘1 \/2 — log ( \/2 +1)]. 

Ex. 3. Find the volume arid the surface-area of the solid ge-neraied 
hy revolting the cycloid x = a (^4-,S’nj 0), y — a{l + cos 0) about its base. 

The equations show that the cycloid has its huso as the a-axis ; the 
extreme values of x are given by 0= ±ff, i.e., x— ±air. 

The required volume 

F=ff dx = -rra^ \ (l+co3 0)*d0 

J -air J -ff 

= Sffa* ^ cos'"’ ^0 d0 = 8ffa“ • pff=57r‘^a'‘. 

The required surface-area 

S = 27r ^ y ds = 2ir ^ ^Jdx^ + dy^ 

= 2ff ^ ^ a(l-+co8 0). +cos 0) d0)‘^ + ( —a sin 0 d0)^ 

— 2ffa’ ^ (1 + cos (?) ,^2(l + cos 0) 

= 8ffa“ COB* 1,0 d0 = 8ffa* • ^ ffti*. 
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Ex. 4. Find the volume and surface-area of the solid generated by 
revolving the cardioide r=a (1 — cos 0) about the initial line. 

Here, since the curve is symmetrical about the initial line, the 
solid of revolution might as well be considered to be formed by revolv¬ 
ing the upper half of the curve about the initial line. The extreme 
points of the curve are given by 0 = 0 and 0 = Tr. 

The required volume 

7=ir ^ dx^TT j r'* sin^d.d (r cos'0) 

“Trt" ^ (1-cos 0)® sin''*0.d((l-cos 0) cos 0^ 

-va^ (l-cos 0)® sin’0 (-sin 0 + 2 sin 0 cos 0) d0 

[ X increa^ies as 0 diminishes from tt /o 0 ] 

= 7ra* ^ ^ 1 (l-0)“(l-a®)(l-23r) [ putting s = cos 0 ] 

■»§ira*. 

The required surface-area 

S = 2ir j jy rfs = 2Tr j r sin 0 . Jdr^+ r® d0‘* 

= 2ir a(l--cos 0). sin 0 . J{fl, sin 0 dl0)®+rt‘'*(l-cos 0)’* d0* 

= 2jra’ j ^ (1 - cos 0) sin 0 jv^2(1-co 8 0) <70 
f 2 i 

=*2 hjiva^ \ s ds [ putting 3= 1 — cos 0 ] 

= 2 is/2wa®. I (2)^=-^6 ’to’. 

11*2. Solids of revolution, axis of revolution being 
any line in the plane. 

If the given curve LM be revolved about any line AB 
in its plane, and the portion considered of the solid of 
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revolution formed be bounded by the planes perpendicular 
to AB through the points A and B respectively, then PN 
being the perpendicular on AB from any point P on the 
curve, P'N' the contiguous perpendicular, the volume of 
the portion considered is given by 



Cab 

V-^Lt :Sn.PN‘\NN' = n PN\d (AN). 

J 0 

Also, the surface-area of the portion considered is 
given by, 

S = Lt PN (elementary arc PP') = 2n!PN.ds. 

From the given equation of the curve and of tlie line 
ABt PN, as also AN and ds are expressed in terms of a single 
variable, and the corresponding values of the variable for the 
points A and B are taken as the limits of integration. 

Ex, A quadrant of a circle, of radius a, revolves round its cJiord. 
Find the volume and the surface-area of the solid spindle thus generated. 
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P boiag any point on tlio quadrant APB, where Z.AOP= 
clearly AP = 2a sin ^d, and A.PAN=^A.POB=i{^v’- 0). 



.'. PN = 2rt sin ^6 sin {= a ^cos (0 — \ir) — cos ^tt) 
AN'=2a sin iO cos {Itt —= a Isin sin {0 — {tt)}-. 

Elementary are PP = a d6. 

Also for the solid lormcd, limits of 0 are 0 and Jtt ri'spiictivcly. 


Hence, r=7r ^ 7'A^^r/{.LY) 

= 7rrt“ -{cos ((^ — Itt) - cos cos'(fl —Itt) dO 

— va^ ^ ^ [cos” (0 — Itt) — /y/2 cos'^ (0 -* ];7r) + .1 cos (0 — Ijt)] d0 

J.0 

= Tra “ ^ ^ ^ ^ ^ ~ 

-^^-^{cos (20-j7r) + l}j dO 




3 /10-3ir\ 

V 6^2 )' 
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Also, 


f in- 

S = 2ir \ PN.a dO 
— 2ira ■ ^ Q “ i*") — cos Jir} dO 

= 2ira^ l^sin (0 - Jtt) - ^^0 j 



1 

sj2 



11*3. Theorem of Pappus or Guldin. 

If a plane area bounded by a closed nirre revolves throuyh 
any angle a,bout a straight line in its own plane, which does 
not intersect the curve, then 

(I) The Volume of the solid- generated is equal to the 
product of the revolving area into the length of the arc 
described by the centroid of the area. 

(II) The surface-area of the solid generated is equal to 
the product of the perimeter of the revolving area into the 
length of the arc described by the centroid- of that perimeter. 

Proof. 



(l) Let dA be any element of the area whose distance 
from the axis of rotation is s. Then 0 being the angle 
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through which the area is rotated, the length of the arc 
described by dA is zB, and hence the elementary volume 
described by the element bA is zB . SA. 

The whole volume described by the given area therefore 
= Szd.dA = d2iJz.bA’=dzA (From Elementary Statics) 

r where A is the total area of the curve and z is the distance 
of its centroid from the axis of revolution ] 

— AzB = area of the closed curve x length of the arc 

described by its centroid. 

(II) Let bs be the length of any element PP' of the 
perimeter of the given curve, and z its distance from the 
axis of revolution. The elementary surface traced out by 
the element is ultimately zB . bs. 

The total surface-area of the solid generated is therefore 
— ^z'B.bs = BSz'.bs = Bz's (From Elementary Statics) 

[ where s is the whole perimeter of the curve, and z the 
distance of the centroid of this perimeter from the axis ] 

= s. 0^6 = perimeter X length of the arc described by 
its centroid. 

Note. Tho alxDVc r<!SiillR Jiold evon if tbc axis of rotation touch tlin 
closed curve. 

Ex. 1. Find the volume and surface-area of a solid fyre, a heiny the 
radius of Us section, and b that of the core. 

The t> re is clearly generated by revolving a circle of radius a about 
an axL.s whose distance from tho centre of tho circle is b. 

The centre of the circle is the centroid of both the area of the circle 
as also of the perimeter of the circle, and tho length of tho path 
described by it is evidently 2ir6. 

Hcnco, tho required volumo = Ta“ X2ir6 = 27r’a®6 

and the required surface-area = 2xax27r&=47r’a6. 
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Ex. 2. Show that the volume of the solid formed by the rotation 
about the line 6 = 0 of the area bounded by the curve r=f{B) and the 
lines 0 = 01 ^ 6=62 is 

r® sin0 dtf. 

J p 1 

Hence, find the volume of the solid generaivd by revolvinn the 
eardioide r = a (1—cos 0) about the initial line. 

Dividing thoaroa in question into an inilnitc number of clomontary 
areas (as in the figure, § 0 3) by radical lines through the origin, let 
us consider one such elementary area bounded by the radii vectors 
inclined at angles 6 and O + dO to the initial line, their lengths being 
}■ and r + dr say. This ehimenlary area is ultimately in the form of a 
triangle whose area is {r+dr) sin dd, i.e., Jr® d 6 up to the first order. 
Its 0. G. is, neglecting infinitesimals, at a distance %r from the origin 
and its perpendicular distatico from the initial line is ultimately 
sin 9. The elementary volume obtained by revolving the elementary 
area about the initial line is therefore by Pappus' theorem, ultimately 
equal to 


‘iTT . sin 0 . ir’ d 6 = ‘iTrr^ sin 0 d9. 


Hence, integrating between the extreme limits 6 = 0 1 and 6 = 6 ^, 
the total volume of the solid of revolution in question is 

-iTT^" r^Hiaddd. 

JOi 

In case of the cardioide r = a(l —cos 0), the extreme limils for 0 are 
easily seen to bo 0 and ir, and so the volume of the solid of revolution 
generated by it is 

lir a“ (1 —cos 0)® sin 0 dO, which on putting 1-cos 6 = e 
easily reduces to 
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EXAMPLES XI 

1. Find the volumes of the solids generated by revolv¬ 
ing about the rr-axis, the areas hounded by the following 
curves and lines: 

(i) 2 / = sin flj ; a; = 0 ; x=- n. 

(ii) ; x = 0 ; .t = /5. 

(iii) = 9x y = 3x. 

(iv) Jv= Ja ; ?/ = 0 . 

2. Show that the volume of a right circular cone of 
height h and base of radius a is ina"li; 

3. The circle x^ + y^=a^ revolves round the rr-axis ; 

show that the surface and the volume of the whole sphere 
generated arc respectively 4:na^ and [ G. P. 1941 ] 

4. Prove that the surface and tlie volume of the ellip- 

x'^ 

sold formed by the revolution of the ellipse “2 + '7 2 f 

a 0 

(i) round its major axis are respectively 

2nah{ Jl~ sin~'^e} and ^nah^, 

and (ii) round its minor axis are respectively 
27r|a“+^^ log/y/"^| and T^na”b. 

5. Show that the curved surface and volume of the 
catenoid formed by the revolution, about the a;-axis, of 

(I l r. _x \ 

the area bounded by the catenary 2 /“ ^ + ®l’ 

2 /-axis, the oj-axis, and an ordinate, are respectively 
n {sy + ax) an ’’ ^Tta (sy + ax), 

s being the length of the arc between ( 0 , a) and (x, y). 
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6. The arc of the asfcroid x = a cos^d, y — a Bin*0, from 

0 = 0 to 6 = ^7t revolves about the a?-axis ; show that the 
volume and the surface-area of the solid generated are 
respectively and 

7. A cycloid revolves round the tangent at tlie vertex ; 

show that the volume and the surface-area of the solid 
generated are and respectively, a being the radius 

of the generating circle. 

8. The portion between the two consecutive cusps of 

the cycloid x — a{0 + sin 0), v = a{l +cos 0) is revolved about 
the aj-axis ; show that the area of tlie surface so formed, is 
to the area of the cycloid, as 64 : 9. [ Nagpur, 1934 ] 

9. Show tliat the surface of the s])herical /one contained 
between two parallel i)lanes = ^2na x the distance between the 
two planes, where a is the radius of the sphere. 

10. Show that the volume of tlie solid generated by 
the revolution of the upper-half of the loop of the curve 

=x^ (2 -£r) about OX is 

11. Show that the volume of the solid produced by tlie 

revolution of the loop of the curve ir{a + x) = x^{a “ x) about 
the jr-axis is (log 2 — f). [ P. P. 1935 ] 

12. Show that the surface-area and the volume of the 

solid generated by the revolution about the cc-axis of the 
loop of the curve x = t^, = are respectively 3w 

and fn. 

13. The smaller of the two arcs into which the parabola 
y^^Sax divides the circle x^+y^=9a^ is rotated about 
the flj-axis. Show that the volume of the solid generated 
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14. If the curve r = a + b aos B {a > b), revolves about 
the initial line, show that the volume generated is 

^na (a^ +6®). 

15. The following curves revolve round their asymptotes ; 
find the volume generated in each case : 

(i) ?/“ = 

(ii) y/(a® + a:") = a®. [ P. P. 1933 ] 

(iii) {a-x) y" ~a“x. 

16. An arc of a parabola is bounded at both ends by 
the latus rectum of lengtli 4«. Find the volume generated 
when the arc is rotated about the latus rectum. 

[ Nagpur, 1085 ] 

17. Show that the volume of the solid formed by 
revolving the ellipse x — a cos 0, y == b sin 6, aliout the line 
X - 2a, is 

18. Show that if the area lying within the cardioide 
r = 2ft (l + cos B) and outside the parabola r(l + cos O) = 2ft 
revolve about the initial line, the volume generated is iSnft®. 

19. Show that the volume of the solid generated by 
revolution about OF of the area bounded by OY, the curve 
?/® = 07® and the line ?/ = 8 is -j-n. 


20. The arc of a parabola from the vertex to one 
extremity of the latus rectum is revolved about the corres¬ 
ponding chord. Prove that the volume of tl^ftofipindle so 

formed is na . 

70 

ANSWERS 



(ii) (iii) |7r. 

(ii) (iii) 


1. (i) 

15. (i) 2ir^a\ 


(iv) 

16. 



CHAPTER XII 


CENTROIDS AND MOMENTS OF INERTIA 

12*1. Centroid. 

Ife has been proved in elementary statics that if a system 

of particles having masses Ws,. have their 

distances parallel to any co-ordinate axis given by fpi, arg, 
.Tg,..., then the corresponding co-ordinate of their centre of 
mass will ho given by 

- mT3*i + m2!r2H - 

JP *= s . 

Wi+W3 + *‘* JSW 

Similarly, etc. 

Now, if instead of a system of stray particles, we get 
a continuous body, wo may consider it to be formed of 
an infinite number of infinitely small elements of masses, 
and in this case it may be shown, as in the other cases viz., 
determination of lengths, areas, etc., the summation S 
will be replaced by the integral sign. 

Thus, if 6m be an element of mass of the body at a point 
whose co-ordinates are x, y (or in three dimensions, a*, y, z) 
the position of the centre of mass of the body will be 
given by 

- f X dm 
® / dm 

the limits of integration being such as to include the whole 
body. 


- I y dm 


18 


ft 
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In practice, the elementary mass dm is proportional to 
the element? of length 5s, or element of area, or element 
of volume of the corresponding element, according as we 
proceed to find the centroid of an arc, or area or solid, and 
the limits of integration will then be the limits of the 
corresponding element. 

12*1(1). Illustrative Examples. 

Ex. 1. Fi/nd the centroid of an wire in the form of a circular arc. 



Lot AB bo a wire in the form of cicciiLar arc of radius 'a', which 
subtends an anglo 2a at its cQntro 0. 

Take 0 as origin, and OX, which bisects tho arc AB, as the 
x-axis. 

Then by symmetry, tho centroid O lies somewhere on OX. 

Now, B denoting the vectorial angle of tho point P on tho arc, the 
element PP' there has a length a dS, and the abscissa of P is a cos 0. 
Also, to cover the whole arc, 6 extends between the limits —a to a. 
Hence, the abscissa OG of the centroid O is given by 

a 

a cos 0 . pa do 

—a 

a- 

1 ^ pfl do 

( p denoting the linear density of tho wire ) 


- f X dm 
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i.: 

=a .S’ — 

fa 


COS B dB 


dB 


2~sin a sin a 

= a - “a- 

2a a 


Cor. 

centre is 


The distance of the centroid of a aemi-circular arc from the 
2a 

TT 


Ex. 2. Find the centre of gravity of a nmform’lamina hounded 
by a parabola and a donblr ord%nate of %t. 



Let the lamina bo Iwinded by a parabola y~ = ‘\ax and a double 
ordinate RM/t' given by x = Xi. 

By symmetry, the centroid lies on ■thn axis, and henco y = 0. 

Divide the lamina into elementary strips by lines parallel to the 
j/-axis. Consider the strip PQQ'P', where the co-ordinates of P are 
{x, y). The length PQ is 2y and the breadth NN' is 8x, Hence, the 
area of the strip is ultimately 2y Sx. The limits of x, to cover the area 
considered, are clearly 0 to aji. 


Hence, for the required centre of gravity, 

\ X dm j Q * X .2y dx . (T 

- hi - 

1 dm 1Q 2y dx , cr 

( where a is the surface-density of the lamina ) 
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\ X’2 Jiax dx .<r t ^ a;^ dfa? « i 

, Jy_ Jj]_ 


I 2j4:axdx.(r \ x^ dx %x 


_ 


Thus, the centre of gravity divides the length OM in the ratio of 


3 : 2. 


Ex. 3. Find the centre of gravity of a uniform lamina in the form 


^2 2 

of a quadrant of the ellipse = 1* 


[ P. P. 1985 ] 



Let AOB he the quadrant considered. .Divide it into eloraontary 
strips by lines parallel to the j/-axis. The area of the elementary 
strip corresponding to the point P, whose co-ordinates are x, y, is 
ultimately y 5®, and the centroid of this element is at the middle point 
of the strip (which is supposed infinitely thin) and thus has its 

co-ordinates x, \ • The limits of x for the quadrant considered are 

evidently 0 and a. 

Hence, the C.G. of the area considered will bo given by (®', y' 
denoting the co-ordinates of the centroid of the element dm which is 
taken here as the strip), 

[ ff being the surface- 

density of the lamina ] 
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ftt b r- 

- JO O' _ r.. ® .?y 1 

^ n- - 2 ^ L • J 

1 ./n.- —X dx . (T 


io « 

X Ja"^ — x* dx sin 0 cos®^ <£5 

ftt I- ~^'r 4ff 

Ja^—x'^ dx \ cos’0 do 


[ putting x — a sin 0 ] 


3 _ia 

1 IT 3ir 
2*2 




f iir 


COS**0 4/0 


"2^nF 


'p 

3o 


2 

1,3 4h 
= ^o 


cos®0 470 


2 1 IT Sir 

2*2 


Cor. The centroid nf half the clUpRe hounded by the minor axis is 
on tho major axis at a distance from the centre. 


Also tho centroid of a semi-circular area of radius ‘a* is on tho 
radius bisecting it, at a distance from''the centre. 


Ex. 4. Find the centre of gravity of a solid hemi$i>here. 

Clearly, tlic hemisphere may ho supposed to be generated by revolv¬ 
ing a circular quadrant APB about one bounding radius OA, which 
we may choose as tho a:-axis. By symmetry, the centre of gravity 
of the hemisphere will be on OA'". Now, divide the hemisphere into 
infinitely thin circular slices by pianos perpendicular to the axis of 
revolution OX. An element of such slice, corresponding to the point P, 
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has its volume ultimately equal to irj/® Sx {x, y being tlio cartesian 
co-ordinates of P), and the x-co-ordinatos of its centre is ar. 



Hence, if p bo the density of the solid hemisphere and a its radius, 
the position of the G. G. is given by 



12*2. Moment of Inertia. 

If a system of particles have masses tw-i, w-j, m 3 ,... and 
if ’*!» 9*2» Ta,... be their distances from a given line, then 
Xmr® is defined as the moment of inertia of the system oC 
particles about the given line. 

If M be the total mass of the system etc., 

it is usual to express the moment of inertia of the system 
about any line in the form Mk^, where h represents a length 
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and is called the ra diua of gyra tion of the system about the 
given line. 

If instead of a system of particles, it is a body in the 
form of a thin wire, or a lamina or a solid, of which we 
want to find the moment of inertia about a given line, we 
may consider the body to be made up of an infinite number 
of infinitely small elements of masses, and then the summa¬ 
tion Emr^ reduces to the integral / r® dm, where the limits 
are such as to cover the whole body. 


12'2(1). Illustrative Examples. 

Ex. 1. Find the motncnt of meifia of a thin uniform atraight rod 
of mass M and length 2a about its perpendicular bisector. 



An infinitesimal element of length 5x at P whose distance from 

M 

the middle point of the rod is a:, has its mass Hence, the 

moment of inertia of the rod about the perpendicular bisector OY is 
given by 
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Ex. 2. Find the moment of inertia of a thvn, tmiform lamina in the 
form of a rectangle about an axis of symmetry through its centre. 



Lot 2a and 26 be the lengths of the adjacent sides AD and AB of 
the rectangular lamina ABGD, and OX, OY the axes of symmetry 
through its centre 0, which are parallel to them. 

M being the mass of the lamina, the surface-density is clearly 
M 

Now, divide the lamina into thin strips parallel to OX, and 

consider any strip PQ at a distance y from OX, whoso breadth is 8y. 

M 

The mass of the strip is then evidently • 2a Sy. Every portion of it 

being ultimately at the same distance y from OX, the moment of 
inertia of the whole lamina about the aj-axis is given by 

=M- 


Similarly, the moment of inertia of the lamina about OY is given by 
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Ez. 3. Find the moment of inertia of a thin uniform elliptic 
lamina about its axes. 

Let + the equation to the ellipse. Its .area is known 

M 

to be vah, and if M bo its mass, tho surfaco-donsitv is ' • Dividing 

‘ irao 

tho lamina into thin strips by lines parallel to tho a;-aa:is, ,n 
elementary strip at a distance y fiom the x-azis has its length 

2x = 2~ fjb* — y^ from the equation of the elliptic boundary. Thus, 
dy being the breadth of the strip, its mass is ^^*2^ ijb^—y'* Sy. 

Hence, tho moment of inertia of the lamina aVwut the x-axis ia 
given by 




qtW" 7,2 r +47r 

• ' \ , sin’^fl cos®0 do [ putting fy = i!j sin fl ] 

IT j -Stt 


2Mb^ TT 

'- o =M - • 

TT 8 4 


Similarly, the moment of inertia of the lamina about, the jy-axis is 
given by 


h = M 


a 

4 


Cor. Tho moment of inertia of a thin uniform circular disc of 

.2 


mass J/, and radius a, about any diameter is Jl/— 


[ P. P. 193g ] 


Ez. 4. Find the moment of inertia of a thin uniform circular plate 
about an axis through its centre perpendicular to its plane. 

Let M bo tho mass and a the radius of the circular lamina, so that 

M 

its sur&ce-density is 

^ va 
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Divide the lamina into infinitely thin concentric rings by circles 
concentric with the boundary. Any elementary ring between circles 



of radii r and r + dr has its area ultimately equal to 2irr Sr and so its 
M 

mass is Sr. As every part of the ring is ultimately at the 

same distance r from the axis in question which is perpendicular to its 
plane through the centre, the moment f*f inertia of the ring about the 

axis is ultimately 5r.r®. 

Hence, the rt'quircd moment of inertia of the disc about the axis 
is given by 

r= 2irr dr.r^ 

JO ■Jra^ 

2M {fi 2M a' 

= dr=--, . . _ 


Ex. 5. Find the moment of inertia of a sphere about a diameter. 

[ P. P. 1934 ] 

If JIf bo the mass and a the radius of the sphere, the volume of the 

M 

sphere is known to be ^ira*', and hence its density is 4 3 * 

Take the diameter about which the moment of inertia is required 
to be the a:-axis. Divide the sphere into infinitely thin circular slices 
by planes perpendicular to this axis. An elementary slice between the 
planes x and x+dx hsis its volume ultimately equal to v {a^ — x^) Sx, 
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aince its radius is sj{a^-x^). [ Soo Fig. Ex. 4, Art. 12'1 ] lienee, the 
moment of inertia of this slice about the a?-axis, which is perpendi¬ 
cular to its plane through its centre, is ultimately 

5.r— • [ Sec Ex. 4 above ] 

■gTTffl ii 


TConco, the required moment of inertia of the whole sphere about 
the diameter is given by 

- fffl M i .. a. , — 

2 

-f {a'—Via^x^+x') dx 

o fl J -a 

^c^ 0-5 2a® 2a"\_ 2 „ 

8 a“ V ‘ 3 5 / b ’ 


EXAMPLES XII 

1. Show that the C. (>. of tliin hemispherical shell 
is at the middle point of the radius perpendicular to its 
bounding plane. 

2. Show that the C. Cf. of (i) a solid right circular cone 
is on the axis at a distance from the base equal to J of the 
height of the cone ; (ii) a thin hollow cone without base is 
on the axis at a distance from the base equal to ^ of the 
height of the cone. 

3. Find the centroid of the wliole arc of the cardioide 
r = a(l + cos 0). 

4. Find the centroid of the area l)ounded by the cycloid 
x = a{6 + sin 0), ?/ == a(l - cos 0) and its base. 

5. Find the centroid of the sector of a circle. 

[ P. P. 1931 ] 
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6 . Find the centroid of the arc of the parabola = ^asc 
included between the vertex and one extremity of the latus 
rectum. 


7. Find the positions of the centroids of the following 
areas : 

■ 

(i) A loop of the curve v^{a + a;) •= x^{a - x). 

(ii) Area bounded by the curve (2a - ir) = a;®, and 

its asymptote. 

(iii) Area bounded by ?/^ = 4aa: and y = 2 x. 

(iv) One loop of r = a cos 20. 

8 . Find the moment of inertia of a solid right circular 

cylinder of radius a about its axis. [ P. P. 1933 ] 

9. Obtain the moment of inertia of a solid right 
circular cone of height h and semi-vertical angle a about 
its axis. 


10. Prove that the moment of inertia about an axis 
through the centre perpendicular to the plane of a thin 
circular ring whose outer and inner radii are a and b is 
^M{a^ +b ®), where M denotes the mass of the ring. 

11. Find the moment of inertia of a rectangular 
parallelepiped, the lengths of whose edges are respectively 
2 a, 26, 2c, about an axis through its centre parallel to the 
edge 2a. 

12. Show that the moment of inertia of a thin hollow 
spherical shell of radius a and mass ilf, about a diameter is 

2a® 
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13. Show that the moment of inertia of a parabolic 

area of latns rectum 4a, cut off by an ordinate of a distance 
h from the vertex, is about the tangent at the vertex, 

and jMah about the axis, M being the mass of the area. 

14. Show that if a thin lamina has its moments of 
inertia about two perpendicular axes in its plane respect¬ 
ively equal to Ix and J^, then the moment of inertia about 
a normal to the plane tlirough tlieir point of intersection 
is Ix + ^ 2 - 

15. Prove the theorem of parallel axes in case of a 
lamina, namely, that the moment of inertia of a thin lamina 
about any given line in its plane is equal to that about 
a parallel line through its C. (1., together with the moment 
of inertia of the whole mass concentrated at the C. G. 
about tlie given line. 


ANSWERS 


3. a! = fa, ?/ = 0. 4. a; = 0, 

5. On the radius bisecting the sector, at a distance fa from 

a 

the centre, 2a being the angle of the sector at the centre, and a the 
radius. 


. _ a 3^/2~log(V2+l) 4fl _2 n/2-1 

® “ 4 * ;^2 + log ( ^/2 +1) 3 ■ n/ 2 + log ( ^/2 +1)’ 


M fm\ cu 3ir 8 ^ 

7.(0 


(iii aj = -|a, y = a. 


(ii) ® = -g » y-0. 


8 . M 


a‘ 


9. jQ Mh^ tan’o. 


11. M 


IP 

6®+ c’ 




CHAPTER XIII 


ON SOME WELL-KNOWN CURVES 

13’1. We give below diagrams, equations, and a few 
characteristics of some well-known curves which have been 
used in the preceding pages in obtaining their properties. 
The student is supposed to be familiar with conic sections 
and graphs of circular functions, so they are not given 
here. 


13*2. Cycloid. 

The cjidoid is the curve traced out by a point on the 
circumference of a circle which rolls (without sliding) on 
a straight line. 



x = a{6 — sin 0 ). y - a(l - cos 0). 

Let P be the point on the circle MF, called the general- 
ing circle, which traces out the cycloid. Let the line OMX 

C'v * 

on which the circle rolls be taken as £C-axis and the point 0 
on 0!jr, with which P was in contact when the circle began 

rolling; be taken as the origin. 

< 

Let a be the radius of the generating circle, and G its 
centre, P the point (ar, y) oh it, and let /_PCM-B, Then 
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B is the angle through which the circle turns as the 
point P traces out the locus. 

Oilf = arc PM=aB. 

Let PL bo drawn perpendicular to OX. 

. . X — OL — OM— LM = ad — PN=aB~ a sin B 

*= a{B - sin d). 

y = PL = NM= GM~ CN= a~a cos 0 

= rt(l - cos 0), 

Thus, the parametric eq'mtions of the cycloid with the 
starting point as the origin and the line on luhich the circle 
rollsi called the liase, as the x-axis, are 

x«a(6'-sin 6), y«a(l-cos ©). ••• 0) 

The point A at the greatest distance from the base OX 
is called the vertex. Thus, for the vertex, y «.<?., a{l — cos O) 
is maximum. Hence, cos0--l i.e„ 6 = 71 . 

AD-a(i — cos jr) = 2«. •*. vertex is (aat, 2a). 

For 0 and O',//= 0. /. cos 0 = 1. 0 = 0 and 2^. 

As the circle rolls on, arches like OAO' are generated 
over and over again, and any single arch is called a cycloid. 



Fig. (ii) 

a;=a(0+sin 6). a(l - cos 0). 

Since the vertex is the point {an, 2a) the equation of 
the cycloid witJi the vertex as the origin and the tangent 
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at the vertex as the jr>axis can be obtained from the previous 
equation by transferring the origin to (an, 2 a) and turning 
the axes through n i.e., by writing 

an + X cos n - 1 / sin n and 2 a + x' sin n + i/ cos n 
for X and y respectively. 

Hence, a(0 - sin 8) *= an - x\ 

or,« x' = a(n - 8 ) + a sin 8 = a( 8 ' + sin B'), 

where O' = n — B, 

and a(l - cos 8 ) — 2a - y\ 

or, >/^2a-'a + a cos 8 = a + a cos 8 
= a - a cos (n - 8 ) - a(] - cos 8 '). 

Hence, (dropping dashes) the eqvation of the cycloid 
foith the vertex as the origin and the tangent at the vertex 
as the x-axis u 

X — a (6 + sin 0 ), y a(l - cos 6 ). • • • (ii) 

In this equation, 8 = 0 for the vertex, B — n for 0, and 
-nfor 

The characteristic properties are : 

(i) For the cycloid a; = a( 8 -sin 8 ), v^a(\ - cos 8 ), radius 

• f 

'of curvature twice the length of the normal. 

(ii) TSe^evolute of the cycloid is an equal cycloid. 

(iii) For the cycloid x = a (8 + sin 8 ), y - a(l - cos 8 ), v i 8 
and s® == 8 a 2 /, s being afeasured from the vertex. 

(iv) The length of the above cycloid included between 
the two cusps is 8 a. 

(v) Intrinsic equation is s ■= 4a sin v. 

# 

Mote. The above equaiion (ii) can also be obtained from the 
(i) geometrically as follows : 
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^ (®» y ) b® the co-ordinates of P referred to the vertex as the 
origin and the tangent at the vertex as the a;-axis, 

aj'»=iyJD=OD—Oi*=aT—flB=a(T--®) + a sin 0, 
y—AD—PL=^^—y=^2a—a{\ — cos 8) = a(l4 cos $). 

Hence, writing 0' (or 0) for v-0, etc. 

13*3. Catenary. 

The catenary is the curve in which a uniform heavy 
string will hang under the action of gravity when suspended 
from two points. It is also called the cJiainette. 

Its equation, as shown in books on Statics, is 

( X _Xv 

e® + e 



C is called the vertex ; OG = c. OX is called the directrix. 

The characteristic properties are : 

(i) The perpendicular from the foot of the ordinate upon 
the tangent at any point is of constant length. 

(ii) Badius of curvature at any point = length of the 
normal at the point (the centre of curvature and the a;-axis 
being on the opposite sides of the curve). 

(iii) 2/® = c® +s®, s being measured from the vertex C. 

(iv) s ■= c tan v, y “ c sec y. 

(v) oj log (sec v+ tan v). 


19 
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13*4. Tractrix. 

Its equation is 



or, X = a(cos t + log tan kt), y=^a sin t. 

Here, OA — a. 

The characteristic properties are : 

(i) The portion of the tangent intercepted between the 
curve and the aj-axis, is constant. 

(ii) The radius of curvature varies inversely as the 
normal (the centre of curvature and the ir-axis being on the 
opposite sides of the curve). 

(iii) The evolute of the tractrix is the catenary 

y = a cosh {xja). 

13*5. Astroid. 

2 2 2 

Its equation is x^ + y^ — a®, 

or, X ■■ a coB^d, y =» a sin®®. 

Here, OA = OB *= OA' = 0J5' ~ a. 

The whole figure lies completely within a circle of radius 
a and centre O. The points A, A\ B, B' are called cusps. 
It is a special type of a four-cusped hypo-cycloid. 

[ See § 18'6 ] 
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The characteristic property of this curve is that the- 
tangent at an 3 ^ point to the curve intercepted betvs^een 
the axes is of constant length. 


The perimeter of the astroid + ?/'* is 6u. 

13*6. Four-cusped Hypo-cycloid. 

2 . 2 

Its equation is "*"(b) 

or, X = a cos®y = b sin^'A 



Here, OA = OA' = a ; OB = OB' — h. 

The perimeter of the)hypo-cycloid ABA'B' is 4 


The astroid is a special lease of this when a^b. 
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13'7. Evolutes of Parabola and Ellipse. 

(i) The evolute of the parabola =4ax is 
27ay=-4(x-2a)®. 

This curve is called a semi-cubical parabola. 



Transferring the origin to {'2a, O), its equation assumes 
the form = where h — 4.!27a, which is the standard 
equation of the semi-cubical parabola with its vertex at the 
origin. 


Hence, the vertex G of the evolute is {2a, O). 

(ii) The equation of the evolute of the ellipse 
la^+y^ lb^-=l is 

(ax)® + (by)® « (a® - b®)®, 

which can be written in the form 



where a “ (a® - 6®)/<i, = (a® - 6®)/6. 
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The area of the evolute is ^ ^ 



Hence, it is a four-cusped hypo-cycloid. 
13*8. Folium of Descartes. 

Its equation is x® + y® = 3axy. 

It is symmetrical a])out the line y = x. 



The axes of co-ordinates are tangents at the origin, and 
there is a loop in the first quadrant. 

It has an asymptote x + y +a = 0 and its radii of curva¬ 
ture at origin are each - 
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The area included between the curve and its asymptote 
= the area of the loop of the curve 



13*9. Logarithmic and Exponential Curves. 




(ii) y = c\ 


(i) X is always positive ; y — 0 when = and as x 
becomes smaller and smaller, y, being negative, becomes 
numerically larger and larger. For x > 0, the curve is 
continuous. 


(ii) X may be positive or negative but v is always positive 
and y becomes smaller and smaller, as x, being negative, 
becomes numerically larger and larger. The curve is conii- 


nuous for all values of x. 

13*10. Probability Curve. 



The equation of the 
probability curve is 

The a>axis is an 
asymptote. 

The area between the 
curve and the asymptote is 

2.^ Jn. 
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IS'll. CisBoid of Diodes. 

Its cartesian equation is 
(2a-a;)**®®. 

OA = 2a ; ® = 2a is an asymp¬ 
tote. 

Its polar equation is 

2a sin®0 
cos 6 



13'12. Strophoid. 

The equation of the curve is 

Q a a + ® 
a — X 

OA = OB — a. 

OGBPO is a loop. 

X —a is an asymptote. 



Ctf ^ (Xj 

The curve y^=x ^—is similar, just the reverse of 

a + ® 
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strophoid, the loop beiog oit the right side of the 
origin and the asymptote on the left 
side. 

13*13. Witch of Agnesi. 

The equation of the curve is 
a;!/® = {2a-x). 

Here, OA = 2a. 

This curve was first discussed 
by the Italian lady mathematician 
Maria Gactaua Agnesi, Professor of 
Mathematics at Bologna. 

13*14. Logarithmic (or Equiangular) spiral. 

Its equation is or, ), 

where cot a or m is constant. 

Characteristic Properties : 

(i) The tangent at any point makes a constant angle 
with the radius vector, = a). 

(ii) Its pedal, inverse, polar reciprocal and evolute are 
all equiangular spirals. 


X 

(iii) The radius of curvature subtends a right angle at 
the pole. 

Note. Because of the property (i), the spiral is called eqtdangular. 
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13*15. Spiral of Archimedes. 



Its equation is r = a0. 

Its characteristic proi)ert]] is that its polar subnormal 
is constant. 

13*16. Cardioide. 

Its equation is (i) r”a(l + cos 6), or, (ii) r*»a(l - cos 6 ). 

In (i), 0 = 0 for A, and 0 = xc for 0. 

In (ii), 0 = for .4, and 0 = 0 for 0. 



(i) r = a (1 + cos 6). (ii) r = a (1 —cos 0). 

In both cases, the curve is symmetrical about the initial 
line, which divides the whole curve into two equal halves, 
and for the upper half, 0 varies from 0 to n, and OA = 2a. 
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The curve (ii) is really the same as (i) turned through 
180®. 

The curve passes through the origin, its tangent there 
being the initial line, and the tangent at ^4 is perpendicular 
to the initial line. 

The evolute of the cardioide is a cardioide. 

The perimeter of the cardioide is 8a. 

Note. Because of its shape like human heart, it is called a car¬ 
dioide. The cardioide r=tt(l + cos 0) is the pedal of the circle r=2a cos 0 
with respect to a point on the circumference of the circle, and inverse 
of tho paralxjla r = a/(l + cos 0). 


13*17. Limacon. 

The equation of the curve is 

r =■ a + b cos 0 . 


When a > 6, wo have the outer curve, and when a < b, we 



have the inner curve 
with tho loop. 

When a = h, the curve 
reduces to a cardioide. 

[ See Jig. in § 13'1G ] 

Limacon is the pedal 
of a circle with respect 
to a point outside the 
circumference of the 
circle. 


13‘18. Lemniscate. 

Its equation is r® = a® cos 26 , 
or, (jc® 
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It consists of two equal loops, each symmetrical about 
the initial line, which divides each loop into two equal halves, 

OA = OA'^a. 



r-=a^ cos 26 

The tangents at the origin are y= ±x. 

For the upper half of the right-liand loop, 0 varies from 
0 to in, 

A characteristic property of it is that the product of 
the distances of any point on it from (± a/ J2, 0) is constant. 
The area of the lemniscate is a®. 

The lemniscate is the pedal of the rectangular hyperbola 
y® cos 20 = a®. The curve rei)resented by r^=a‘^ sin 20 is 



sin 20 

also sometimes called lemniscate or rose lemniscate, to distin¬ 
guish it from the first lemniscate, which is sometimes called 
Lemniscate of Bernoulli after the name of the mathematician 
J. Bernoulli who first studied its properties. 
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The curve consists of two equal loops, situated in the 
first and third quadrants, and symraetrical about the line 
It is the first curve turned through 45®. 

The tangents at the origin are the axes of x and y. 

The area of the curve is a®. 

13*19. Rose-Petals (r “ a sin n0, r ■■ a cos n6). 

The curve represented by r = a sin 30, or, r = a cos 30 is 
called a three-leaved rose, each consisting of three equal 



r*sfl8in25 r»a cos 20 
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loops. The order in which the loops are described is indica¬ 
ted in the figures by numbers. In each case, OA^OB^ OC 
and LAOB^^ /LB0C= Z.COA=-12(f. 

The curve represented by r = a sin 20, or, r = <x cos 20 is 
called a foii/r-leaved ro.se, each consisting of four equal loops. 
In each case, OA = OB = OC ~ OD = a and AAOB = Z.B0C 
^ AGOD= ADOA = 90\ 

The class of curves represented by r- a sin nO, or, 
r — a cos nO w’hero n is a positive integer is called rose-petal, 
there being w or 2?* equal loops according as w is odd or even, 
all being arranged symmetrically about the origin and 
lying entirely within a circle whose centre is the pole and 
radius a. 

13*20. Sine Spiral (r" ** a" sin n© or r" a" cos nd). 

The class of curves represented by (i) r” = a” sin nO, or, 
(ii) — a’*' cos nO is called sine spiral and embraces several 
important and well-known curves as particular cases. 

Thus, for the values 7i— —1, 1, —2, -1-2, — and i, the 
sine spiral is respectively a straight line, a circle, a rectan¬ 
gular hyperbola, a lemniscate, a parabola and a cardioidc. 

For (i) 4} = nd ; for (ii) </» = + nO. 

The pedal equation in Ijoth the cases is 
p = r^-^^la‘^. 



DIFFERENTIAL EQUATIONS 

OHAPTEB XIV 

INTRODUCTION AND DEFINITIONS 

« 

14‘1. Definitions and classification. 

A differential eq^iiation is an equation involving differen¬ 
tials (or differential coefficients) with or without the variables 
from which these differentials (or differential coefficients) 
are derived. 

The following are examples of differential equations : 


dx 

• • • 

k • • 

0) 

(^ic) 

• • • 

• * • 

(2) 

o 

II 

• • • 

• • • 

(3) 

dx 

• V • 

• • • 

(4) 


• • • 

• • • 

(5) 

X ^ + — =0 

Sx dy 

• • • 


(6) 

d^u . ^ 

• • • 

• • * 

(7) 


Differential equations are divided into two classes viz.^ 
Orditubry and Partial. 

An ordinary differential equation is one in which all 
the differentials (or derivatives) involved have reference to 
a single independent variable. 
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A partial differential equation is one which contains 
partial differentials (or derivatives) and as such involves 
two or more independent variables. 

Thus in the above set, equations (1), (2), (3), (4) and (5) 
are ordinary differential equations and equations (6) and (7) 
are partial differential equations. 

In order to facilitate discussions, differential equations 
are classified accordinj^ to order and degree. 

The order of a differential equation is the order of the 
highest derivative (or differential) in the equation. Thus, 
equations (1) and (2) are of the first order, (3) and (5) are of 
the second order and (4) is of the third order. 

The degree of an algebraic differential equation is the 
degree of the derivative (or differential) of the highest order 
in the equation, after the equation is freed from radicals 
and fractions in its derivatives. Thus, the equations (2) and 
(4) are of the second degree. 

Note. Strictly speaking, tlie term ‘degree’ is used with reference 
to those differential equations only which can be w'ritten as poly¬ 
nomials in the derivatives. 

We shall consider in this treatise only ordinary differen¬ 
tial equations of different orders and degrees. 

14’2. Formation of ordinary Differential Equations. 

Let /(a;, y, ci)-0 **• (1) 

be an equation containing re, y and one arbitrary constant Ci. 
Differentiating (1), we get 

6x 6y dx 


• • • 


... ( 2 ) 
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Equation (2) will in general contain Ci. If Ci be eli¬ 
minated between (l) and (2), we shall get a relation involv- 
df/ 

ing X, y, and ■, * which will evidently be a differential 
ax 

equation of the first order. 

Similarly, if we have adequation 

/(®, Cl, C3)“0 ••• ••• (3) 

containing tw^ arbitrary constants Ci and Cg, then by 
differentiating this twice, we shall get two equations. 
Now, between these two equations and the given equation, 
in all three equations, if the two arbitrary constants Ci 
and Ca be eliminated, we shall evidently get a differential 
equation of the second order. 

In general, if we have an equation 

/(a^. 2/, Cl, Ca,... Cn)==0 ••• ••• (4) 

containing n arbitrary constants Ci, Ca,... Cw, then by 
differentiating this n times, we shall get n equations. Now, 
between these 7i equations and the given equation, in all 
Oi + l) equations, if the n arbitrary constants Ci, Cn be 
eliminated, we shall evidently get a differential equation 
of the wth order*, for there being n differentiations, the 
resulting equation must contain a derivative of the wth 
order. 

Note. From tho process of forming a difierential equation from a 
givon primitive, it is clear that since the equation obtained by varying 
the arbitrary constants an the primitive represents a certain system 
or family of curves, the differential equation (in which the constants 
do not appear) expresses some property common to all those carves. 

* A relation containing n arbitrary constants may in certain oases 
give rise to a differential equation of order less than n. 
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We may thus say that ct differential equation represents a family of 
/curves all satisfying some common property. This op.u bo considered as 
the geometrical interpretation of the difiorential equation. 

14*3. Solution of a Differential Equation. 

Any relation connecting the variables of an equation and 
not involving their derivatives, which satisfies the given 
differential equation ix.^ from which the given differential 
equation can be derived, is calleda solution of the differen¬ 
tial equation. Thus, 

7/ = e® + C, where G is any arbitrary constant, 

and ^ Afl? + B, where A and B are arbitrary constants, 
are respectively solutions of the differential equations (l) 
and (3) of Art. 14'1. 

From the above, it is clear that a differential equation 
may have an unlimited number of solutions, for each of the 
different relations obtained by giving particular values to 
the arbitrary constant or constants in the solution of the 
equations satisfies the equation, and hence, is a solution to 
the equation; thus, y^x— JTl, 7/ = 2a; —3, y——^x etc. 
are all solutions of the differential equation (3) of Art. 14*1. 

The arbitrary constants A, B, C appearing in the solution 
are called arbitrary constants of integration. 

The solution of a differential equation in which the 
number of independent arbitrary constants is equal to the 
order of the equation, is called the general or complete 
solution (or complete primitive of the equation. 

The solution obtained by giving particular values to 
the arbitrary constants of the general solution, is called 
a particular solution of the equation. 


20 
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Thus, y’^Ax + Bia the general solution, and y-x- ^/IT, 
y — 2x-3, 1 / = “ la; are all particular solutions of the 
equation (3) of Art. 14'1, 

There is another kind of solution called the singular 
solution^ which will be discussed in a subsequent chapter. 
[ See Art, 16*4 ] 

By a proper manipulation of the arbitrary constants in 
the general solution of a differential equation, the general 
solution is very often written in different forms ; it should 
be noted however that each of these forms determines the 
same relation between the variables. This will be subse¬ 
quently illustrated in the worked out examples. 

When an equation is to be solved, it is generally implied 
that the complete solution is required. 

It sometimes happens that the process of solving a 
differential equation leads to integrals which cannot he 
evaluated in terms of known elementary functions. In such 
a case, the equation is considered as having been solved 
when it has been reduced to an expression involving integrals 
and it is said that the solution of the equation has been 
reduced to quadrature. 

Note 1. The arbitrary constants in the solution of a differential 
equation are said to be independent^ when it is impossible to deduce 
from the solution an equivalent relation containing fewer arbitrary 
constants. Thus, the two arbitrary constants .4, J5 in the equation 
are not independent, since the equation can be written as 
y^Ae^ .«* — Oe*. 

Note 2. In the elementary treatise we shall not concern our¬ 
selves with the question whether a differential equation has a solu¬ 
tion or what are the conditions under which it will have a solution 
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of a particular character; in fact we shall assume without proof the 
following fundamental theorem of differential equations vie*f 

An ordmary differential equation of order n Jms a solution involv¬ 
ing n independent arbitrary constants, and this solution is unique. 


14*3(1). Illustrative Examples. 

Ex. 1. Find the differential equation of all straight lines passing 
through the origin. 

Lety=maj ... ... (1) 

be the equation of any straight line passing through the origin. 

m. ••• ( 2 ) 

Eliminating m between (I) and (2), wo get 


Differentiating (1), = 


y=‘X , f the required differential equation. 

tjitZr 


Ex. 2. Find the differential equation from the relation 
x=a cos t + b sin t, 
a and h being arbitrary constants. 


Differentiating the given relation twice with respect to t, wo got 
a?! = —u sin <+&cos and 
x,~ ~a cot t-'h sin t~ — {a cos t + h sin /)= —x. 


®2 + fl 3 = 0 , 




d'^x 

di’^ 


+ a;=0 is the required difforontial equation. 


Ex. 3. Eliminate a and h from y=a taw'^x+l. 
Differentiating the given relation with respect to x, 

•** (!+«*) 

Differentiating, (1+os’*) ?ya + 2®?y, = 0, 

This is the required eliminant. 


EXAMPLES XIV 

1. Show that the dififerential equation of a system of 
concentric circles is x dx+y dy = 0. Interpret the result 
geometrically. 

2. Prove that the differential equation of all circles 
touching the aj-axis at the origin is (a;® - y®) dy - 2xy dx “ 0. 
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3. (i) Show that the differential equation of all parabolas 

(a) having their axes parallel to 2 ^-axis is Vb — 0. 

(b) with foci at the origin and axes along the rc-axis 

is yvi^ 

(ii) Show that the differential equation of the family of 

circles +y^ +2gx + 2fy + c-0 is (l + y±^)ys =0. 

(iii) Show that the differential equation of the family of 
cardioides r - a(l + cos B) is (l + cos B) dr+ r sin 0 d8 = 0. 

4. Show that the differential equation of the system 
of rectangular hyperbolas xy — c^ is x dy-\-y dx — C^ and 
interpret the result geometrically ; deduce that the tangent 
intercepted between the axes is bisected at the point of 
contact. 

5. Verify that i/+a; + l = 0 is a solution of the differen¬ 
tial equation {y - x) dy - (y^ - x^) dx = 0. 

6. Show that F- +.B is a solution of the differen- 

r 

tial equation 

d^V, 2 dV_^ 
dr^ r dr 

7. Find the differential equation from the relation 

(i) y^ A sin aj + B cos ar + a; sin x. 

(ii) 

(iii) y= A cos a; + JB sin a; + 0 cosh a; + D cosh a;, 
where A, B^O,D are arbitrary constants. 

8. [Eliminate a and h from each of the relations 
(i) y-a log a; + 6. (ii) xy^ae^ + 

(iii) oaj* + & 2 /® = 1. [0. P. 1946 ] (iv) r = a + b cos 8, 
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9. (i) Show thali the differential equation, whose generaly 
solutionis y-OiX+c^^ is y-xyx^ix^y 2 > 

(ii) Show that 

y^coBXt j/ = sin a;, y^Ci cos x, y^c^ sin x 
are all solutions of the differential equation 

yz + y’^O, 

[ In {i) and {i%) Ci, c, are arbitrary constants ] 

10. (i) Show that the differential equations, whose gene¬ 
ral solutions are 

(i) y-A sin a; + 5 cos x, 

(ii) y = A sinh x-^B cosh x, 

where A and B are arbitrary constants, are respectively 

ANSWERS 

1. The radius vector and the tangent at any point are mutually 
perpendicular. 

4. The radius vector and the tangent at any point are equally 
inclined to the a;-axis. 

7. (i) p+ya-ScossB. (ii) y^-y^O. (iii) y^-y^O, 

8. (i) jcj/a+i/i=0. (ii) a:j/a+2i/i = ®j/. 

(iii) 4 yy 7 +yi^)=yyi‘ (i^) cot e. 
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EQUATIONS OF THE FIRST ORDER AND 
THE FIRST DEGREE 

15*1. A differential equation of the first order and firsfc 
degree can be put in the form 

M dx + N dy’=‘Ot 

where both M and N are functions of x and y, or constants 
not involving the derivatives. The general solution of an 
equation of this type contains only one arbitrary constant. 
In this chapter we shall consider only certain special types 
of equations of the first degree. 

15*2. Separation of the Variables. 

If the equation M dx+N dy = 0 can be put in the form 

fi(x) dx+faCy) dy - 0, 

then it can be immediately solved by integrating each term 
separately. Thus, the solution of the above equation is 

ffiix) dx + //a(2/) dy ■= C. 

The process of reducing the equation M dx+N dy = 0 to 
the form f±(x) dx +/ 2 (y) dy = 0 is called the Separation of 
the Variables. 

Note. Sometimes transformation to the polar co-ordmates facili¬ 
tates separation of variables. In this connection it is convenient to 
cemomber the following differentials. 

If x = r cos y=>r sin $, 

(i) X dx + y dy = r dr. (ii) dx'^ + dy^=^dr^+r'*dB^. 

(iii) X dy—y dx^r* dO. 

[ For illustration see Ex. 8(ii) and (Hi) of Examples XV(A) ] 
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Ex. 1. Solve (l + t/’) da+(l+a®) dy=(i. 
Di7iding by (l+a5®)(l+t/“), we get 


dx . dy 
i+a:* i+iy® 


■0. 


integrating, tan“^!r + tan“^j/ = C. ••• (1) 

Note. Writing the arbitrary constant C in the form tan“*a, the 
above solution can be written as tan“^a3 + tan"‘j/*=tan"^a, 


or, tan"^ ■®J"J^ = tan“'^a,'or, x-^y-a{l—xy), ... (2) 

Both, forms of solution, (1) and (2), are perfectly general; and any 
one of these can bo considered as the complete solution of the given 
equation. [ See Art. 14’3 ] 


Ex. 2. Solve £c(t/’* +1) da;+ y{x^ +1) dy * 0. 

Dividing both sides by (x'^ + l)(iy’* + l), we have 

. *. integrating, we have 

4 log (x*-* +1)+J log (jy’ +1) = C. 

Writing J log A in the place of C, the above solution can be written 
in the form 

(x» + l)(t/“ + l) = A 


Note. In order to express the solution in a neat form, wo have 
taken J log A (.4 being a constant) in the place of the arbitrary 
constant 0. 


Ex. 3. Solve {x+y)^f^=a^. [C. P.1936] 

■nit . dy dv ^ 

Put x+y^v, i.e.t y^v-'X. . . dx'~^’ 


the equation reduces to 



or. 


dv_ a*_a® + v* 

j"' 1 "F ji *“ - 

dx o V 


a'-l-v’) 


dv. 


• • 
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■ • 


integrating, 



dv—a^ 


\ 


Jlv_ 


or, 


x+C = v—a^’ - tan~^ ^- =£b+ y—a tan“‘ 

ct a a 

iC*t* f/ 

y==a tan"^ ~a ro^ld. solution. 


Ex. 4. Find ths foci of the curve which satisfies the differential 
equation (l + ?y®) dx — xy dy = 0 and passes through the point (1, 0). 

Separating tho variables of the equation, wo have 

dx y dy _ 

X r+i/» • 

. •. integrating, log ® ~ J log (1+jy’) = log C, 

or, log=log Cf. x^CiJi+y^. 

This is the equation of any curvo satisfying the jgiven differential 
equation. If the curve passes through (1, 0), we have 1 = C, 

. *. tho equation of the required curve is ®= 1. 

It is a rectangular hyperbola, and its foci are evidently (± fj2, 0). 


Ex. 5. Show that all curves for which the length of the normal is 
equal to the radius vector are either circles or rectangular hyperbolas. 

Since the length of the normal = ?/(s/l + jy, * and tho radius vector 

■“ n/»* + ly*, 

or, = or, j/jy» = ±®. 

.'. integrating, ®’±i;® = a*, a® being tho arbitrary constant of 
integration. 

Thus, tho curves are*either circles or rectangular hyperbolas. 


dx 


Ex. 6. Show that by substituting ax+by+c = z, in the equation 
“/(o®+6y+c) the variables can be separated. 


*.• n»+6i/+c=0, 


. .idy de 
ax ax 
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. dy_\(dz_\ 

' ' dx b 


Hence the given equation transforms into 


dz 


V "" dXm 


a+hf{z) 

Thus, the variables are separated. 

EXAMPLES XV(A) 

Solve the following differential equations (Tiix. I-IO) 


(ii) 


- /.N dy +X+1 

* dx + y + i 

W 

2. (i) y dx + {l-^ x^) tan“^a; dy = 0. 

(ii) dx + dy = 0. 

3. (i) X Jl — y^ dx + y >Jl-x^ dy — 0. 

(ii) x^ (y — l) dx + y^ (x - 1) dy = 0. 

. dy ,y^ + y + l.^f. 
dx x'^+x + i 

K /.N dy , fii'i dy _x{i+y^)^ 

(hi) " ^^ = 0. 

^ ^ dx xy 

6. (i) sec®£r tan y dx + sea^y tan x dy — 0, 

(ii) X cos^y dx — y cos*® dy = 0. 

/...^ log (sec i^+tan ®)^^_log (secj/+ tan |/) , 

7 . (x^-yx^) dy + (y^+ xy^) dx^O. 
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8. (i) y dx-x dy^xy dx. 

(ii) x^ix dx + y dy) + 2t/ {x dy -ydx) = 0. 

. A X + ?/?/i ^ 

a2/i-2/ V\ a;®+?/® / 


9.(0 ^ + l=e*'^. 


dy I 

(u) ^3,-x. 


10. (i) sin" = x + y. (iO log ‘^ax + by. 


11. Find the particular solution of 

cos y da; + (l + 20 “*) sin y dy = 0, 
when x = 0, y = \n. 

12. Ffnd the equation of the curve for which 

(i) the cartesian subtangent is constant, 

(ii) the cartesian subnormal is constant, [ C. P. 1924 ] 

(iii) the polar subtangent is constant, [ P. P. 193B ] 

(iv) the polar subnormal is constant. [ P. P. 1931 ] 

13. Show that the curve for which the normal at every 
point passes through a fixed point is a circle. 

14. Show that the curve for which the radius Of curva¬ 
ture at every point is constant is a circle. 

15. Show that the curve for which the tangent at every 
point makes a constant angle with the radius vector is 
an equi-angular spiral. 

16. Show that the curve in which the angle between the 

tangent and the radius vector at every point is one-half of 
the vectorial angle, is a cardioide. [ C, P. 1931 ] 


17. Show that the ci rve in which the angle between the 
tangent and the radius vector at every point is one-third 
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of the inclination of the tangent to the initial line, is 
Cl cardioide. 

18. Show that the curve in which the portion of the 
tangent included between the co-ordinate axes is bisected by 
the point of contact is a rectangular hyperbola. 

ANSWERS 

(i) 4(a:“-j/*) + i(a;"-7y*) + »-!/=C. (ii) y^l + Ge^l\ 

(iii) xy=c{x — l){y^l). 2. (i) 7/tan"'a; = C. 

(ii) 3. (i) Ji-x^+ sJl^y^ = C. 

(ii) (®+ l)''‘ + (i/-M)‘' + 2 Ic® (« —1)(?/ —1) = C. 

4. 2x]H-x + y+C{x+y + l)=l. 5. (i) sin“^®+sin"^7y= C. 

(ii) l + y'^ = Cil + x^). (iii) v/(a:‘^-l)-src"*3r+/s/(jy’ — l)*=C. 

6. (i) tan x tan y = C. 

(ii) X tan a: — log sec a; = y tan y - log sec y + C. 

(iii) [log (see ar + tan a:)]’ —[log (sec i/-t-tan jy)]” =(7. 

1. log ® 8. (i) yc^^Cx, (ii) (a3‘* + v’)(j;+2)’=Ca;^ 

y ®j/ 

(iii) x"^ +y^ = sm^a, whore o = tan"*(jy/aj) + C. 

9. (i) 0*^= Je*+Co”*. (ii) n/j/ —®+log (is/ty —a; —J) = ia;+C. 

10. (i) tan (a;+^)—sec (a;+!/)= C+a;. (ii) ac"''*'+6e®*= C. 

11. (e* + 2) sec ^ = 3 ^/2. 12. (i) ty = Cc*/". 

(ii) y^ =‘2ax+C. (iii) r{C— 6) = a. (iv) r = a6 + C. 

15*3. Homogeneous Equations. 

If M and N of the equation M dx+N dy — 0 are both of 
the same degree in x and ty, and are homogeneous, the 
equation is said to be homogeneous. Such an equation can 
be put in the form 

g-f(f)- 
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Every homogeneous equation of the above type can 
be easily solved by putting y = vx where -y is a function of Xt 

and consequently ^ ® whereby it reduces to the 


form 

are separated. 


dx 

X 



— in wliich the variables 

• V 


Ex. Solve (x^+y^) dx — 2xy dy = 0. [ C. F. 19S1, '37 

The equation can be written as 

dy_x ^+ V^^ 
dx 2xy 


Putting 


y == vx, so that 


dv 

dx 


=v+x 


dv^ 

dx 


we have, 


, dv X^ + V^X^ 1 + 7J® 
^ ^ dx 2vx* 2o 

dv l + 1 — 77 “ 

dx 2<J 2y 


dx 

X 


2v 

i-w*-* 


dv = Q. 


integrating, log x+log (l-7?“)=log C. 

£c(l —y*) = C. 

Ee-substituting y[x for v and simplifying, we get the solution 
x^-y^ = Cx. 


15*4. A special Form. 

The equation of the form 

^ _ a,x+b,y + c, / aj. . W \ ... /j) 

dx a2X+b2y + C2 las ^2 / 

can , be easily solved by putting x — x' + h, and y== 3 /'+Zr, 
where h and k are constants, so that dx = dx* and dy = dy*, 
and choosing k in such a way that 

ai/fc +61A;+ Ci *=0 \ 

and aQh+b 2 k + C 2 = 0 , ) 




( 2 ) 
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For, now the equation reduces to the form 
dx' + 

which is homogeneous in x' and ?/' and hence solvable by 
the method of the previous article. 


Note. The above method obviously fails, if rti/eia = /;,//) 2 ; for in 
this case li and k cannot be delermiuf'd from equation (2). 

Let the equation be 

dy^BiX-f’b-iy+c-i /o, \ 

dx a2X + b2y+C2 \aa &»/ ' 


Let 


As VI 

where m is a iion*zcro constant. 


Qt 2 “■ Ct 1 Wf I) 2 


hiVi, 


Assuming this to bo the case, lot the common value of these 
ratios bo denoted by 1/m, so that a^—a^m and b-i — him. 

The equation (3) becomes 

dv _ aiX + b^v^Ci 
dx 7n(axX+biy) + c-i 

Now, putting axX + biy = v, the \'ariablis can be easily separated and 
henco the equation can bo solved. [ See Ex. H, below. ] 


Note. If in the equation (1), then the equation can 

be solved more easily by grouping the terms suitably. 

[ See Examjdes XV(C), Ex. 1 (ir) ] 


Ex. 1. Solve !• [C. P.19.34] 

Putting a;=a;'+7i, y = y+k, so that dx — dx, dy = dij\ wo have, 


dy' __ fiaj' — 2f/ +Gh — 2k — 7^ 
dx' ~~ 2x' + 3y +2h+ Sk — 6 


Putting 6 / 1 -- 2 A 1 —7=0, and 2h+Bk—G — 0, 
and solving these two equations, we have 7t*=i, k=l. 

the equation becomes 
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dv! 

dx' 


Since the equation is now homogeneous, putting y' — vx* and henco, 
d'V 

= v+x'^,f and simplifying, the equation reduces to 


dx'^ 

X 


6u + 4 


2 3tJ‘* + 4v-6 on integration gives, 

-log log (3v* + 4v-G). 

(ilx')-»={3v’ + 4u-C)^. 


tJ=» 


Now, restoring the values of x' and v, where x' = x-‘ and 

= o^» wo get the solution in the form 

X 2®—3 ® 


3t/* + 4xj/ - 6x® ~12y+ 14x = C. 


Ex. 2. 


Solve 


dy_ (jx~2y — l 
dx 3x—j/H-4 


Since here aja2 — l>ilb.it putting 3x — y=‘V, wo get 

^~^x~dx* hence the given equation gives 

di;^g_27' — 7_ r + lO^ 
dx ■« + 4 V + 4 


dx 


v+4 
v +19 


dv= 



35 \ 
v+19) 


dv. 


x + C = 7J —15 log (u+19). 

On restoring the value of v, wc get the solution in the form 
2x — y—15 log (3® — y+19) = C. 


Ex. 3. Show that in an equation of the form 

yli(xy) dx+xfg(xy) dy —0 

the variables can he separated by the substitution xy— v. 

Since, xy = v, y= and d[xy) = dv i.e., y dx+x dy = dv 

, ^ xdv — vdx. , , V , 

and rij/= -a- t.e., xdy—dv — dx. 

CG iC 

.‘^ fi{v) dx + /a(t>) {dv — ’’ dx} *= 0. 

9? sC 
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(«)-/*{«)} ® 

Thus, the variables are separated. 

[ See Ex, 14,15,16 of Examples XV(B) ] 

We can as well form an equation in v and y, by taking xy=v^ 

V 1 V dv— V dy 

= and dx= ~ -^— -• 

y y 

[ For illustration see Alternative proof of Ex. 5 of Art.>l5‘5. ] 


Solve :— 


1. (i) ® 

(ii) 

9 /-N dv^y[x-2y)^ 

* dx x(x - 3?/) 

(ii) 


EXAMPLES XV(B) 

ch^ V 
dx X x'’^ 

dv^ x^v 
dx £C^+?/‘* 

3. {x^ + y’^) dy = xy dx. [ C. P. 1025, '30 ] 

A dy x-y 
* ^ dx x + v 

5. (i) (3a; sinh(///fl;) + 5/y cosh(^/£t;)) dx - 5x cosh(?//£c) dy = 0. 
(ii) (1 + dx + 3c®(1 - xhj) dy = 0. 

6. (x"^ - 2xy) dy + (sc® - Sxy + 2//®) dx = 0. 

7. y^ dx + {x ® + xy) dy = 0. 

dy 3x + 2// 


/.•I dy ^y{y + x)^ 
dx x(y - x) 


Q f.s dy y y 


(ii) 


dx 2x - 3?/ 
9. (6a; - 5?/ + 4) tZ?/ + (?/ - 2a; - 1) dx = 0. 

10. {x-By+ 4) dy + (ly - 5x) dx = 0. 

11. (2x-2y + 6) dy-(x-y + S) dx = 0. 

12. (x + y + l) dx - (2x + 2y + l) dy = 0. 

13. y (2xy +1) dx + x(l + 2xy + x^y^) dy «= 0. 
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14. dx + 3x^y dy + 2ydx^C. 

15. (l + cos xy) dx + aj® cos xy dy ~ 0, 

16. Show that (ix + Sy+ l) dx + (Sx + 2y + l) dy^O re¬ 
presents hyperbolas having as asymptotes 

x + y — 0, 2x + y +1^0. 


ANSWERS 

1. (i) = (ii) 2a;-?y= Cx’y. 

2. (i) y^e^>^ = Cx\ (ii) j/» = Ce**^*'*. 

3. = i.{i) V^ + 2xy-x^ = C. (ii) 

5. (i) = C sinh'’'(ty/x). (ii) aj+3jyij'/^=C. 6. s/=*a; log (Ca!"0* 

7. xy^ = C{x+2y). 8. ({) x = C sin ^. 

a; 

(ii) 3 log (aj^ + v®) = 4 tan"^ +C?. 

s 

9. (5»/-2a;-3)" = (7(4fy-4a:-3). 10. (3j/-5ar+10) = -C(?y-®+l). 
11. 2i/~a;+C=log (jc —iy+2). 12. Gj/~3® =log (3.r+3jy+2)+C. 

13. 2®’jy’log j/ — 4j;t/ — l = 0®“jy’. 14. ®(£rjy-2)* = C(xi/-l)®. 

15. ®e®'"**' = C. 


15*5. Exact Equations. 

The differential equation M dx + N dy~ 0, where both M 
and N are functions of x and y, is said to be exact when 
there is a function u of x, y^ such that M dx + N dy du, i.e., 
when M dx + N dy becomes a perfect differential. 


Now, we know from DijBferential Calculus that Mdx+Ndy 

S 8N 

should be a perfect differential if . ■ Hence, the 

dy ox 

condition that M dx + Ndy — 0 should he an exact differential 

6y dx 


equation, is 
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Note. It is beyond the scope of the present treatise to enter into 
the details of the theory of singular solutions. 


Ex. 1. Solve y*=px+p-p\ [ C. P. 1936 ] 

Differentiating both sides with respect to a;, 


p=p+x 


dp dp dp^ 
dx dx ^ dx 


dx (®+l~2p) = 0. 

.'. either, ^^=0, p = C (1) 

or, a3 + l--2/j = 0, («+!). ••• (2) 

Eliminating jp between (1) and the given equation, we get 
y—Cx+G—G'^ .as the complete solution 
and eliminating p between (2) and the given equation, we get 
j/ = i(®+l)K + J(»+l)-i(x+l)’ = i(a:+l)*, 

4.y = {x + l)'\ as the singular solution. 


Note. It can easily bo verified that the family of straight lines 
reproseiited by the complete solution touches the parabola represented 
'by the singular solution. 


Ex. 2. Solve y — [l+p)x+ap‘^. 
Differentiating with respect to x, wo have 


p — {l + p) + (a:+2a,7() 


dp 
- -♦ 

dx 


This is a linear equation in x and p. [ See Art, 15’6 ] 
. ■. multiplying both sides by i.e„ e^, we get 

-2ap.c^ 

or, ^ {xe^) — — 2ap . c”. 


22 
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. ■ . integrating, =» — 2a +0= —2ae*’ (j)—1) + C, 
or, se = 2a{l'-p)+C6~^. 

. *. y=2a—ap'^ + {l+p) Ce~^ from the given equation. 
The p-eliminant of these two constitutes the solution. 

EXAMPLES XVI 

Solve the following and find the singular solutions of 
Ex. 5 to 8 only :— 

1. (i) i)®+jp-6 = 0. (ii) p® + 2a?p“ 3a:® =0. 

2. 0) p® “P (e* + «“*) + 1-0. 

(ii) p - p (a?// +1) + a; = 0, (iii) p(p ® + xy) =p®(a: + y). 

3. (i) p® - (a + b)p + = 0. (ii) p(p + a:) = y{x + f/). 

4. (i) aryp® - (a:® - ?/®)p - xy = 0. 

(ii) p® - p{a;® + acy + y®) + x^y + ary® = 0. 

(iii) p®-(a;®+a;//+ ?/®)p®,-t (a;®//+ 3:®?/® +a:?/®)p-a:®p® 

= 0 . 

3. (i) y = px-^ alp. (ii) y = px+ +6® . 

(iii) ?/=pa;+p". 

6 . (i) y =pa? + ap (1 -p). (ii) py = p® (a? - 6) + a. 

7. (a: - a)p® + (a: - p)p - p = 0. 

8 . (?/ + l)p-3rp® + 2=^0. 

9. (i) p®a; - p®?/ -1 = 0. (ii) ?/ = i/p® + 2par. [ C. P. ], 

10. sin y cos px - cos v sin par - p = 0. 

11. (i) ar = 4p + 4p®. (ii) p®-2a;p + l = 0. 

12. (i) - p® - p = 0. (ii) v=p cos p - sin p. 

13. (i) p = p®a:+p. (ii) i/ = (p+p®) a:+p“^. 

14. (i) a: + !/p = ap®, (ii) ?y = 2paj+p®. 

16. p® - p (p + 3) + ar * 0. 

16. y = i4p®+Bp®. 
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ANSWERS 

1. (i) {y + 3x-c)iy-2x-c)=-0. (ii) (2y + 3x'‘'-c)(2j/-a:*-c) = 0. 

2. (i) ( 2 /— e"* —c)(j/ + c"* —c)=»0. (ii) (2i/ ——c)(2x —j/®—<j)“0. 

(iii) (j/ — c){2y — x® — c)(y-ce") = 0 3. (i) {y-ax'- c)(i/—6x — c) = 0. 

(ii) (?/ —ce*)(t/+x —C3""' —1) = 0. 4. (i) (xt/ —c)(x®—jy® —c) = 0. 

(ii) (2jy —X® — c)(j/ — ce'^)iy + x — l — ce~^) = 0. 

(iii) (x ® — 3t/ + c)(o^® + cy)ixy + cy +1) = 0. 

5. (i) y — cx+ 2 y® = 4ax. (ii) y = cx+ ij{a^c'* + b^)\ Lg+Jf***!. 

w cl> O 


(iii) 7 / = cx + c" ; ‘+x"(7i—I)”"‘ =0. 

®* (0 y = cx + ac{l — c) ; (x+a) ® = 4a//. 

(ii) cjy = c®(x —i) + a ; ?y® = 4«(x —//). 

7. (x — a) c® + (x — ?/) c — ?y = 0 ; (x+jy)® 4aj/. 

8. (jy+l)c- c*x + 2 = 0; (ty +1) ® + 8x = 0. 

9. (i) c“x —c* 2 /—1 =0. (ii) yy® = 2cx + c®. 


10. {y = fx+sin"®<'. 


11. (i) x = 4yi + 4yj“ I 

j/ = 2/)“ + 3yj‘‘+« J 

12. (i) x = 2 tan"^y> —*+c 

jy = log (zj “ + />). 

13. (i) y—jp^x+p 

7> + c 


(ii) x = i (/>+77"^), 

f/ = ^yi>®-J log;j + c 

(ii) x = c + cos p 

y =p cos p — sin p 

(>0 y=‘ip+p^) x+p-' 

m 

1 + CP^ 


14. (i) x + yp — ap^ 

x(l + p*)^ = [c+a log (p + (1 + p®)%]. 

(ii) (3xi/ + 2x^+c)® —4(x® + Ty)®=0. 

15. y(l — p®)^ + (1 — p®)^ ** c, with tho given relation. 

16. y=Ap^+Bp^ 

x= iAp^ + 2Bp+c. 



CHAPTER XVII 


LINEAR EQUATIONS WITH CONSTANT 
COEFFICIENTS 


17*1. Equations of the Second Order. 


We shall first consider linear differential equations with 
constant coefiBcients of the second order, since the 3 '^ occur 
very frequently in man^'^ branches of applied mathematics. 
The typical form of such equation is 



+ Pi 


dx 


fPay-X, 


(1) 


or, symbolicall 3 ^ (D^ + PiD + Pa)y^X, 

where Pi', Pg are constants and X is a function of x only 
or a constant. Two forms of this equation usually iiresent 
themselves, namely when the right-hand member is zero, 
and when the right-hand member is a function of x. We 
shall first consider the first form and then the second. 


17*2. Equations with right-hand member zero. 


Let the equation be 


51 

dx 


55l 




+P.y 



As a trial solution'" of (2), let us take y = Then 

if w’e put y - c”*® in the left side of (2), it must satisfy the 
equation ; i.e.-, we must have, 

(m=+PtW t-Pa) = 

or, since c”*® 0, + PiW +Pg =0. (3) 


^This trial solution is suggested by the solution of the first order 
linear equation j/j +Py = 0, which is of the same form. 
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The equation (3) is called the Auxiliary equation of (2). 

Let mi, m 2 be the two roots of the equation (3), 

Then, = and y = e^^^ are obviously solutions 

of (2). Also, it can be easily verified by direct substitution 
that y = y = B.na + satisfy 

the equation (2), and as such, are solutions of (2). 

We shall now consider the nature of the general solution 
of the equation (2) according as the roots of the auxiliary 
equation (3) are (i) real and distinct, (ii) real and equal 
and (hi) imaginary. 

(i) Auxiliary equation having real and distinct roots. 

If mi and are real and distinct, then ?/= Cie*^**®+ 
is the general solution, since it satisfies the equation, 
and contains two independent arbitrary constants equal in 
number to the order of the equation. 

(ii) Auxiliary equation having two equal roots. 

If the auxiliary equation has two equal roots, the method 
of the preceding paragraph does not lead to the general 
solution. For, if7»i = m 2 “a say, then tho solution of the 
preceding i)aragraph assumes the form 

7/ = (Cl + Co) = C<3"®, when 0 

which is not the general solution, since it involves only 
one independent constant and the equation is of the second 
order. 

A method will now be devised for finding the general 
solution in the case under discussion. Since the auxiliary 
solution (3) has two equal roots each being equal to a, it 
follows that the differential equation (2) assumes the form 
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Let y “ e“®v, where v is a function of a?, be a trial solution 
of this equation. Substituting this value of y in the left 
side of the above equation, we have 

c“ , M =0, i.e,, , a =0, since c® 0. 

ax ax 

Now, integrating this twice, we get z; ~ Ci + Ca®. 

Hence, the solution of (2) in this case is 

y-{0x +C'2a7)e“*. 

This is the general solution of (2), since it satisfies (2), 
and contains two independent arbitrary constants. 

(ili) Auxiliary equation having a pair of complex roots. 

If — a + ip and = a — ip, then the general solution 
of (2) is 

y = + Cae*® 

The above solution, by adjusting the arbitrary constants 
can be put in a more convenient form not involving imagin¬ 
ary expressions ; thus we have 

= «®® [Cl (cos px + i sin px) + 0^ (cos Px ~ i sin Px)] 
^ <?®® [(Cl + Ca) cos px + z(Ci - Co) sin px^ 

= c®® [A cos Px + B sin px], 

where /l = Cj+C 2 and /l=*/(Ci —Cg) are the arbitrary 
constants which may be given any real values we like. 

Again, by adjusting the arbitrary constants A and B 
suitably, i.e., by putting C cos s for A and - C sin e for B, 
the general solution can also be written in the form 

y = Cc®® cos ip + e), 

where C and c are the two arbitrary constants. 
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Ex. 1. Solve = 

Let i/s=c*** be a solution of the .ibove equation ; 

then «"** (wi" + 3 mi + 2) “ 0, .'. m^ + Bm +2 = 0, since ^ 0. 

(»n + l)(w+2) = 0, ?u=~l, or, —2. 

the general solution is t/ = Cie'^ + OjC'*-' 

Ex. 2. Solve ^~i-2a*^+a^y=‘0. 

Let bo a solution of the above equation ; 

then c*"* [m^ — 2am +o®)=0, or, m'^— 2am + a® = 0, sincc e”' 0. 

On—a)® = 0. 

Since the auxiliary equation has repeated roots liere, 

. ■. the general solution is t/ = (C, + 0a®) e'^. 

Ex. 3. Solve (D® + 2 D + 5) y = 0. 

The equation is, ^^3 + 2^^ + 5?/ = 0. 

Lot y’=e‘^’' be a soldtion of the (»quatiou ; 

then c*"' {/n® + 2m + 5) = 0. . ’. vr + 2';n + 5 = 0 since e™* ^ 0, 

.'. vi = —l±2i ; 

the general solution is j/= Ci«*“^''®**^+ 
which, as shown in Art. 17*2(iii) can bo put in tlio form 

= (A cos 2x+If sin 2^). 


EXAMPLES XVII(A) 


Solve :— 


1 . 


Kdy 
dx^ dx 


+ 4y=‘0. 


2 . 


d^ 

clx^ 


7l^+12“0. 
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[ 0. P. 1930 ] 


[ C. P. 1937 ] 




[ 0. P. 1940 ) 


6. ?/3 — 4?/, +4|/ = 0. [ G. P. 1939 ] 

7. (i) (D® + D)y »= 0. (ii) + 26)y = 0, 

8. (D“ - 2wD+?»®+w^)l/ = 0. 

9. (i) (D'^ - 4P +13) y = 0. (ii) (Z>® - ?/ = 0. 

10. (i) + 4^® + 13s = 0. (ii) (7) + S)®?/ = 0. 

at at 


11. Solve in the particular cases :— 

(i) j a + — 2v = 0 ; when x — 0, ?y = 3 and = 0. 

cZ^ 

(ii) ^^3 + ?/ = 0 ; when ar = 0, ?/ = 4 ; when x = y = 0. 

(iii) “ 3^ + 2a; = 0 ; when t = 0, x = 2 and = 0. 

at at at 

(iv) + n^x = 0 ; when Z = 0, aiid x = a. 


12. Find the curve for which the curvature is zero at 
every point. 

13. Show that if l^;?-+gd — 0, and if 0 = aand 

c 1 at 

when Z *= 0, then 6 == a cos \t Jigfl)}. 
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14. Show that the solution of 


d ® I jj.dx 
^ + ^l£C = 0 


dr ■ ■' dt 
is x — {A cos nt +B sin nt) if 
and 71® = ft — 


ANSWERS 

1. y=‘Ci€~^ + c.je~*^. 2. y^CiC^^+c.^e''. 3. j/ = C|e''-4 

4. fy = Cie~"'® + <;a‘i“‘'^* 0) ?/= + (iO + 

6. y = (A + Bx). 7. (i) ?/=/! + 

(ii) j/ = e““* (il po,s 4a:+ 7? pin 4r/‘j. 

8. y = e”*^ {A cos nx + B sin nx). 

9. (i) j/ —e’*® (A cos .'Ja 3 + B sin Oaj). (ii) y— 

10. (i) s = e"®‘ (/I cot 3t+D sin 3/). (ii) y=^c'^^ (.ct+7?.x‘). 

11. (i) y/ = 2<i!* + c“‘'*®. (ii) i/ = 4 c os rc. (iii) K—lts*-2cJ®'. 

(iv) x — a cOi nt. 12. A straight line. 


17*3. Right-hand member a function of x. 


Wo shall now consider the solution of the general form 


^+Pi^.+P.y“X. 


djT 

dx 



If y~rl>(x) be tlie general solution of 


d®7/ „ di/ 

dx^ ^ \lx 


+ P2y = 0 



and y = v(x) be any particular solution of (l), then 
?/ = </» W +vM is the general solution of (l). 

This result can be established by direct substitution. 
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Thus, substituting (a?) + v (®) in the left side of (l), 
we have 



The first group of terms is zero, since (a?) is a solu¬ 
tion of (2), and the second group of terms is equal to X, 
since W is a solution of (l). 

Hence, ?/ = </> (a;) + v W is a solution of (l), and it is the 
general solution, since the number of independent arbitrary 
constants in it is two, </>(ar) being the general solution of (2). 

Thus, we see that the process of solving equation (l) 
is naturally divided into two parts; the first is to find the 
general solution of (2), say </> (Ci, Cg, sr), and the next is to 
find any particular solution of (l), say v (x) not containing 
any arbitrary constant. Then 

?/ = </> (Ci, Cg, x) + y}(x) 
will be the general solution of (l). 

The expression (Ci, Cg, a*) is called tho Gomi^lcmentary 
function and V’ W, i.c., any particular solution of (l) is called 
the Particular Integral of the equation (l). 

17*4. Symbolical Operators. 

We have already shown in art. 17*2 how to obtain the 
Complementary function; now we shall consider how to 
obtain the Particular integral. In order to discuss methods 
of finding a particular integral, it would be convenient 
to introduce certain symbolical operators and their pro¬ 
perties. 
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With 
dm dx^ 


the usual notation of Differential Calculus 
etc. will be denoted by the symbols D, D®, etc. 


1 1 

Also (or, D~^), (or, D"®), etc. will be used to denote 

the inverse operators, i.e., the operators which integrate 
a function with respect to ar, once, twice, etc. Let us write 
the equation 


d^v 

dx'^ 


+ Pi 


dv 

dx 


+ P2l/ = X, 



in its symbolic form 

(D®+PiD + Pa)z/ = X, 

or, more briefly as / {D)y = X. 


... ( 2 ) 
- (3) 


The expression ^ used to denote a function 

of X not involving arbitrary constants, such that the result 
of operating upon it with f{D) is X, and as such and 
f(D) denote two inverse operators. 


Thus, the function 


An) 


of the equation f{D)y = X. 


X is clearly a Particular Integral 


As a particular case when f{D) *= D, denote 

a function of x, obtained by integrating X once with respect 
to a?, which does not contain any arbitrary constant of 

integration; similarly ^2 X will denote a function of a?, 

obtained by integrating X twice with respect to Xt and not 
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containing any arbitrary constant of integration. For 
example, 




1 

20 


X 




1 

2 


£B' 


Important Resnlts on Symbolical Operation. 

If F {D) be any rational integral function of D, 

i.e.f if 2i^(D) = Z>"+aiZ)"~'+ ••• + an-iO+a»i, then 

(i) F{D}e^^ = F{a)e^=‘. 

(ii) JF(D)e“^7=c“®jF{D+o) F, F being a function of x. 

' Mcoa(aa;+6) ' ' lco3(a£C+&). 

By actual diHerontiation, wo can easily verify tbe above results. 


17*5. Methods of finding Particular Integrals. 

We shall discuss here the methods of obtaining i^arti- 

1 

cular integrals, i.e., the methods of evaluating when 

X has special forms.^' 


(<i) X = x***, m being a positive Mteger. 


Expand 


i.e., {/(/))} ^ in ascending powers of and 


operate on with the result. It is clear that in the ex¬ 
pansion, no terms beyond the one containing D"* need be 
retained, since •= 0. 


Note. The justification of the above method lies in the fact that 
the function of x whioh we si all get by operating on a” by the series 

* For proof see Authors* Differential Calculus. 
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of powers of D obtained by expanding v’hon operated upon 

by f{D), will give x^. For example, 

Now, (D’ + lK-x'* -12a;’’ + 24) = 12a;'^-24-l-x*-12a;’ + 24=x^ 


(6) X—e V, where V ii> a function of x, or a constant. 

If Fi is a function of .r, we liave from Art. 17‘4(ii), 
/(DK*F, = c''7(7J + a) Vj, = e^^V, say, 


so that, /(D+a) F, = F, i.e., Vi + 
Thus, j^e.»V = e«V. = e-»,-^V. 


Again, noticing that f{D+a)k' where // is a constant 
is evidently a constant = 1c say, and proceeding exactly as 
above we can show tliat 


1 

f(D) 


o®*k:=e 


X_Ifarlrri®* 

f(D+a)“ f(D+o) 


1 . 


(<_■) Xaso®*- where a is any constant. 

[ From Art. J7'4(i) j 

fM®** “ ®** ’ M ^ 0. 

If f(a) = 0, then (D - a) is a factor of f{D). 

.'. either, f{D) ^(D-a) </>(D), where 4(a) ^ 0 • • • (i) 
or else, =(P-a)®. ••• ••• (ii) 
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(0 




1 


f(D) 


ax 


1 .A 

D-a <I>{D) {D - a) </>(a) ^(a) I) - a 


-a» 


6 


aa; ^ _ ax 


-VTi’l [ ^1/ (W ] 


(ii) 


<t>(a) D 
1 


ere 
<t>{a) 


“ - (p - a)“ t ^ • 


(d) Xssgin (ax-l-b) or cos (ax-l>b). 

If /(D) contains only even powers of D, let us denote it 
by Then if <li{ — a^) ^^0, we get by Art. 17'4(iii), 

(ax+ b) <f>(-a^) ain (ax+ b) . , ,,n 


Similarly, cos (ax+b)=^~^j cos (ax+b), if (p{-a^)^0. 

If </)('-a®) == 0, or if /(D) contains both the first and tho 
second powers of D, the method of procedure that is to be 
adopted in such cases is illustrated in Ex. 5 and Ex. 6 
of § 17’6 below. 


(e) X^x" sin (ax+b) or x™ cos (ax+b). 

(/) X=xV. where V is any function of x 

j^xV® I X f (D) V. • 

In evaluating particular integrals of this type it is 
convenient to replace sin (ax + b) and cos (ax + 6) by their 
exponential values and then proceed as in case (b). 

Note. It should be noted that when X is the sum or difiorence 
of two or more functions of ar, say X=Xi±X 2 ±X 3 , then the parti- 

oular integral ^IXi i Xg.; ^^ 


* For proof, see the Appendix. 
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17’5 (1). Alternative method of finding X. 

When the auxiliary equation has real and distinct roots, 
corresponding to each such root m, there will be a partial 

A 

fraction of the form ' ’ where ^ is a known constant 

JJ ~~ m 

and hence 


/{!)) 


X can be written in the form 


-X+ 


each term of which can be evaluated by the method shown 
below. 


Now, 

D-m D-in D 

X=e'"» \ e”*"* Xdx. ••• (1) 

D—m j. ' ' 

This method is illustrated in Ex. 8 of Art. 17'6. 


17*6. Illustrative Examples. 

Ex. 1. Solve (O’* + 4) 1 / = a [C.P. 1U35 ] 

Here, tho auxiliary equation w* + 4 = 0 has roots w= ±2i 
the complementary function = /I cos 2x-\-B sin 2x. 

Particular Integral = 4 “ 4(1 ®* 

the required general solution is 

y^A cos 2aj+B sin 2a;+i(®’ — J). 
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Ex. 2. Solve (D—3)* j/=2€‘**. 

Here, the auxiliary equation (nt—3)*s=0 has roots 3, 3. 
C.F, = {A+Bx)e**. 

P l=i —-- 2c^*= *2e^® 

the general solution is y=^{A+Bx) 

Ex. 8, Solve {D-2y y=6e^^. 

Here, the auxiliary equation (hi —2) ’ = 0 has roots 2, 2. 
C.F. = (.d + J5!r) c®* 

tlie general solution is y = {A+Bx) e‘^’‘+Sx^ e®*". 

Ex. 4. Solve — 2a;. C C. P. 1937 ] 

The equation i-an bo written as (i)® + l) f/ = co3 2x. 

The auxiliary equation m® + l=0 has roots ±i. 

C. F. = il cos k + T? sin a;. 

■n T 1 o cos 2a; T „ 

P. + l_22 + i'^ “ 3 °‘^s2a;. 

the general solution is j/ = i4 cos x+ B sin x—l cos 2a:. 


Ex. 5. Solve {D'*A-l)y = cosx. 

As in Ex. 4, C. P. = >1 cos x+B sin x. 


But the method of obtaining particular integral employed in Ex. 4 
fails here. Wo may however substitute the exponential value of cos x 
and proceed. Alternatively we may proceed as follows : 


Let 


Y = , - cos X and Z ■ 

JJ'-rl 


1 

'jD® + l 


sin X, 


.-. Y+iZ = j^/^^ (co? v + i sin ») = 2)rVi 




- .l = e** - ^ *1 

2iD+Z)* 


(D+i)® + l 
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2iD \ 


l“e** ^ i-1 
2i JD 


2i2i *“*■* 

.'. equating the real part, Y=\x sin x. 

.‘. the general solution \sy=^A cos x + B sin x + ^x sin x. 


Ex. 6. Solve — 2 5j/ = 10 sin x. 

The equation can be written as (i>® —2D + 5) ^ = 10 sin a;. 

The auxiliary equation — 2m+5 = 0 has roots l±2i. 

O. F. = e* (A cos 2x+B sin 2x). 

-r. T 1 ■ {D^ + 5) + 2D . 

P. I. =■ _ 2jr)+5 ® (i)-* + 6)* - 4I>* ® 

= sin a; = 2 (I>* + 2^+5) sin x 

= J ( — sin a:+ 2 cos ai+6 sin a;) = 2 sin a; + cos x. 

. ■. the general solution is j/ = e* {A cos 2a; + B sin 2a;) + 2 sin a;+cos x. 


Ex. 7. Solve (D* -4D + 4) y=x’^ 

The auxiliary equation m’* — 4»»+4 = 0 has roots 2, 2. 
O. F. = (^a;+I?) e’*. 


p T 1_ ^ 






the general solution is y = {Ax + B) e'‘‘'* + 5 *pe®*a;®. 


Ex. 8. Evaluate 


Z)» + 3D + 2 


;;; e' 


Given expression ^j ^ 23 + 2 ) 


e" 


... ( 1 ) 


.r l._„l le- 

LD+l X)+2j 


28 
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» -A— e**- - ^ - e*' 
i)+l D+2 


* dte—6“*"“ \ e®* 6** d® 


=e‘* Je* j 

Let -^1 = ^ **'* <^25 ^9 “ J 


... (2> 


Put e* = 5f. . . e* dx=dz. 


.*. = ^ e’dz—e* = e^* 

Ja = j ae"<ia=«e*—^ c* ^3 = 20 * —e* = e* (a —l) = e** (e* —1). 
.*. from ( 2 ), the given expression 


e‘ 


ITl. Two special types of Second order equations.. 

(A) §“Kx). 


Integrating both sides with respect to x, we have 
dv 


dx 


//W dx + A^<i>{x) + A 8aJ^ 


Integrating again, 

y~f fi>{x) dx + Ax + B — vW + Ax + B say. 


Note. As a generalisation of the above methoJ, we can solve the 
equation 55 ^“f(*) particular successive integration. 
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Multiplying both sides by 2dyldx, we get 

Now, integrating both sides with respect to x, we have 

dl) “ ^ 1 dx ^ I (Zy + Ci. 

Let 2/ /(i/) ^??/ = 4>{v). 


dv 
• ■ rfa; 


± JM + c,. 


dx= ± s \ ’ whence integrating 
^4hj) + C L 

x = ± v{'V, Cl) + C 3 (say). 

17*7 (1). Illustrative Examples. 

_ . „ , fZ®« 

Ex. 1. Solve -J- :: — COS nx, 
dx‘‘ 

Integrating fcotli sides with respect to x, we have 

dy 1 . , . 

dc n 

Integrating again, y— — cos 'ixx+ Ax + B, 
which is the general solution. 


» « o » d y a 

Ex. 2. Solve , a='-a* 
dx* y" 

Hu 

Multiplying both sides by 2 wo get 

= 2 <* If?, ot ^ 
dxdx‘ ^y^ax • dx\dxl 


Or, ^ 

■la—z -T— 

y* dx 
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Now integrating both sides with respect to a;, we have 




2<j 1 ^ y-, ct C ct 

= -rr-- 




y‘ 


y‘ 


<2j/, 

c2i^ 


± a or, 5d»=± I . 

y J Js/0\y’‘-a 


x—i 


®=±'^ s/Ciy''‘—a+Oii, 
1 


■Ca=‘±Q ^jG^y^—a- 
This is the general solution. 

Note. An alteriiativo method of procedure for solution of the 

f/ 

equations of the above typo, i.e., of the type =f{y) is indicated below. 


Put 


dy_ 


dx 


=p. 


. d*y^dj}^dpdy^ dp^ 
dx'* dx dy dx ^ dy 


.-. = oT, pdp=ay‘^dy, 

Q 

integrating, ip‘* = ~^ay'^+ 
iA i.e., 

Now, the rest is the same as before. 

Ex. 3. Solve ^%+x^^+n^y=Q. 

dx* dx 

Put jc = 6*, so that a = log a;; 
then = 


dz 


= e’=a:. 


. dy^dy^dx^ dy , d ( dy\ dx^( d^y djA 
dz dx dz ^d'^ ‘ da* dx \ dx) dz \ d®* dx) * 

td'*y, dy d^y 
*.e., ® dx^+^^^dz^' 
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the given equation reduces to 




V 


-" + w* 


y = 0. 


3 . 

Multiplying by 2^ j and integrating with respect to 

= constant (say). 

or, ± j ■ =ndz. 

Ja-y 


integrating, T oos"^ =v3+e 

whence, y = a cos (tra+e), or, y=a cos {n log a;+«l is tlie required solu¬ 
tion, a and e being arbitrary constants of integration. 


17*7 (2). Equations of the types 

(«>'(&.&•)-»■ 

w^(S.&')-«• 

(A) These equations do not contain y directly. The 


substitution is ^(derivative of tho lowest order) = q. 

(B) These equations do not contain x directly. 
substitution is 

mi dp • d^y ad^p, IdvY i. 

17*7 (3). Illustrative Examples. 

B*. 1. SoUn +1-0. 


The 
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Pat 


dx^ ^ ’ ' ■ (ijj* ^ 


.*. the givon equation becomes 

log(q’-l)=log c,®. 

a t.f., ^'^a'= ^?(^ + <!.a!), 

'*' ^’5cj 

4 ^ 

“l5ri‘^ (^+Cja)* + C2X + Ca, 

,*. 15ci®j/= 4(l + c,x)^ + Caa; + <.'j. 


“• .s-©-*ic)'-e::)') 


= 0 . 


Put 


^7i/ . dp 

dx ^*dy 


,*. the equation transforms into 


7^=7!/+ (1-2’'A whore = 


This is Clairaiits' form. 

p = Ay + [1 —= Ay+k sa,y whero 7c= (1 — ^4’) 
• • * Ay + k 

.*. fl;+J5=^ log(Ay+?{)= ^ log-{^JZ + Cl- 
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EXAMPLES XV1I(B) 


Solve the following equations 
l.(i) fj + iv=2x + S. 

3. (i) (P + 3)“!/ = 25e'‘*. 

4. (i) = 

5. (i) (Z)‘‘-4)2/ = sin 2ar. 

6* 0) ^ a +!/ = sin x. 
ax 

(i]i) ^^^ 2 +?/ = COS a*. 


a - \ H t s 

i) • 

(ii) (D“ + 9).v = 9c”‘'. 

d y Qx 

0.) -!/ = <= . 

L c. p. 1000 1 

(ii) (JQ“ + 4) y = sin Sa*. 
(ii) + 4?y == a- cos a:. 

(iv) sinV. 


7. (i) (P" - 1) v-xe^^\ (ii) {D^ - 9) ?/ - cos a;. 

8. (i) (D - + 2i) + 2) 7/ = ire (ii) (D^ - 1) y = sin ^x. 

(iii) (D® + l) 7 / = sin x sin 2a’. 

(iv) (D^ - j9 - 2) 7/ = sin 2a*. (v) (D - 2)^ /y = aj^e®"*^. 


9. (i) 


f ^'+ 2''/ + j/= «* + «-* 

f/aJ ax 


f..y. d^y j- 7,2„_^a: 

(iv) T-| -1/ = cosh ar. 


W di y X ' 

dx’^ ” 
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10. 07® ^^2 — jc + y *= log X. C Put a5=*e* ] 

11. (x^D^ + xD + l)y ~ sin log AJ®. [ Put a; = e" 3 

12 . (i) Show that the general solution of the equation for 
S. H. M. viz.. 


d^x 


” n^x, \B x — A cos {nt + f). 


(ii) Evaluate ^ 
and hence show that 

/e®* cos hx dx 


cos hx 


*= 2 , i 2 cos hx-^h sin hx). 
a +0 


IS. Solve in the particular cases :— 

(i) a + y = sin 2fl; ; when x^O, y^O and = 0. 

(ii) Vi ~ 5l/i + Qy = 2e® ; when x~0, y = l and “= 1. 

(iii) (Z>^ - AD + A}v ■= x^ ; when x-0, y = § and Dy = 1. 

(iv) (D^ -l)y-2; given Dy = 3, when 2/* 1 ; and a; = 2, 
when 1 / = - 1. 

Solve :— 


14. (0*0 = 1. 


/..X d^y a; 


16. (i) cos®a;-l, (ii) y^Vz’^’a. 

16. 2 /" = tan y sec®j/, given i/' = 0, when y=‘0. 

(ii) ^.+ .. -0. 




dx^ jy 

18. (i) = sin X, 

ax 


dx^ y^ 

f.,\ d^X 2i 
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19. (i) 




o^. 

^dx 


20 . 


dx^ dx 



n ily ^ 
dx^ dx 


21. (l+x^)yz+2xvi^2. 


22 . 


23. 



2 

+ y^ log y^O. 



= 0 . 


24. ?/3-foi)® = 0. 

25. ^2/a+(z/i)® = 2. 


20 . 


d^y_d^y 
dx^ dx^ 


ANSWERS 

1 . (i) y= A cos 2x + ii sin 2a; + .i(2x + 3). 

(ii) j/= A cos sc+5 sin a;+(a; ’— 60 :). 

2 . (i) (ii) + 

3* (i) 3 ^= (Ci + C7aa:)c"^*+e’*'. (ii) y^xi cos 3a;+iJ sin 3aj+4e**. 

4. (0 y=Cie“*+CaV“*+(ii) ?/= ^le* + /^«'^ + 4e•^ 

aCL 

(Hi) !/*Cie=“+(7ae®*+aje»*. 

5. (i) j/= i4e**+Be“** —4 sin 2®. 

(ii) y= -4 cos 2 a 5 +B sin 2 a;— 4 « cos 2 ®. 

6 . (i) y—A cos x+B sin x—^x cos x. 

(ii) y=Ci cos 2 ®+C 3 sin 2x+iz cos ®+| sin x. 

(iii) y=^A cos ®+jB sin ®+ 4—4 cos 2 ®. 

(iv) y^A cos 2 a;+B sin 2 »+ 4 aj —cos 2 a-iVaj* sin 2 ®. 
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7. (i) j/ = 0,e* + Cae-*+ie’*(3x-4). 

00 y=“0iC**4 08C"**+3V«** (6 sin ®-co3 a;). 

®* 0) !/ = e‘’* (4 cos «+JS sin oj+a;). 

(ii) y= -4e* + Be'* — iV* (si*i Jo;+4 cos Jx). 

Oii) l/®= A cos x+B sin x+ix sin x+iV cos 3x. 

(iv) 3 !/=* ^e'* + jBe®* + 5 iy 2x —3 sin 2x). 

(v) j/ = e®® (yl + Bx+iVx'*). 

9. (i) j/ = e-*(C7, + CaX+ixO+itJ*. 00 !/ = (.4 + Bx)e**+e* (1-A:)-*. 

(iii) j/®=(4 + JSx+Jx’) e®. Ov) jy = ^e*+JitJ“* +|x sinli x. 

jf 

(v) y = vie* + Be"* — ^ {(lOx + 2) cos x + (5x -14) sin x). 

10. j/ = (vl + B log x) x + log x+2. 

11. y—A cos log x+ B sin log x-^ sin log x*. 

13. 0) y = ^ sin X“§ sin 2x. 00 V — 

(iii) f/ = Jxe**+ix’' + ix + §. (iv) j/ + 2~e''"*. 

14. (i) y=x log X+-4x+B. (ii) y - (x—2) e® + Ax + B. 

15. (0 !/ = log sec X+.4.B + B. (ii) =n+((7a±(7i*x)’. 

16. (sin y + Ce*)(si nj/+Ce“*)‘=0. 

17. (i) 3J; = 2(^/r;-2C.)(^'!(+0,)^+C.. 

(ii) n/C.i/’+I;- log (JCtV* Jl + Ciy) = aC, -JZx+C,. 

18. (0 f/*sCji + C.jX + (C-x’) sin x-4x cos x. 

(ii) x=h^* + Ca+C^. 19. (i) jy=Mx® + B. 

(ii) a log (j/+B) = x+C. 20. j/*=CiC”*+Ca +Jc*. 

21. j/*log(l+x0 + -4 tan'>x+B. 22. * 

28. e* (Oi —c0“C?a- 
25. .•j/*«»2x® + C|X+03. 


24. e*'(CiX+Ca)®!. 

26. f/*»Oie*+(!7ae"*+Ca«+C4. 
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17*8. Equation of the nth order. 


The linear differential equation of the nth order with 
constant coefficients is 


dV 

dx" 


fPi 


dx"-’^ 


+P»-4^+P.y-X 



or, symbolically (D" + PiD"“''+P2D"“® + +Pn)y "X (2) 
or more briefl^?^ f(D)y = X, ••• **' (3) 


where Pi, .Pn are constants, and X is a function 

of X only, or a constant. 


The method adopted in the case of the solution of the 
second order equation admits of easy extension to the above 
case. Thus, the general solution of (l) consists of two i^arts 
(i) the Complementary Function and (ii) the Parti cellar 
Integral, the coniplementaiy function l)eing tlie general 
solution of 

/(P)// = 0 ••• ••• (4) 


and the particular integral being the value oi 

Assuming as before 7/ = e’"® as a trial solution of (4), 
we shall find that y = e’”® wdll be a solution of (4), 

if/(m) = 0, ?.e., if w“ + Piw”~^ + •••+Pn*=0. (5) 


Equation (5) is then the auxiliary equation of (4). 

If the auxiliary' equation (5) has n real and distinct roots 
viz., mx, m2,.mn, then the complete solution of (4) is 

y *= + Oge”***® + ••• + 

If the auxiliary equation has a multiple real root of order 
r, and if this root be a, then f(B) contains (P-a)’’ as a 
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factor, and the corresponding part of the complementary 
function will be the solution of (D - aYy = 0. 

Assuming, as before, 

{D - aYy «(P - a) 

and the solution of D'^v — 0, is by successive integration 
V = (Co + C 1.x + + ••• +Cr-iX'^~^), 

whence, y *= (Co + CxX + C.^x^ H-1- Cr- 

is the corresponding part of the complementary function. 

If the auxiliary^ equation has complex roots a ± jjS, the 
corresponding part of the solution is, as before 

y — (A cos ^x + B sin ^x), 

and if a±ifi are double roots of the auxiliary equation^ the 
corresponding part of the solution will be 

e“* [(Ax ^A^x) cos px + (Bx + B^x) sin px]. 

The method of obtaining the particular integral of (l) 
when X has those special forms [ See Art. 17*5 ] is essentially 
the same as shown in the case of the second order equations. 


17*9. Illustrative Examples. 

Ex. 1. Solve {D^ + ZD^+SD+l)y = e-^. 

Here the auxiliary equation is w® + 3wi" + 3»i+l = 0 of which tho 
roots are —1, —1, —1. O.F. = ^“"'(Co+CiX+Caa5“). 


P. I.* 


'c"* = 


(D“ + 3D* + 3£>+l) (D+l)-* 


' D’ ^ ® 6 

the general solution is y=e"* (Co+Ci®+Ca®* +Jx*). 


.Itsse”* •! = «“*• re® 

’(D-1+ )® ® ^ ® 6® ' 
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Ex. 2. Solve (D*+2D« + 3D* + 2D+l)y=®fl®. 

The equation can be written as 

(D" + D +1) “y a= a:e*. 

Her|. the auxiliary equation is (w* + m+l)’ = 0, it has double 
complex roots, - i ± iJ (s/3, - i ± iJ ^/3. 

C. F. is + cos (J v/3a:)+(jB, +I?a«) sin (J 

P. J. “(7)V+2; + ip = {(£>+1)* + (i:)+l) + l}« ® 

1 _ * If 1 1 

® {b^+~6J) +3p ^ ® ■ 9 LU + -/^(l + J 

= e*. + P(1 + JP>- »ic=- 2P +••• + •• -la: 

. ■. the general solution is 

f(^i+-42a:) cos (J (s/3j:) + (7Ji + P 3 x) sin (J s/3x)]+—2). 

Ex. 3. Solve {2x+3). 

The equation can be written as 

(P‘ — l)’j/ = sin (2x + 3). 

The auxiliary equation is (m* —1)’ = 0; its roots are 1,1, —1, -1, 
ti if Hence, 

C. F. is e' {A^ + A^x)-\-e~^ {Bi + B^x) 

+ (0i + C 3 x) cos »+(Pi+Pax) sin X. ••• (1) 

P. I. “ “ l)* (2s+3) 

”225 "■ 

Adding (1) and (2), we get the general solution. 
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EXAMPLES XVII(C) 


Solve ;■ 


1.(0 2^ = 0. [C. P.1946'] 






[ C. P. 1940 ] 




(iv) (jD + l)‘'(Xi=+l)y“0. 

3. (0 

4. (0 (D’-D)!/ = e* + 6-*. 

(ii) (D® — 1 )j/ == sin (Sir + l). 


/,.\ d' If , (I }/ ji 


5. 

d^y 

_ 


dx^ 

rfa 

6. 

(P" 

+ £»“- 


d^V 


7. 

iix^ 


8. 

f^.y 

dx^ 

- qC'v 

9. 

(D® 

-ax** 

10. 

0 ^ 

-4I»’ 

11. 

(I>^ 

+ 3).'/“ 

12. 

(D* 

+ 2D® 

13. 

{D- 

■ i)'(x> 


</// 
' dx 


+ 42/ = <?® sin 


a? 

2 


.aas 
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14. 

16. 


dx^ ^dx^^dx ^ 


'*' 


dx 


d^U 

'dx^ 


+ Ay*^ 360 Bin ^ x cos ^ 


ANSWERS 

1. (i) y*^e* + e'** {B sin J ^/3x^-0 cos J s/Sx). 

(ii) 4e*+G ccjs cb + D sill ®. 

2. (0 {A + Bx) + Co'^^. (ii) jy =+ Ctf"*. 

(iii) y = e~* [(A + Bx) cos aj+(Cf+D.c) sin .r]. 

(iv) y=er* {A-\-Bx+Gx'^)+I> co&x+E sin x. 

3. (0 y—Ae*-¥e, ^ (B sin if s/3x+C cns i is/3x)-x^-hx^-6. 

(ii) y — A + Bx+Ce'-^+x’^x* — ix‘‘-t-x^. 

4 . 0) + Joj (e®+tf"®). 

(ii) cos '^^x + B sin -^^ar^ + Cp* 

+ tVo tos (S k + I) “TTO sin {3j;+1). 

6 . y=:(Ai + A.jx) 

jy = C iC® + (C.j + Ctx) + j *5 sin 2x + cos 2x -- J. 

7. j/ = c»®(a, + C,T) + aaC-® + ic»* 

8. y= Cie"®® + c® (Ca cos x + Ca sin x)“TT"r‘^'*^ (i cos Jx — S sin ix). 

9. y = e* {Cx + C^ cos x+O^ sin x) + xe^ + rtj (tos x + 3 sin x). 

10. y^iCx + CiX) c** + C73C® + 04 e-*+i^*e®®. 

11. [Cl cos ax+ Ca sin <xx] + ^'“® [C* cos ax+C^ sin axj 

H-i (cos X + c"®) whoro a—If n/S. 

12. y=(Ci + Cax) sin x+{C 3 + Cix) ros x —Jx’ cos X. 

13. y^^iCx + Gix) e*+{Ca + CiX) cos x+iCa + Ct,x) sin x 

+ Je*x®+i — 5 *jx" sin x. 

14. jy»(C1 + Cax) e* + Ca + Jc**+Jx* + 2x. 

15. y^Ci cos x+Ca sin x+Ca cos 2 X+C 4 sin 2 x+sin 4x+f sin 8 x. 
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17'10. Homogeneous Linear Equation. 

An equation of the fonp 


® dx^ 


+ Pn- 1 ® ^^PnV^X 


• • • 



or, symbolically, (jc” D” + +. 

+ Pn-xXD + Pn)v= Xf ••• (2) 

where Pi, P 2 .Pn are constants and X is a function 

of X alone, is called a homogeneous linear equation. 


The substitution 

a; = 6*, i.e., z-log x. 


will transform the above equation into an equation with 
constant coeficients, which has already been discussed in 
Art. 17‘8. Here the independent variable will be z. 


Now, 


dx dz dx X dz 



d^y _ . 1 ^ / 1 <^\ ^ ^ l_dy 1 d^y . 1 
dx^ dx\x dzi aj® dz x dz^ x 





Similarly, 







d 


Let us write 3 for ^ ; with this notation, (3), (4), (6) can 


be written as 


®d® 


Sy. 
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^^ = S(d-l)y ••• ••• ( 7 ) 

^j^ = did-lXs-2)y ••■ ••• (8) 

x" (d “l)(d — 2)**-(d — n+l)y ••• (9) 

Note. This is sometimes called Cauchy equation. 

17*11. Equation reducible to the Homogeneous Linear 
form. 

An equation of the form 

{ax + hy^ + P t{ax + bT~'^ dx""~^ ^ 

+ P„-Aa!r + b)‘^^ + P„V = X- (10) 

where Pi, P.., ... Pn are constants and AT is a function of x 
alone can be reduced to a linear equation with constant 
coefficients by the substitution ax + b = z. 

Note. This is sometimes called Legendre equation. 


17*12. Illustrative Examples. 


Ex. 1. 


Solve x‘ 


■x 


.9 


Put ie = e* i.e., 3 = logic. 

Then by Art. 17’10, the equation transforms into 
[3 (3-l)(5-2)-3(S-l) + 25-2] ?/ = e” 

where 3*=^» or, (3 —1)® (3+2) 


the roots of auxiliary equation are 1, 1, —2. 
The 0. F. is i/ = (C?i+ (?»«) c'+C7a«"”* 

And P. I. is + 


( 1 ) 


24 
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.*. tlie general solution of (1) is 

{/*=(Ci + C20) e*+ 

Hence, the general solution of the given equation is 
y = {Ci + C-i log x) x+ CgX'^ + ix^. 

Ex. 2. Solve {x^D^+ 2xD) 

Put x = e’ i.e.f 3=\og x. 

by Art. 17'10, Llio equation transforms inlo 
(5-l) + 25}?y = e* e‘* — (1) 


where 5 = or, (5* + 5) jy — o‘ c®*• 

the roots of tho auxiliary equation are 0, — 1. 
the C. P. is y=Oy + G-ie~*. 


P. I.= 


5 



M 

S S+l) 






2 


1 

d 


S! P* 

e c® 


5+1 


c* c'' 


= J c- 6*" (Is-c ' J dz I By Art. 17'5'{1)] 

Put c® = y. 

P. !. = «?'■' -e-® -{(£?*-1) #/" [ Sec Ex. 8, of Art. 17 6 ] 

. ■. tho general solution of (1) is 

Cl + (yae"* + c~* 6® . 

Hence the general solution of tho given equation is 
t/=»Cl + +a;"^ e®. 


EXAMPLES XVII(D) 

Solve the following equations :— 

1* tC 1 a -3LM 

ax a :' 

2. {x^D^ + xD -1) ?/ = sin (log x) + x cos (log sr). 


■® ^ — 4® + 6j/ = X. 
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3. ® ^^» + 5i«!^^ + 4!/ = ,T . 

4. (®=Z)“-2)2/ = »=+ ^ • I 

X 


6 . + 

dx dx dx 

6. {x^ + xD —X)u~x“. 

„ 3 d^y . dy 

® dx^^^^'dx •' ^■ 

8. (.7? 4-2)“ - '1 (« + 2) + Gy = X. 

9. (x^D^ + C)x^ D“ + 9arD- + 3xD -f-1) ?/ = 0. 

iA id^y zd^y „ ^dy,„ . 

10. 7. ^^a-2a; + 2..//= log .r. 


^A^STrj5;/iS 


1 . y = CiX^ + CnX^ + ix. 

2. f/= C,« + Ca®" ‘ - J ‘Sin (log a;)-]- -{2 sin (Jog a) — cos (log a:)}. 

3. y={C^ + C.t log x) x~ '■* + . 

4. y=CiX~^ + C^x^ + ix^ log x~^x~'^ Jog® 

5. j/—+ Cm®“* + C.T 

6. y={Ci + C^ log x+Ci (log a:)*> jc + x'-’. 

7. y = {C^+C^ log x+Ca (log x)®> x-f-^r (log xy. 

8. j/=C,(x+2)® + C^(x + 2)® + H3x + 4). 

9- ?/ = (Cl -J- C^a log ■t) C03 (log x) + (C, + O, log x) sin (log x). 

10. y — {Ci + C 2 log x) x+C^x"’+Jx"^ log X. 



CHAPTER XVIII 
APPLICATIONS 

18*1. We have already considered in the preceding 
chapters some applications of differential equations to geo¬ 
metrical problems. Here we shall have some other applica¬ 
tions of differential equations. 

18*2. Orthogonal Trajectories. 

If every member of a family of curves cuts the members 
of a given family at right angles, each family is said to be 
a set of orthogonal trajectories of the other. 

(A) Rectangular Co-ordinatea. 

Suppose we have one-parameter family of curves 

/fc?/, e) = 0, ••• (l) 

c being the variable parameter. 

Let us first form the differential equation of the family 
by differentiation of (l) with respect to x and by elimina¬ 
tion of c [See Art. 14'2 ] and let the differential equation bo 

If the two curves cut at right angles, and if yf, y>' be 
the angles which the tangents to the given curve and the 
trajectory at the common point of intersection, (say x, v), 
make with the a;-axis, we have = and therefore, 

tan y “ cot Since tan v “ * 


it follows that the 
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differential equation of the system of trajectories is obtained 
by substituting “ for in (2). 

Thus, the differential equation of the system of orthogonal 
trajectories is 

“S)"®- ■■■ ® 

Integrating (3) we shall get the equation in the ordinary 
form. 

(B) Polar Co-ordinates. 

Suppose the equation of a given one-parameter family 
of curves be 

f{r,0,c) = 0 (J) 

and the corresponding differential equation, obtained by 
eliminating the arbitrary parameter r, be 



If </>' denote the angles which the tangents to the 
given curve and the trajectory at the common jioint of 
intersection, (say r, B), make with the radius vector to the 
common point, we have as before tan </>= — cot 

do 

Since tan r » it follows that the differential equa¬ 
tion of the system of orthogonal trajectories is obtained by 
substituting - -- for r t.e., -r for in (2). 

Hence, the dijferential equation of the required system of 
orthogonal trajectories is 

F(r, e,-r* ^|-0. — (3) 
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Integrating (3) we shall get the equation in the ordinary- 
form. 


Ex. 1. Find the orthogonal trajectories of the rectangular hyper¬ 
bolas xj/=a®. 

Difterentiating xy’^a^ with respect to x, wo have the difEorontial 
equation of the family of curves 


X 


dy 

dx 


+ 2/=0 


( 1 ) 


and hence for the orthogonal trajectories, the differential equation is 

-a;^^+^=0, or, xd£-ydy = 0. 

Integrating this, we have, = the required equation of 

the orthogonal trajectories. It represents a system of rectangular 
hyperbolas. 


Ex. 2. Find the orthogonal trajectories of the cardioules 
r=a {l — eos 6). 

Since, r=a(l—cos0), log r=log alog (1—cos 5), 


Differentiating with respect to 6, we got the differential equation of 
the family of curves 

1 dr_ sin 6 
r dd 1 -- cos 6 


the differential equation of the system of orthogonal trajectories is 

1 / 3 d0\ sin 0 

r \ ^ dr)~'l-< 


or, 

r sin 0 

or, 

dr sin 0 
r 1 + cos 8 

.ntegrating.Iogj-^,,^^ 


cos 0 
d0-=^O, 

d0=O. 


'log c ; 


i.e., r=c (1 + COS0), 

represents the required orthogonal trajectories. 
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Ex. 3. Find the m'thogonal trajectories of the system of curves 
r'*=a” cos n9. 


Since r"=a” cos nfl, 7i log r = n log a-I-log cos nd. 

DifEorentiating with respect to B, (and thereby eliminating a), we 
get the differential equation of the family of curves 

.1 dr sin nd 

r d$ cos nO 


the differential equation of the system of orthogonal trajec¬ 
tories is 

r \ dr) cos nd 


sin nd 
r cos nd 


dd = 0. 


integrating, 


log r — 


1 

n 


log sin nd=--- log c 


i.e., log 


r" = c” 


3^ = log C 

(sin nd )" 
sin nd. 


18‘«3. Velocity and acceleration of a moving particle. 

If a particle bo moviDg along a straight line, and if 
at any instant t, the position P of the particle be given by 
the distance h measured along the path from a suitable fixed 
point A on it, then v denoting the velocity, and / the acce¬ 
leration of the particle at the instant, we have 

V =• rate of displacement 
** rate of change of s with respect to time 

" dt 

and, f = rate of change of velocity with respect to time 

dv d®8 



376 


INTEGRAL CALCVLV8 


If instead of moving in a straight line, the particle be 
moving in any manner in a plane, the position of the 
particle at any instant t being given by the cartesian co¬ 
ordinates X, y, referred to a fixed set of axes, the components 
of velocity and acceleration parallel to these axes will 
similarly be given by 


Vaj*=rate of displacement parallel to a;-axis = 


di 


Vy = rate of displacement parallel to y-axis = j: 

at 


fx “ rate of change of Vx = 
fy ~ rate of change of Vy ~ 


d^x 

dt^ 

d^y 

df 


The applications of these results are illustrated in the 
following examples. 


Ex. 1. A particle starting with velocity u, moves in a straight 
line wtth a uniform acceleration f. Find the velocity and distance 
travelled in any Hme. 


s donoting tho dist^anco travollod by the particle in time t, the 

d^s 

acceleration of the particle is given by tho expression and so in 


this case, 


ds 

. integrating, ~‘=ft+A, where A is tho into- 

« 

rfl *? • • • 

gration constant. Now, is tho expression for the velocity v of tho 

CLt 

particle at time t, and when < = 0, i.e., at start, v=u. w*=0+-4. 


Hence, 


v*= 


dt 


=ft+u. 



Integrating (i), s = ifL'* + ut + B, 

where tho integration constant B is found in this particular case from 
the fact that s«0 when f = 0, B=0. 

s =J/f *+ut =■ Mi+J/i “. 


Hence, 
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Ex. 2. A particle is projected with a velocity u at an angle a to the 
horizon. Find the path. 

Taking fcho starting point as the origin, and taking the axes of 
co-ordinates horizontal and vortical respectively, if a;, y denote the 
co-ordinates of the particle at any time t, since there is no force and 
therefore no acceleration in the horizontal direction, and since the 
vertical acceleration is always the sarao = /7 downwards, we have in 
this case 


<£“a;_Q 3.*y__ 


dt^ dt‘ 
Hence, integrating, 


(i) 


But^» ~ represent the horizontal and the vortical component 

of velocity respectively, and these, at start when f = 0, are given by 
u cos a and u sin a. 

cos a= z* sin a = 0+23, 
whereby the integration constants are obtained. 

Thus, (i) gives 

dx du . . 

dt dt 

Integrating again, x = ut cos o + C7 

y = ut sin a — + D. 

Now, since X’=y = 0 when f = 0, wo get from above, C = D = 0. 

Hence, x=iitoo3a 
y — iit sin a 

Eliminating t, the path of the particle is given by 

ajS 

y=x tan a — hg 
» n* cos^a 


which is evidently a parabola. 



378 


INTEGRAL CALCULUS 


18*4. Miscellaneous Applications. 

The examples below will illustrate some other appli¬ 
cations of differential equations. 


Ex. 1. The population of a country increases at the rate pro- 
poi'tional to the number of inhabitants. If the doubles in 

30 years, in how many years will it treble ? 

Let X bo tbo population in t years. 

.*. ^f = lcx, solving, jc= Ce**. 


Lot £C = 2;oi when i=»0 ; 

Wbon !K =• 2xo, i — 30 ; 

When X = Sxo, let t--T ; 

30fc=log6 2 1 
and ftT==loge 3 j 


a . C~Xo , . 

2ro = aroe®‘'* ; 

. . SiT/f) “ • < 

T log, a3 48 , 

oz-x—1 airt ncarlv, 

30 loge 2 30 


x = Xoe''^. 


3’ = .30 X 3,5 - 48 years approximately a 


Ex. 2. After how many years will Rs. 100, placed at the rate of 
5% coyitinuonsly compounded, amount to Rs. 1000 ? 


Let a: bo tho amount in t years. 

. dx Ti , ,1 

• • drioo 

solving, .r=Ce*'. 

When f = 0, a = 100; . C~ 100. 

When a;=1000, let .'.1000=1006^'^ 


® = 100fl^‘‘. 


.^2-= 10. 


a’a 7«r=loge 10= 2'30 nearly. x2'30=20x2‘30 = 46 nearly. 


tho reqda time is 46 years nearly. 
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EXAMPLES XVIII 

Find the ortliogonal trajectories of the following families 
of curves:— 

1. (i) 7/*= 7 w.r. {i\) V = nx'\ 

(iii) .r® + ?y” = 2a?/. (iv) 4a;r. 

(v) a?/® = .r(vi) :r“ + 2?/^ == a. 

(vii) + ?/^ = a (viii) .r® + //'^ + a“ ^ 1 + 

(ix) r = a cos 0. (x) r“=a''^ cos 20. 

(xi) r (I -I- cos O) = 2^/. (xii) sin nO ~ a'''. 

2. (i) Sliow that the orthogonal trajectories of a system 
of concurrent straight lines form a system of concentric 
circles, and conversely. 

(ii) Show that the orthogonal trajectories of the 
system of co-axial circles 

+ ?/“ + 2?.x + c = 0 

form another system of co-axial circles 

+ y" + 2fty - c = 0, 

where A and /i are parameters and c is a given constant. 

(hi) Show that the ortliogonal trajectories of the 
system of circles touching a given straight line at a given 
point, form another system of circles which pass through 
the given point and whose centres lie on the given line. 

[ Take the point of concurrence as the origin, j 
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3. (d) Show that every member of the first set of curves 
cuts orthogonally every member of the second 

dx y^-^v + l dx flj^ + .r + i 

(6) Show that 

(i) the family of parabolas (03 +a) is self- 

orthogonal. 

(ii) the family of confocal conics 

2 2 

^ ^ being the parameter ) 

d "T A Ota 



is self-orthogonal. 

4. (i) Find the curve in which the radius of curvature is 
proportional to the arc measured from a fixed point, and 
identify it. 

(ii) Find the curve for wliich the tangent at any point 
cuts off from the co-ordinate axes intercepts whose sum is 
constant and identify it. 

5. Find the cartesian equation of a curve for which the 
tangent is of constant length. 

6. A particle is said to execute a Simple Harmonic 
Motion when it moves on a straight line, with its accelera¬ 
tion always directed towards a fixed point on the line and 
proportional to the distance from it in any position. If it 
starts from rest at a distance a from the fixed point, find 
its velocity in any position, and the time for that position. 
Deduce that the motion Is oscillatory, and find the periodic 
time. 
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7. A particle falls towards the earth, starting from rest 
at a height h above the surface. If the attraction of the 
earth varies inversely as the square of the distance from 
its centre, find the velocity of the particle on reaching the 
earth’s surface, given a the radius of the earth, and g the 
value of the acceleration due to gravity at the surface of 
the earth. 

8 . A particle falls in a vertical line under gravity 
(supposed constant), and the force of air resistance to its 
motion is proportional to its velocity. Show that its velo¬ 
city cannot exceed a particular limit. 

9. A particle moves in an ellipse with an acceleration 
directed towards its centre. Show that the acceleration is 
l)roportional to its distance from the centre. 

10. In a certain culture, the number of bacteria is 
increasing at a rate proportional to the number present. If 
the numl)er doubles in 3 hours, how many may l)e expected 
at the end of 12 hours ? 

11. After how many years will a sum of money, placed 
at the rate of 5% continuously compounded, double itself ? 

12. Radium disappears at a rate proportional to the 
amount present. If 6% of the original amount disappears 
in 50 years, how much will remain at the end of 100 years ? 

13. A tank consists of 50 litres of fresh water. Two 
litres of brine each containing 5 gms. of dissolved salt are 
run into the tank per minute ; the mixture is kept uniform 
by stirring, and runs out at the rate of one litre per minute. 
If m gms. of salt a.re present in the tank after t minutes, 
express m in terms of t and find the amount of salt present 
after 10 minutes. 
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14. The electric current I through a coil of resistance B 

dl 

and inductance L satisfies the equation BI+L-^^=Vt 

where V is the potential difference between the two ends 
of the coil. A potential difference V=a sin cat is applied to 
the coil from time ^ = 0 to the time t = n/at, wliero a, <w are 
positive constants. The current is zero at Z = 0 and V is zero 
after t=^n!o ); find the current at any time both before and 
after t*=nf(t). 

15. A horizontal beam of length 21 ft., carrying a uniform 
load of w lbs. per foot of length, is freely supported at botli 
ends, satisfying the differential equation 

El - lulx, 

y being the deflection at a distance x from one end. If y — C 
at aj = 0, and ?/i“0 at x- l^ find the deflection at any point ; 
also find the maximum deflection. 


16. A horizontal beam of length I simply supported at its 
end subject only to its own weight satisfies the equation 

where E, I, to arc constants. Given ?/a=y~0 at a;=-0 
and at x = li express the deflection y in terms of x. 


17. A harmonic oscillator consists of an inductance L, 
a condenser of capacitance G and an e.m.f. E. Find the 
<jharge q and the current i when E — Eq cos tot and initial 
conditions are q — Qo and i — io at i“0, i, q satisfying tho 
equations 





JCL 


I" 


dq, 

dt 


What happens if co — 
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ANSWERS 

1. (i) + = (ii) ffi’ + njy’* =c’. (iii) x'-‘+ = 2cx. 

(iv) 2x^ + y^ = c\ (v) 2x^ + 3y^ = c-. (vi) ?y = cx’. 

(vii) a;^-t/? = c^. 

(viii) y ^/{l-?y^)-'X \'(l-x*)+sm"* 3 'y-Riir‘x = c. 

(ix) r=c sin 6. (x) r'^-c'^ sin 25. 

(xi) r (1-cos 5)--2c. (xii) r" cos nd~c. 

4. (i) Equi-ftugular spiral. (ii) Parabola. 

5. X--- s/a'-‘-?/'* + ia(log (a- -!/'■*)“log (a+ Ja'*-y‘% 

if y — a, when x = 0. 


1 - - - - 1 ^ 

6. v= ijf^ia'*—x^), t~ r- co.s"* » when is the accoloraiion at 


a 


unit (listancn, 1 Period 


27r 




11. 14 years noarly- 


10. 1(> tiinos the original number. 


12. ^00 of the original amount. 


13. + gms.; 91^1 gms. 

_Tit 

14. For t rt r. ;.v si" (cos wi - e ^ )1 

Ct) Tj*ti> +h x. J 

Rir 

L^u,* + H^\ I 

24EI 


and for f > » 

U) 


liir HI 
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EoC 

l-w*iC 


cos (at. 


% = lo cos 


1 . 1 / KC \ 1 . 

Jlc JlcV’ 'H'lo 


EoC<a , . 

“i- i--rriBm (at, 
1 — w' LC 

If <a= - i.e., frequency of e.7;i./. = natural frequency oscilla- 

tJLC 

tion i.e., resonance will take place and the circuit will be destroyed. 
Before destroying 
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THE METHOD OF ISOCLINES 


19*1. It is only in a limitetl niimher of cases that 
a differential equation may be solved analytically by the 
preceding methods, and in many practical cases where the 
solution of a differential equation is needed under given 
initial conditions, and the above methods fail, a graphical 
method, the method of iaoclinea is sometimes adopted. We 
proceed to explain below this method in case of simple 
differential equations of the first order. 


Let us consider an equation of the typo 


df/ 

dor 


y). 



As already' explained before, the general solution of 
this equation involves one arbitrary constant of integration, 
and hence represents a family of curves, and in general, 
one member of the family passes through a given 
point (.r, y). 


Now, if in 


(i) we replace 


dy 

dx 


by w, w(' get an equation 


/(o’, ?/) = m, which for any particular numerical value of 
m represents a curve, at every point of \vhjch the value 

of i.e., the slope of the tangent line to the family of 
dx 

curves represented by the general solution of (i) is the 
same as that numerical value of m. This curve /(ar, 
is called an isoclinal or isocline. For different numerical 
values of m we get different isoclinals, which may be 
graphically constructed on a graph paper. Through differ¬ 
ent points on any one isocline, short parallel lines are 
drawn having their common slope equal to the particular 
value of m for that isocline. Similar short parallel lines 
are drawn through points on other isoclinals. If the 


26 
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number of isoclines drawn be large, so that they are 
sufficiently close to one another, the short lines will ulti¬ 
mately join up and appear to form a series of curves 
which represent the family of curves giving the general 
solution of (i) and a particular member of the family 
passing through a given point represents the particular 
solution wanted. All necessary informations regarding the 
particular solution may now be obtained from the graph. 

As an example, let us consider the differential equation 

j 

The isoclinals are given by m — x — or 
ax 

a series of equal parabolas shifted left or right 



from y^*=x, (which corresponds to m = 0) as shown in 
the figure. The dotted curves represent graphically the 
solutions of the differential equation. 


APPENDIX 

SECTION A 

A NOTE-ON DEFINITE INTEGRALS 


1. Definition. 

We have two methods of defining; definite integrals : one 
based on the notion of limits^ the other based on the notion 
of hounds. 

The first method based on the notion of limits is given 
in Note 2, Art. 6'2, 

The second method based on the notion of bounds 
is given below. 

Let the interval (a, />) he divided in any manner into 
a number (say w) of sub-intervals by taking intermediate 
points 

Let il/r and nir be the upper and lower bounds of /(a?) 
in the r-th sub-interval (xr-i, Xr) and let dr denote the 
length of this sub-interval. The lower bound (denoted by J) 
of the aggregate of the sums S~2£Afrdr (obtained by 
considering all possible modes of sub-division), is called 

the Upper Integral and is denoted by [ f(x) dar, and the upper 

J 

bound (denoted by j) of the aggregate of the sums s*=SmrSr 
is called thel^Lower Integral and is denoted by J^/(®) dx. 
When the lower and upper integrals are equal, ue., when/ — J", 
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then f(x) is said to be integrable and the common value 
is said to be the integral of f(x) in (a, b) and is denoted 

by I fix) dx. 

It can be shown by what is known as Darboux*s theorem 
that both the definitions are equivalent when f{x) is 
integrable. 

Note. The integral defined above when it exists, is called a 
Biomann integral, as it was first obtained by the great znathematician 
Biomann. 


2. Necessary and sufficient condition for inte- 
grability. 

We give below without proof the necfissanj and mfficient 
condition for the integrability of a bounded function f{x). 

If there be at least one pair of sums S, s for /(.r) for 
a sub-division of the interval (a, Z?) such that 

S — & <. St 

where * is any arbitrarily small positive number, then f(x) 
is integrable. 

Note. It can bo easily shown that the sum or difference of two or 
more functions integrable in (a, h) is also integrable in (i, a). 

3. Integrable functions. 

(i) Functions continuous in a closed interval (a, b) are 
integrable in that interval. 

(ii) Functions with only a finite number of finite 
discontinuities in a closed interval (a, Z)) are integrable in 
that interval. 

(iii) Functions monotonic and hounded in an interval 
(a, b) are integrable in that interval. 
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4. Important Theorems. 

I- /(®) is integrable in the closed interval (a, b) and if 
f(x) > 0 for all X in (a, fe), then | f{x) dx> 0 (b> a). 

Since, fix) > 0 in (a, h), it follows that in the interval 
(oTr-i, Xt) the lower bound Wr > 0 and therefore 

s •= Emrdr > 0 

y, which is the upper bound of the set of numbers 

s, > 0. 

fb 

Since, fix) is integrable, j~\ fix) dx 

Cb 

and hence J fix) dx^ 0. 

Alternatively, 

Since, fix) is integrable in (a, b), 


\ fix) dx^Lt 2;/(Cr)dr. 

J a n-*oo 


Since, fix) ^ 0 in (a, h), /(Cr) ^ 11 io (<*. b). 

. Li 2:Mr) dr > 0 in (a, h). 


n-*oo 


J /(a?) f?£c > 0 in (a, 6). 


Note. It can bo shown 8 imilarl> that if f{x) ^ 0 in {a, ft), then 

\ ^ /(x) dx < 0. 

Ja 

II. If fix) and gix) are integrable in ia, b) and fix) > gix) 
in (a, 6), then | fix) dx> ^ gix) dx ib > a). 

Consider the function y^x) = fix) - gix). 
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Then y(x) is integrable in (a, h) and v(®) > 0 in (a, 6). 
by (i), J y{x) cZ® > 0 in (a, 6) 

i.e.^ J \f(x) - g(x)] da? > 0 in (a, b) 

*•«•» I /W d® > I g(®) d®. 

III. J/ Jf and m are the uj^er and lower bounds of 
the integrable fwnction f{x) in (a, b), b >■ a, then 

m (6 - a) < I fix) dx < Mib- a), 

J a 


Since, 


m < fM < M in (a, b\ 
{fix) ~m\>0 in (a, 6), 


j 


{fix) - m}'<f® > 0. 

J /(®) d® > m I *fZ®, e.e., > m(6- a). 
Similarly, since, M -fix) > 0, we can show 

- a) > J /(®) 6?®. 


Hence the result. 

This is known as the First Mean Value Theorem of 
Integral Calculus. 

Cor. The above theorem can bo written in the form 

fix) dx=(b—a) fi, when fi^ M; 
a 

and if farther fi/r) is cmitiniwus in (a, b) then f{x) attains the value 
H for some value t o£x such thatia ^ f b*, and so, 

l(x) dXB(b-a) f(f). 


*See Authors* Differential Calculus. 
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IV. If f(x) and g(x) are integrahle in (a, h) and if g(x) 
maintains the same sign throughout (a, &), then 

fX®) dx^ where m ^ fi ^ M, 

m and M being the lower and upper hounds of f{x) in (a, b). 


j^f{x)g(x)dx = fi^ 


Let us assume for the sake of definiteness that ^x) is 
always positive in (a, h). 

Now, m < /{») < AT in (a, b). 


Since, g(x) is positive 

m(/(x)<f(x) g(x) < Afg(x), 
• ' • /fe) (/(x)- mg(x) > 0, 


J ffM - W'i/Wt '> 0. 

[ f{x) g(x) dx > m \ o{x) dx 
J a J a 


and fix) gix) - Mgix) < 0, 

J \fiod gix)- Mg(x)\ dx < 0 

i.f,, I fix) gix) < Af I gix) dr. 

J a J a 

m [ gix) dx < | fix) gix) dx < A/ [ gix) dx, 

J a J a J a 

J fix) gix) dx = jwJ gix) dx, where w < < Af. 


Cor. If further f{x) is conlimiou/t, then f{x) attains the value n 
for some value t of x whore a ^ ^ h, i,e., fit)=ft* 

when /(a?) is continumts, 

^ ^ f(x) g(x) dx«f (0 J ^ g(x) dx. 
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Note. This is the generalised form of the First Mean Valw Theo- 
rent. The theorem in can be obtained from this by putting (/(a;)**!. 

V. If f(t) is hounded and integrable in the closed interval 

(a, b) and if F{x) “ J /(O dt wJmre x is any point in {a, 6), 
then 


( 2 ) F[x) is a continuous function of x in (a, b). 

{ 2 ) If f(x) is continuous throughout {a, b) then the deri¬ 
vative of F{x) exists at every point of (a, b) and =f(x). 

( 3 ) If f{x) is contimmis throughout (a, b) and if dfx) be 
a function of x such that =/W throughout (a, b), then 

&’(*)=[[/(<) (« = ^3-)-4o). 


(1) Let us consider a point x+h in the neighbourhood 
of X in {a, h). 

J x+h 

fit) dt. 

a 

r x + h f X 

+ /t) - F(x) - M dt - I /(<) dl 
j a J a 

J X + Ji 

fit)dt^,uh, 


by Cor. of (III) where // lies Ijetween the upper and lower 
bounds of fit) in the interval (.r, x + /?,). Since fit) is Integra* 
ble, m and M are finite and so is fj. 


Lt {Fix + h)-Fix)\ = Lt M“0. 

h->0 h-*0 

Lt Fix-^h)^ Fix). 

h -*0 

Fix) is a continuous function of x in (a, b). 
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f (E ^ 7k 

(2) We have F(x + h) - F(x) = I f(t) dt 

“ hf{Qt where a; < C < ® ^ 
since /ft) is continuous, [ See Gor. of {III) ] 

for h 0. 


When A -> 0, C -> a? and /(C) ->/(.'r), since/(i) is continuous. 
Lt exists, and=/(rr), 

«.e.» F'{x)^f{x). 

(3) Since /(a*) is continuous throuj^hout (a, 6), as proved 
above, 

F'(x)==f(x), i.e., F'(x) = ffi'ix). 

F* (x)-{x) — 0. 

Let v{x) -F{x)- <J){x). 

v' {x)’=‘0 everywhere in (a, b). 

Hence, w(x)^F{x)-ff){x) = a, constant c, in (a, x) ••• (i) 

[ See FiF* Calculus, Art. 6'7, Ex. 1. ] 

When x = a, F{a) = [ f{t) dt = 0. 

J a 

Since from (i), F{a) - <^(a) = c, . - </>(«) c. 

Consequently from (i), F{a‘^ = 4 }{x) + c = tf>{x) - < 3 t(a), 

I /(rf “ <^(®)" </»(«■)• 

In particular, 

J N(t) dt=0(l>)-^(a). 

Note. The relation given in (8) is known as the Fmdanienial theo^ 
rem of Integral Calculus. [ For an alternative j^oof. See Art. 6'4. ] 
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5. Change of variable in an integral. 

To change the variable in the integral J {dx) by the 

substitution x *= 4 it), it is necessary that 

(i) possesses a derivative at every point of the 
interval a < < < where <li{a) = a and </)(i5) = &, and tt/(t)F^0 
for any value t in (a, jS). 

(ii) /W^)] and <^\i) are bounded and integrable in (a, p). 
When the above conditions hold good, then and then only 
we have 



f [</>(^)] 4 * (i) dt. 


Illustration : 


Lot 


• f +1 dx 
!+«*• 

Putting X = tan 9, wc get I d9 = Jtt. 

J “TW 

Putting x-ljt, we get 

r_ At _ , 

^ 3-1 


The reason for the discrepancy lies in the fact that Ift does not 
possess a derivative at £ = 0, an interior point of (- i, 1) ; in fact the 
function itself is undefined when < = 0. 


6. Primitives and Integrals. 

If 4 > {x)=f(x), then </»(a;) is the primitive of f{x). The 
integral of / (a?) on the other hand is Lt E/(Cr)Sr, or symboli- 


n-»0P 


f b 

callyj f(x) dx, i.e., the analytical substitute for 
■ in GB,se/(x) has a continuous graph. 


an area 


The distinction betwf*en the two is that while integrals 
can be calculated, primitives cannot be calculated. 
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The question as to whether a primitive exists, and the 
question of the existence of an integral of / (x) in (a, b), are 
entirely independent questions. It is only in the case of 
continuous functions that they are the same. 

Indefinite integrals can properly be described as the 
Calculus of primitives. 

The connection between primitives and integrals is 
represented by the Fundamental theorem of Integral 
Calculus viz., 

F'{x)dx^F{h)-*F(a). 

J a 

Illustration : 

(i) /(x) = a5.sm J,- - cos- v (® ^ 0 ) 

=0 (x=0). 

Here, ^ I 2®* ® 0 and =*0 for ®=0, so that 

r+i 

primitive exists but l ^ /(x) dx does not exist. 

(ii) f(x)=0 (x^O), =l{x = 0); here in ( 0, 1 ), ^ exists, 

and 0, but no primitive exists. 

7. Illustrative Examples. 

Ex, 1, Show that i < ( !! // , . < J ‘ 

2 JO V4-x*+x“ 6 


We have, 

4 > 4-(x’~x*)m(0, 1), 

or. 

n/ 3 > ^/(4-x*+x‘). 


1 . 1 

2 *y4-x“+x®' 

••• JU 

, . 1 ^ dx 
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Again, 4-®® < 4—®*+®* in (0, 1). 
^/4—»*+®“ 


r 1 dx ^ C ^ _Ax 
JO JO ^ 4 - 1 ®'®'+as* 

[ . -1 1 . ... 1 • 
sin sm ‘ 2 * 



dx 

>y4—»*+®“ 


Hence the result. 

Ex. 2. -V j ** /(^) existSf sJioiv that 

lia I ^ Jo ^ ^ 

We have I/(r,)5,+/(r,)5, +.+/(f„)«„| 

^l/(?i)l |5i| + I/{?a)l l^^a)l +***l/(f»)l |5nl 

i.c., |S/(U5,|<?S|/(f,)||3.| 

Lt\ S/(r,)5rl Lt I /(?r)| 15.1. 

* ■ I ‘ ^ Sa 

Otherwise : 

Since 1 ^ f{x) dx exists, . *. i ^ |/(®) | dx exists. 

Ja ja 

We have ~ |/(®) | ^ /(®) ^ I/(x) | 

*• I fi!^)\dx ^ ^ f{x) <2® < l/(a)l<fx 

Ja j a Ja 

i.e.t I f(x) fi®| ^ 1/(®)|<?®. 





SECTION B 

A NOTE ON LOGARITHMIC & EXPONENTIAL 

FUNCTIONS 


1. Introduction. 

The fundamental concepts of Calculus furnish a more 
adequate theory of the logarithmic and exponential functions 
than the methods adopted in elementary books. There 
exponential function is first introduced, and then logarithm 
is defined as the inverse function ; but in the treatment of 
these functions by the principles of Calculus, logarithm is 
first defined by means of a definite integral, and then ex¬ 
ponential function is introduced as the inverse of logarithm. 
From the stand-point of these new definitions, certain 
important inequalities and limits can be obtained more 
easily and satisfactorily. 

2. Logarithmic Function. 

The natural logarithm log x is defined as 

Iogx“J*Y» (1) 

where x is any positive number, i.e., a: > 0. 

Thus log X denotes the area under the curve y = ijt from 
< = 1 to t — x. 

From the definition it follows that log 1*=0, and 
C 1/i is continuous for i > 0 ], from the fundamental 
theorem of Integral Calculus it follows that log x is 
a continuous function and has a derivative given by 

^( 108 ®)=^- - ( 2 ) 

Since the derivative is always positive, log x increases 
steadily with x (i.e., logx is a monotone increasing function). 
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Putting t’^l/u in the integral for x, we get 



Putting t — yu[y^a. fixed number > 0 ] in the integral 
for log (xy\ we get 

J 1 t j Vy U j 1 U j 1 U 

= log ar-log (l/2/)“log oj + logl/. (4) 

In this way, other well-known properties of logarithms 
can be developed. 

Since log a; is a continuous monotone function of Xt 
having the value 0 for a; = l, and tending to infinity as x 
increases, there must be some number greater than 1, such 
that for this value of x we have log a; = 1, and this number 
is called e. Thus e is defined by the equation 

log e = 1, «.e., = 1. ••• (6) 


3. Exponential Function. 

If y = log X, then we write x^^e'* ••• ••• (6) 

and in this way the exponential is defined for all real 
values of y. In particular = 1, since log 1 = 0. As y is 
a continuous function of a;, a; is a continuous function of y. 

X = so that y — log x, and so 

dv ^ \ „ 1 / dy _ ^ V 

dx X* ’ * dy I dx ^ ^ 


Z m09 f 


dy 


• • • 



More generally, 

a* (o > 0) is defined as e* ®, so that log a* 


x log a. 
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Thus, 

The inverse function of is called the logarithm to the 
base a. 

Thus, U x = a^, y = loga x. 


4. Some Inequalities and Limits. 

(i) To prove 2 < e < 3. 


1 < i < 2; i < lit < 1. 

dt f ^ • < • {^ dt _ 

L ^ 1 di, ^.e., < 1, i.e., 2 < « 

C Q ^ f ^ ■ r ^ ^ f ^ du r 1 du 
]l t ^]l t J 2 « ”]o 2-7* Jo 2 + m 

_ . f 1 dll ^ ^ r ^ di/. - f ®' 

^ Jo 4-7*® ^ Jo 4 ’ Ji 


.■. 3 > e. 

{n) To prove < log (1 + or) < » (® > 0). 


From definition, log (1+«) = ^ | 


l+® 


1 < i < 1+flc. 1/(1 + ®) < lit < 1. 

. 1 . {^+=»dt fl+* 


. 1 f 

■ • 1+aj Jl 


dt < 


1+3J ^®8 (1 + ®) < X. 

{Hi) To prove ^ log (l+a;)=l. 


m f"\ 1 ^ (1+®) ^ 

From (u), ^- - < 

* 1+® X 

tend to 1 as ®-> 0, tho reqd. limit = 1. 


From (ii), _ - <--- - < 1, and since 1/(1+®) and 1 both 


0 ^ — 1 

(i«) 2V> prove 1^^ = log a. 

®-»0 ® 


Since the derivative of a* is a* 1(% a, and that for ®s:0 is log a, 
it follows from the definition of the derivative for ®«0, that 
r# a^—a^ r* a*—1 . 

h-^0 h h<*0 h 


dog a. 
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Fatting x for the required result foUows. 

a* —1 

When we get -=1, 

® x-^O » 

(v) To prove Lt |l+ 

n->oo I n J 

d 21/ 

Since, i+xt follows that the derivative of 

log (l+a<) for /=0 is x. Hence, from the definition of the derivative 
for x~0, wo got 

Lt 

m Aim 

h-^0 h 

Putting 7t= l/f, we see that 

«^nog(i+*). i.... «_^iog(i+*y=*. 

Since the exponential fum'tiou is continuous, it follows 

(Lt *!)'■■■■ 

If we suppose through positive integral values only, the 

required result follows. 

Putting x=I, wo get (l+ ^ ) —e. 

9i-^oo \ TO / 

(vi) To prove v{^x~l)—log x* 

n-*oo 

Since the derivative of 6'*' = c*', and that for y/=0 is 1, we have from 
the definition of the derivative for j/*=0, 

ijf , - =1. 

H~^0 h h~^0 h 

Fatting zfn for h where s is any arbitrary number, and to ranges 
over the sequence of positive integers, we get, 

Lt ln~ --| = 1» Lt n(Vr®-l) = 2. 

n-»cx) I a J n-^oa 


Putting 5f=log X, so that e'=x, the required result follows. 

(vii) To prove Lt when a > 0. 

^H^OO iC 

If < > 1 and iS > 0, r‘ < 

log J j i.®., < i.e*f < ^ for x > 1. 
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Suppose a > 

®" i8«® ^ ^ 

But d/x"-^)-* 0, as K-^oo, since, o > /3. 

Hence the result. 

Note. Replacing aj by n where is a positive integer, 


Dt ” = 0, when a > 0 (w-^ao through positive integral 

n-*-oo 


values). 


{vUi) To ;prove Lt ^ =^0, for all values of n, however great. 
y*oo e* " ^ 

From (vii), a;”^ log a; —> 0, when aj -► oo, for /3 > 0. 

Putting a —lip in the loft side, and raising it to the power o, we get 

ic~ ^ (log a:)® -> 0, as ® -»■ oo. Now putting x = e", so that log x — y, 
the required result follows. 


SECTION 0 

ALTERNATIVE PROOFS OF SOME THEOREMS 

1. Alternative proof of Art. 9*3. 

Let AB be the curve, OA and OB be the radii vectores 
corresponding to 0 = a and 0 = j8. 



Divide p — a into n parts, each equal to h and draw the 


26 
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corresponding radii vecfcores. Let P and Q be the points 
on the curve corresponding to 0 = a + r/i and d *= a + (r + l)/i 
and let us suppose 0 goes on increasing from a to With 
centre 0 and radii OP, OQ respectively draw arcs PN^ QM 
as in the figure. Then the area OPQ lies in magnitude 
between 

hOP^.h and hOQ'^.h 

i.e., between i [f\a + rh\] and h [/{a + (r +1) /?(] ^h. 

Hence, adding up all the areas like OPQ, it is clear that 
the area AOB lies between 

[f\a + rM]and h's [f{a + (r +1) h\\^h. 

r«0 r=0 

Now, let TO —> o®, so that h-^O ; then as the limit of each 
of the above two sums is 

4 )/(»)(' de, 

it follows that the area AOB is also equal to the definite 
integral. 

2. Alternative proof of Art. 11*1. 

(«) Voltime of a solid of revolution. 



Let a curve CD whose equation is v^f{x), be rotated 
about the a;-axis so as to form a solid of revolution. To find 
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the volume of the solid generated by the revolution, about 
the iT-axis, of the area ABDC, bounded by the curve y “/(a?), 
the ordinates at A and B and the o^-axis, let a and b be 
the abscissa) of C and D. 

Divide AB into n equal parts, each equal to /i, and draw 
ordinates at the points of division. Let the ordinates at 
{jc — a + rh and iv — a + {r +1) h be PL and QM, and let us 
suppose y goes on increasing as x increases from a to h. 

Draw PN perpendicular on QM, and QB perpendicular 
on LP produced. Then the volume of the solid generated 
by the revolution of the area LMQP lies in magnitude 
between the volumes generated by the rectangles LMNP 
and LMQB, 

7.0., between n \ f \a + rh\]^h and n [/{a +('r+ 1) h]]^h. 

Hence, adding up the volumes generated by all areas 
like LMQP, it is clear that the required volume lies in 
magnitude between 

7 t E [f {rt + rh\Yh and nS [/ {a + (r + 

r=0 r=0 

Now, let 71—SO that > 0 ; then as the limit of 
each of the above two sums is 

n [ [/(r)]® tlx, i.e., n\ 1/® dx, 

Jo Jo 

it follows that the required volume is also equal to this 
definite integral. 

(a) Surface-area of a solid of revolution. 

Let the length of the arc from C up to any point P(x, y) 
be s and suppose that surface-area of the solid generated 
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by the revolution of the arc CD about the a;*axis is required. 
As in the case of the volume, divide AB into n equal 
l)arts, each equal to h, and erect ordinates at the points of 
division. Let the ordinates at x = a+ rh and x — a + {r + ‘\.)h 
be PL and QM^ and let the arc PQ be equal to /. The 
surface-area of the solid generated by the revolution of 
LMQP about the a;-axis lies in magnitude between the 
eurved surface of two right circular cylinders, each of 
thickness I, one of radius PL and the other of radius QM, 
Le.t between 

2?*/ {a + rh] I and 2?*/ {a + (r + !)/»} 1 . 

Hence, adding up all surface-areas generated by element¬ 
ary areas like PQ, it is clear that the required surface-area 

lies in magnitude between 

n-l n-1 

2« Th\h and ^ ^ ^ 

f»0 r=s0 

I As> 

Now, let so that h-^ 0 ; then ^ tending to 

the limit of each of the above two sums is 
/(a?) ^ dx, i.e., Qn J V ds. 

Hence, the required surface-area is also equal to this 
definite integral. 

3. Alternative proof of Ex. 3, Art. 9*3. 

Show that the area between the folium of Descartes and 
its asymptote is equal to the area of its loop, each being 
equal to ^a^. 

The equation of the folium is x* + y* =*Saxy. 

Turn the axes through ; that is substitute 

xJC-y)l k/ 2 and {n+y)l 

for X and y respectively. Then the given equation transforms into 
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„ »'•* 3c —X 


••• 


where c = -^.^a. 


Here, c + x —0, i.e., a; = — c is the equation of the as^^mptote 
0A=-3c, OD = c. 

the required area <r between the Folium and the asymptote 
j 0 X (3c—xj 


= _j Lt 

t->c 


n,^{x + c)(3c —x) 


dx. 



Let 


J=f ® (3c jr) [ (1-2 cos <?)(l+cos 9) d9, 

J is/(x + c)(3c —x) J 

on putting x=c—2c cos 9, so that cos 

= — 2c’ ^ (cos 9 + cos 29) d9 
= —2c’ (sin 9 + i sin 29) 

= -2c” jain (co8-‘ ‘~fj+ | 9in( 2 coa- 

^ S.‘. Tc-) + * “*“( ^ '““Vr)]!, 

s= 2a** I l^on putting c = a ^ 


= fa*. 
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Again L, the area of the loop OPAQ 
2 area of the portion CPA 
^(3c , 2 f3o a5(3c-3;) 

=*)0 

Patting as beforo x = c — 2c cos 0, 

2 ^2 “] 

4. Proof of the result of Art. 17*5(f). 

When X = xV^ luJiere V is any function of x. 

We have, I>(a F)-= *Z) 7 + T 

V^rV) = D{xDV) + J>V= rl)^ V + WV 
and aimilarly, D"{,TF) = xZ)"F+n7j"'‘F 




Hence, filf) xV- x f(D) I' +f'(D) 

Now, put/(D) V=Vji ; hence ^ ^ i 

(2) becomes 


(1) 

{'4 


*•«•. a: T 1 xFi An) Fi. 


Av) 

Transposing, we get 


Dropping suffix, we get 

/(D) {® ~f(D) /&>) 
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A NOTE ON INTEGRATING FACTORS 


1. Rules for determining Integrating Factors. 

Let the differential equation be 

M dx N dy =‘ 0. • • * • • * (1) 


The condition that it should be exacts is 

dM^dN 
dfj dx 



dM_dN 

Ilule(J). If function of x only, 

J.V 

say /(a;), then 

gf/(T) dx ijQ an integrating factor of (i). 

If J/ dx + N dy = 0, be an exact equation when multiplied 
})y then, we must have 


a 

dy 


(3/ef/(r) tZx) = 




i.e., 


ffffM dx s= dx 4 - dx ff^'S 

df/ Oic 


I.e., 


dM 

dy 


dx 


N 


’.fix)- 


Buie (II). If —f(y), (a function of y alone) 

gfS(v) dy jg an integrating factor. 
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Proof is similar to that given above. 

Buie (III). If M and N are both homogeneous func¬ 
tions in fl*, y of degree n (say), then 


is an integrating factor of the equation (l). 


We can easily show that 

3 , __ 

dx 


( M _\ ^ a / N _\ 

dy \Mx + Ny) dx \Mx + Ny) 


if we remember that M and N are homogeneous functions 
of degree n and hence 

dx dy 


and 


dN^ dN 
® 3a '*'^dy 


nN. 


H u 

If Mx J- Ny = 0, then V “ “ a*®d the equation 

•tV £C 

reduces to 

y dx-x dy = 0 
which can be easily solved. 

Bnle (IV). If the equation (l) is of the form 
y f{xy) dx + x g{xy) dy = 0 

then -Ny 7^ 0) 

Mx -Ny 

is an integrating factor of (1). 
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We can easily show that 


% *0* I 


/ \ 3 /_ N \ 

\Mx - Ny) “ Zx \Mx - Nyl 

r y/(.xy) 1 0 r i^xy) _1 

U'J/ {/(j-!/) - !;(a:!/)lJ dx 1 *!/\fM - g{xy)\i 


9 0 

provided we remember // — F(xv). 

If however Mx -* Ny - 0, then ^ ^ and the equation 

reduces to 


X dy-^y dx ■= 0 

which can be easily solved. 


2. Illustrative Examples. 

Es. 1. Soloe : (2x’ + j/’' + a;) dx + xy dj/ = 0. 

Here ^^=2y; ^^=yy. tire equation is nob exact. 


Now, 


dM^dN 

dy dx _ 2)7 — y 1 
N xy X 


by Rule {I), = = = 


Multiplying both sides of the given equation by x, we have 
(2x“ + xyy* + x“) dx + x’ y dy = 0, 
or, 2x * dx + x’ t/x + Xf/ (y dx + x dy) = 0, 
or, 2x * dx+X* dx 4- xy d (xy) = 0, 
or, 2x* dx+x“ dx+if d«=0, where3 = xy. 


integrating, 


. *. reqd. solution is 3x ^ + 2x ’ + 3x’ = c. 
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Ex. 2. Solve: +y^) dx-^xy^ dy’^O. 

Here, I 3^“"*^*' is not exact. 


Now, 


_ J_ 

s “■ ' 


Mx + Ny x*+xy’^-xy’‘ x 
The equation is homogeneous. 

.*. by Rule (Ill), is an integrating factor. 

2C 


Multiplying both sides of the given c< 2 uation by we have 

CO 


( +K)dx-^A dy^o. 

\x X*} X •’ 


This is exact. 

Now, 5jtfdi=j(^+^';)rfx=iog*-j 

\n6v--IP 

by Art. 15',‘i, the solution is 

1 f/^ 

log X- .j ■ j = c, i.e., = 3x“ log x + cx^. 

Q X 
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parametric, 241 
pedal, 246 
polar, 244 
Lemniscate, 290 
Limits, 92, 361 
Limacon, 298 
Lino integral, 229 
Linear equation, 299, 340 
Logarithmic curve, 294 
Logarithmic spiral, 2G5 
Lower integral, 387 

Method of substitution, 
definite integral, 104 
indefinito integral, 14 
Miscellaneous application, 341 
Moment of inertia, 273 
circular plate, 281 
elliptic lamina, 281 
rectangular lamina, 280 
sphere, 282 
thin uniform rod, 279 

On some well-known curves, 286 


Orthogonal trajectories, 372 
cartesian eqn., 372 
polar eqn., 373 

Pappus’ theorem, 267 
Parabolic rule, 232 
Particular integrals, 346, 347, 363 
methods, 320 
Perfect differential, 320 
Primitives and integrals, 356 
Principal value, 134, 137 
Probability curves, 294 

Kadius of gyration, 279 
Rational fractions, 78 
Rectification, 240 
Reduction formula), 125, 103 
double parameter, 171 
single parameter, 164 
special devices, 177 
Riemann integral, 388 
Rose petal, 300 

Series represented by definite 
integral, 107 

Separation of variables, 310 
Sign of an area, 225 
Simpson rule, 229 
Sine spiral, 301 

Singular solution, 306, 335, 336 
Solids of revolution, 259, 264 
volume, 260, 264 
Some well-known curves, 265 
Special trigonometric function, 67 / 
Spiral of Archimedes, 297 
Standard integrals, 24, 41, 43, 59 
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Strophoid, 304 
Superior limit, 92 
Surface-area, 239, 3G5 
Summation of series, 107 
Symbolical operation, 348 
Symbolical operators, 347 


Tractrix, 290 
Trial solution, 340 


Upper integral, 349 
Upper limit, 3, 92 

Velocity, 376 
Volumes, 259, 364 
Volume and surface>area 
cardioide, 264 
cycloid, 263 
parabola, 261, 262 

Witch of Agnesi, 296 
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